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Preface 

Statistics is the art and science of extracting useful information from 
empirical data. An effective way for conveying the information is to use 
parametric stochastic models. After some models had been used for more 
than two centuries, R. A. Fisher multiplied the number of useful models and 
derived statistical procedures based on them in the 1920s. His work laid the 
foundation for what is the most widely used statistical approach in today’s 
sciences. 

This “classical approach” is founded on stringent stochastic models, and 
before long it was noticed that the real world does not behave as nicely as 
described by their assumptions. In addition, the good performance and the 
valid application of the procedures require strict adherence to the assump- 
tions. Consequently, nonparametric statistics emerged as a field of research, 
and some of its methods, such as the Wilcoxon test, became widely popular 
in applications. The basic principle was to make as few assumptions about 
the data as possible and still get the answer to a specific question like “Is 
there a difference?” While some problems of this kind did find very 
satisfactory solutions, parametric models continued to play an outstanding 
role because of their capacity to describe the information contained in a 
data set more completely, and because they are useful in a wider range of 
applications, especially in more complex situations. 

Robust statistics combines the virtues of both approaches. Parametric 
models are used as vehicles of information, and procedures that do not 
depend critically on the assumptions inherent in these models are imple- 
mented. 

Most applied statisticians have avoided the worst pitfalls of relying on 
untenable assumptions. Almost unavoidably, they have identified grossly 
aberrant observations and have corrected or discarded them before analyz- 
ing the data by classical statistical procedures. Formal tests for such outliers 
have been devised, and the growing field of diagnostics, both formal and 
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informal, is based on this approach. While the combination of diagnosis, 
corrective action, and classical treatment is a robust procedure, there are 
other methods that have better performance. 

Such a statement raises the question of how performance should be 
characterized. There is clearly a need for theoretical concepts to treat this 
problem. More specifically, we will have to discuss what violations of 
assumptions might arise in practice, how they can be conceptualized, and 
how the sensitivity-or its opposite, the robustness-of statistical proce- 
dures to these deviations should be measured. But a new theory may not 
only be used to describe the existing procedures under new aspects, it also 
suggests new methods that are superior in light of the theory, and we will 
extensively describe such new procedures. 

The first theoretic approach to robust statistics was introduced by Huber 
in his famous paper published in 1964 in the Annals of Mathematical 
Statistics. He identified neighborhoods of a stochastic model which are 
supposed to contain the “true” distribution that generates the data. Then he 
found the estimator that behaves optimal over the whole neighborhood in a 
minimax spirit. In the following decade, he extended his basic idea and 
found a second approach. His book on the subject (Huber, 1981) made this 
fundamental work available to a wider audience. 

The present book treats a different theoretic approach to robust statistics, 
originated by Hampel (1968, 1971, 1974). In order to describe the basic 
idea, let us draw on an analogy with the discussion of analytic functions in 
calculus. If you focus on a particular value of the function’s argument, you 
can approximate the function by the tangent in this point. You should not 
forget, though, that the linearization may be useful at most up to the vicinity 
of the nearest singularity. Analogously, we shall introduce the influence 
function of an estimator or a test, which corresponds to the first derivative, 
and the breakdown point, which takes the place of the distance to the 
nearest singularity. We shall then derive optimal procedures with respect to 
the “infinitesimal” behavior as characterized by the influence function. 

The approach is related to Huber’s minimax approach, but it is mathe- 
matically simpler. It is not confined to models with invariance structure, as 
the minimax approach is. Instead, it can be used generally whenever 
maximum likelihood estimators and likelihood ratio tests make sense. 

The intention of the book is to give a rather comprehensive account of 
the approach based on influence functions, covering both generalities and 
applications to some of the most important statistical models. It both 
introduces basic ideas of robust statistics and leads to research areas. It may 
serve as a textbook; the exercises range from simple questions to research 
problems. The book also addresses an audience interested in devising robust 
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methods for applied problems. The mathematical background required 
includes the basics of calculus, linear algebra, and mathematical statistics. 
Occasionally, we allude to more high-powered mathematics. 

Chapter 1 provides extensive background information and motivation for 
robust statistics in general, as well as for the specific approach of this book. 
Except for a few paragraphs, it may be read profitably even without the 
background just mentioned. 

Chapters 2 through 7 deal with the mathematical formulation of the 
results. Chapter 2 treats the estimation problem in the case of a single 
parameter and introduces the basic concepts and results, and Chapter 3 
does the same for the respective testing problem. Chapter 4 extends the 
approach to the estimation of a general finite-dimensional parameter and 
gives detailed advice as to how it may be applied in any decent particular 
problem at hand. Chapters 5 and 6 elaborate on the application of the 
approach to the estimation of covariance matrices and regression parame- 
ters, respectively, including possible variants and some related work on 
these problems. The testing problem in regression is treated in Chapter 7. 

Chapter 8 gives an outlook on open problems and some complementary 
topics, including common misunderstandings of robust statistics. Most of it 
can be read in connection with Chapter 1 after skimming Chapter 2. 

Two decades have passed since the fundamental concepts of robust 
statistics have been formulated. We feel that it is high time for the new 
procedures to find wide practical application. Computer programs are now 
available for the most widely used models, regression and covariance matrix 
estimation. We hope that by presenting this general and yet quite simple 
approach as well as the basic concepts, we help to get everyday’s robust 
methods going. 

HOW TO READ THE BOOK 

The material covered in this book ranges from basic mathematical structures 
to refinements and extensions, from philosophical remarks to applied exam- 
ples, and from basic concepts to remarks on rather specific work on special 
problems. For the reader’s convenience, complementary parts are marked 
by an asterisk. 

Different readers will direct their main interests to different parts of the 
book. A chart given before the table of contents indicates possible paths. 
The most important definitions of robustness notions can be found in 
Sections 2.lb-c, 2.2, 2Sa, 3.2a, 3.5, and 4.2a-b, and the most important 
mathematical results are probably in Sections 2.4a, 2.6c, 4.3a-b, and 6.3b. 
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The applied statistician will be particularly interested in the examples and 
methods such as those discussed in Sections Lld, 2.0, 2.ld, 2.le, 2.6c, 3.1, 
3.2c, 4.2d, 5.3c, 6.2, 6.3b, 6.4% 7.3d, and 7Sd, and in the techniques 
implemented in the computer programs for robust regression and covari- 
ance matrices mentioned in Subsection 6.4~. Finally, he or she should 
become aware of the largely open problem of long-range dependence 
described in Section 8.1. 
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C H A P T E R  1 

Introduction and Motivation 

1.1. THE PLACE AND AIMS OF ROBUST STATISTICS 

1.la. What Is Robust Statistics? 

Robust statistics, in a loose, nontechnical sense, is concerned with the fact 
that many assumptions commonly made in statistics (such as normality, 
linearity, independence) are at most approximations to reality. One reason 
is the Occurrence of gross errors, such as copying or keypunch errors. They 
usually show up as outliers, which are far away from the bulk of the data, 
and are dangerous for many classical statistical procedures. The outlier 
problem is well known and probably as old as statistics, and acy method for 
dealing with it, such as subjective rejection or any formal rejection rule, 
belongs to robust statistics in this broad sense. Other reasons for deviations 
from idealized model assumptions include the empirical character of many 
models and the approximate character of many theoretical models. Thus, 
whenever the central limit theorem is invoked-be it together with the 
hypothesis of elementary errors to explain the frequent empirical fit of the 
normal distribution to measurement errors, be it for the normal approxima- 
tion of, for example, a binomial or Poisson statistic, or be it that the data 
considered are themselves sums or means of more basic data, as happens 
frequently in sample surveys-in all these cases, the central limit theorem, 
being a limit theorem, can at most suggest approximate normality for real 
data. 

Given this situation, the problem with the theories of classics1 parametric 
statistics (be they frequentist or Bayesian) is that they derive optimal 
procedures under exact parametric models, but say nothing about their 
behavior when the models are only approximately valid. Neither does 
nonparametric statistics specifically address this situation. It may be-and 
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often turns out to be the case-that classically optimum procedures (and 
even some “ nonparametric” procedures) behave quite poorly already under 
slight violations of the strict model assumptions. 

While the problem of robustness probably goes back to the prehistory of 
statistics and while a number of eminent statisticians (such as Newcomb, K. 
Pearson, Gosset, Jeffreys, and E. S. Pearson) were clearly aware of it, it has 
only been in recent decades that attempts have been made to formalize the 
problem beyond limited and ad hoc measures towards a theory of robust- 
ness. The reasons for this late start are not quite clear, although to some 
extent progress in the mathematical sciences facilitated the task, and mod- 
ern computing power made the replacement of hitherto mainly subjective 
methods by formal methods both feasible and urgent-very urgent indeed, 
because it is hardly possible any more to detect outliers by subjective 
methods in the large and complicated data sets (such as multiple regres- 
sions) processed nowadays (cf. also Fig. 3). Another major reason was 
probably the growing general awareness of the need for robust procedures, 
due to the work by E. S. Pearson, G. E. P. Box, and J. W. Tukey, among 
others. 

There exist now, in fact, a great variety of approaches towards the 
robustness problem (cf. the references cited in Subsection 1.lb): some 
consider rather general and abstract notions of stability; others study 
different topologies or other mathematical aspects related to robustness for 
the sake of their mathematical problems; many try to broaden the scope to 
some kind of nonparametric statistics, perhaps still using concepts like 
symmetry (including work on “adaptive” estimation); a widespread prag- 

Figure 1. Various deviations from model assumptions. Artificial sketch, showing ordinary 
outlier, outlying leverage point, nonnormality, nonlinearity, and serially correlated errors. (The 
latter two are partly confounded, as are nonnormality and heteroscedasticity.) 
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~ Normal distribution 

Using least-squares method 

Using rejection of outliers 

(C) I I 

Figure 2. Various ways of analyzing data. 

matic approach is to replace a given parametric model by another one, in 
particular to enlarge it to a “supermodel” by adding more parameters; there 
are now many Monte Car10 studies on a variety of hypothetical data 
distributions, and also some studies of real data; and research on rejection 
of outliers continues along traditional lines. It is quite possible that some of 
this work will give important impulses in the future, beyond the range of its 
immediate value. However, the emphasis in much of this work seems to lie 
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either on purely mathematical problems, or on rather ad hoc practical 
solutions, or on isolated pieces of empirical knowledge. 

We shall, therefore, concentrate on some approaches which try to capture 
the essential features of real-life robustness problems within a mathematical 
framework (Huber, 1964, 1965; Hampel, 1968). For this aim, new statistical 
concepts had to be developed which describe the behavior of statistical 
procedures not only under strict parametric models, but also in neighbor- 
hoods of such models. There are several aims of such a theory of robustness. 
Its concepts provide a deeper insight into and more clarity about the 
vaguely defined empirical robustness problem; in fact, the main aspects of 
this problem can only now be defined mathematically. These definitions 
lead to new optimality questions and other tasks for the mathematical 
statistician. The theory also provides a framework for judging and compar- 
ing the existing statistical procedures under the aspect of robustness. For 
example, it throws much new light on the old problem of rejection of 
outliers and on the traditional methods used for this purpose. And finally, it 
develops and suggests new robust procedures, both better ones than 'those 
already known, and new ones for situations where none was known. While 
for the philosopher of statistics and the mathematical statistician such a 
theory of robustness is valuable in its own right, for the applied statistician 
it provides both a new enlarged frame of thinking and the mutual stimu- 
lation of reevaluation of existing procedures and development of new 
procedures. 

In particular, the data analyst finds a formal framework for questions 
such as: Are the data unanimous in their message, or do different parts of 
the data tell different stories? In this case, what does the majority of the 
data say? Which minorities behave differently, and how? What is the 
influence of different parts of the data on the final result? Which data are of 

* * . .  .. . 0 
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Are these points special? 

"=* .. . .'. . ** :: 
.* 

Y ,, 

- 
x 

(a) Least-squares fit: average opinion of all points (noisy) 

What story do these 
points tell? 

(b) Highly robust fit: clear opinion of majority of points 
Figure 4. Which fit do we want? 

crucial importance, either for model choice or for the final results, and 
should be examined with special care? What could be the effects of gross 
errors on the results? How many gross errors can be tolerated by the design, 
model, and method used? What methods provide the greatest safety, and 
what methods are both fairly safe and fairly efficient? How much redun- 
dance has to be built into a design under specific circumstances and for 
specific purposes? What is a more realistic confidence interval for absolute 
constants, as opposed to contrasts? How safe are the results if, generally 
speaking, the model assumptions hold only approximately? Not all of these 
questions have an immediate answer, but many do, and all are in the 
background of the motivation of robustness theory. 

At present, the sharp focus on a hitherto neglected aspect of statistical 
theory and the sheer magnitude of the necessary groundwork for providing 
the needed concepts and methodology, strongly suggest the development of 
a specific theory of robustness. But it is hoped that in the future the theory 
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of robustness will merge with the mainstream of statistics and will become 
an integrated part of general statistical theory and practice. 

The theory of robustness is not just a superAuous mathematical decora- 
tion. It plays an essential role in organizing and reducing information about 
the behavior of statistical procedures to a managable form (just as, on a 
different level, statistics reduces data to the essentials). Compare also the 
stimulating discussion of the role of mathematical theory in statistics in 
Huber (1975b). And while Monte Carlo studies and numerical examples can 
be very useful and are even necessary to a limited extent, it is regrettable to 
see how many wasteful and superfluous studies have been and are still being 
undertaken, only because of lack of theoretical insight and understanding. 
As a great scientist once said: “There is nothing more practical than a good 

Of course, there are also some dangers in a theory of robustness, as in 
any theory related to the real world. One danger is that paradigms outlive 
their usefulness and even stifle creative new research (cf. Kuhn, 1962). 
However, at the time of this writing, we are still at the stage where the new 
paradigms of robustness theory are only slowly understood and accepted, 
and many fruitless discussions result from mere ignorance and lack of 
understanding of the new theory, and lack of awareness about which old 
problems have in fact already been clarified and solved. Another danger is 
that robustness theory is used too dogmatically and that it is taken too 
literally in applications, rather than as providing mere guidance. (Cf. also 
the first paragraph of the introduction of Hampel, 1973a for some critical 
remarks.) A more specific danger is the possible confusion between the 
informal and formal use of the word “robust,” after some kinds of qualita- 
tive and quantitative “robustness” have been defined. Usually, the context 
should make clear what is meant, or else specifications like “qualitative 
robustness,” ‘TI-robustness,” “B-robustness,” and so on. It does not seem 
feasible anymore to replace the term “robustness theory” by some fantasy 
term, as has been suggested, and as is common in pure mathematics; but it 
is good to keep in mind that “robustness theory,” as the term is used here, 
really tries to capture essential features of the vague data-analytic robust- 
ness problem, and, on the other hand, that it can never capture all aspects. 

Returning to the question “What is robust statistics?”, we can perhaps 
say: 

theory.” 

In a broad injoml sense, robust statistics is a bajl of knowledge, partly 
formalized into “theories of roburtness,” relating to deviations from ideal- 
ized assumptions in statistics. 
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Nonparametric statistics Parametric statistics Robust statistics 

Figure 5. The space of all probability distributions (usually of infinite dimension) on some 
sample space. 

Nonparametric statistics allows “all” possible probability distributions and reduces the 
ignorance about them only by one or a few dimensions. Classical parametric statistics allows 
only a (very “thin”) low-dimensional subset of all probability distributions-the parametric 
model, but provides the redundance necessary for efficient data reduction. Robust statistics 
allows a full (namely fu!l-dimensional) neighborhood of a parametric model, thus being more 
realistic and yet, apart from some slight “fuzziness,” providing the same advantages as a strict 
parametric model. 

It gains much of its special appeal, but also much of its intrinsic tension, 
from the close connection between data-analytic problems and mathemati- 
cal theory. As all of the present theories of robustness consider deviations 
from the various assumptions of parametric models, we might also say, in a 
more formal sense, and in a slightly more restricted way: 

Robust statistics, as a collection of reIated theories, is the statistics of 
approximate parametric models. 

It is thus an extension of classical parametric statistics, taking into account 
that parametric models are only approximations to reality. It supplements 
all classical fields of statistics which use parametric models, by adding the 
aspect of robustness. It studies the behavior of statistical procedures, not 
only under strict parametric models, but also both in smaller and in larger 
neighborhoods of such parametric models. It describes the behavior in such 
neighborhoods in a lucid way by means of new robustness concepts; it helps 
to develop new, more robust procedures; and it defines optimal robust 
procedures which are optimal in certain precisely specified ways. 

It may be noted that every specialist may see robustness theories under a 
different angle. For the functional analyst, they are strongly concerned with 
norms of derivatives of nonlinear functionals. For the decision theorist, they 
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lead in part to vector-valued risk functions, by adding robustness require- 
ments to some classical requirement such as efficiency. For the Fisherian 
statistician, they will be shown to be the natural extension of classical 
Fisherian statistics. For the data analyst, they provide new tools and 
concepts for the outlier problem, thereby clarifying some confusions, and 
they suggest a broader outlook and new methods to be fruitfully discussed. 
For engineers and many applied mathematicians, they are the sensitivity 
analysis and perturbation theory of statistical procedures. Overall, and in 
analogy with, for example, the stability aspects of differential equations or 
of numerical computations, robustness theories can be viewed as stability 
theories of statistical inference. 

1.1b. The Relation to Some Other Key Words in Statistics 

Robust statistics in the broad, vague, informal sense obviously encompasses 
rejection of outliers, although this field seems to lead an isolated life of its 
own, and only in recent years do some specialists for the rejection of outliers 
appreciate the close natural relationship (cf. Barnett and Lewis, 1978). 
These ties should become very beneficial, because robustness theories, as 
well as some empirical robustness studies, have a lot to say about rejection 
of outliers, including subjective rejection (cf. Section 1.4). 

Robust statistics in the broad sense also encompasses the problem of the 
violation of the independence assumption, apart from systematic errors the 
most dangerous violation of usual statistical assumptions. The effects, even 
of weak unsuspected serial correlations, especially on confidence intervals 
based on large samples, are most dramatic, already in series as short as 
about 100 observations. However, because of the enormous mathematical 
and also philosophical difficulties, no full-fledged theory has been developed 
so far, only some rather pragmatic attempts for a preliminary practical 
solution. While there have been a number of studies on short-term, quickly 
decaying serial correlations, as in ARMA processes, which already pose 
quite a serious problem, the main practical problem seems to lie with 
long-term correlations, as in so-called self-similar processes. The approach 
which seems to be most promising at present lies on a philosophical level 
which has long been surpassed in the theories of robustness against outliers: 
It consists in simply augmenting the parametric model by adding-in the 
simplest form-one more parameter, namely the single correlation parame- 
ter of a self-similar process, and by estimating it and trying to adjust 
confidence intervals and standard errors for its effect (cf. Section 8.1). 

Robust statistics is often confused with, or at least located close to 
nonparametric statistics, although it has nothing to do with it directly. The 
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theories of robustness consider neighborhoods of parametric models and 
thus clearly belong to parametric statistics. Even if the term is used in a very 
vague sense, robust statistics considers the effects of only approximate 
fulfillment of assumptions, while nonparametric statistics makes rather weak 
but nevertheless strict assumptions (such as continuity of distribution or 
independence). The confusion stems from several facts. A number of 
statisticians work in both fields. Also, a number of nonparametric proce 
dures happen to be very robust in certain ways and thus can also be used as 
robust procedures for parametric models. Perhaps even more important, one 
of the sources of nonparametric statistics seems to have been an overreac- 
tion against the demonstrated nonrobustness of some classical parametric 
procedures, resulting in abandonment of parametric models altogether. 
Nevertheless, nonparametric statistics has its own, rightful and important 
place in statistics. And even though robustness theories as such cannot be 
applied in a nonparametric situation, in which no parametric model is used, 
the concepts of robustness theories still provide valuable insight into the 
behavior of nonparametric methods (cf. also Subsection 1.2a and Hampel, 
1983a). 

There are no close connections either with adaptive (or asymptotically 
everywhere efficient) procedures, which are nonparametric in spirit, or with 
the study of procedures for all symmetric (or symmetric unimodal) distri- 
butions, which, on the one hand, contain the artificial restriction of symme- 
try and are far from exhausting a neighborhood of a model distribution, 
and, on the other hand, always contain members too distant from a given 
model distribution. Contrary to a widespread belief, there is no restriction 
to symmetry in robustness theory, except in the pure form of one out of 
three major approaches (see Section 1.3 and Subsection 8.2a); and the 
vaguely defined attempt to do well for a broad class of symmetric distri- 
butions, without special regard to a model distribution, is again more 
nonparametric than robust in spirit. 

The augmentation of a given parametric model by adding, for example, a 
shape parameter or a transformation parameter may often lead to robust 
procedures, but the new “supermodel” is, strictly speaking, as unrealistic as 
the old one, only more complicated, and often much more arbitrary, and 
there is nothing in the supermodel itself to prove that procedures derived 
from it are robust, the supermodel still being far too thin in the space of all 
probability distributions. 

It also has to be stressed again that the choice of the neighborhood of a 
parametric model is very important; it should be statistically meaningful, 
not just mathematically convenient. In particular, it should take into account 
the types of deviations from ideal models that occur in practice. 
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Figure 6. 
at a model distribution. 

Cross-section through space of all probability distributions (with parametric model) 

Robustness is also a relevant concept in mild and pragmatic forms of 
Bayesian theory. Here one needs not only robustness against deviations 
from the strict parametric model, as in frequentist theory, but also against 
changes of the a priori distribution of the parameters. A puristic Bayesian 
theory would put prior distributions on everything, including models and 
full neighborhoods of models, but this approach seems to be very hard to 
carry through. 

The quantitative study of a finite number of parametric models (some- 
times called “pencils” in the location-scale case) has a place in providing 
quantitative examples and checks for the accuracy of the extrapolations 
from the model by means of robustness theory; by itself, however, it 
consists only of isolated, rather arbitrary examples of numerical behavior 
without a connecting interpretation. 

In view of the fact that the word “robust” has become fashionable and is 
being used in many different senses by different authors, it seems necessary 
to state what is meant and what is not meant by the robustness theory 
treated in this book, in order to avoid or at least reduce the great confusion 
that seems to be rather widespread. The point of view in this book is similar 
to that of Huber in that full neighborhoods of distinguished parametric 
models are studied; and while Huber developed two major theoretical 
approaches, namely the minimax approach to robust estimation and the 
capacities approach to robust testing and confidence intervals (cf. Huber, 
1981), this book contains a third approach which we shall call the approach 
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based on influence functions, or the infinitesimal approach for short, 
although it also considers an important global measure of robustness. 

To facilitate the study of more or less loosely related work in various 
directions, especially in those directions mentioned in Subsections l.la and 
Llb, we shall give the names of some researchers which together with the 
few references given (and not cited already elsewhere) in this book may be 
helpful in tracking down further specific literature: Bickel, Jureekovd, 
Serfling, Staudte (general mathematical results); Bednarski, Buja, Strassen, 
Wolf (cf. also Huber, 1973b and Huber and Strassen, 1973) (Choquet 
capacities); Bednarek-Kozek, Meshalkin, Zielinski, Zolotarev (general sta- 
bility, characterizations, etc.); Hogg, Takeuchi (adaptivity); R Beran, Millar 
(Hellinger distance, shrinking neighborhoods, etc.); Berger, Box, de Finetti, 
Dempster, Ramsay, A. F. M. Smith (Bayesian robustness); Bickel and 
Herzberg, Gastwirth and Rubin, Kariya, Portnoy (short-term serial correla- 
tions, cf. also Section 8.1); Anscombe, N. A. Campbell, Denby and Mal- 
lows, Hoaglin, Pregibon, Rey (1983) (with further references), Sacks and 
Ylvisaker (cf. also Huber 1970, 1979, additional work by Mosteller and 
Tukey, and many others) (various application-oriented work). 

1.1~. The Aims of Robust Statistics 

The main aims of robust statistics are: 

(i) To describe the structure best fitting the bulk of the data. 
(ii) To identify deviating data points (outliers) or deviating substruc- 

tures for further treatment, if desired. 

In the case of unbalanced data structures, as typically in regression, it is 
also necessary 

(iii) To identify and give a warning about highly influential data points 
(“leverage points”). 

Furthermore, since not only the assumed marginal distributions but also 
the assumed correlation structures (in particular, the independence assump- 
tion) are only approximations, another task of robust statistics is 

(iv) To deal with unsuspected serial correlations, or more generally, 
with deviations from the assumed correlation structures. 

Some more detailed explanations seem in order. 
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For (i), we tentatively assume a parametric model and then try to do as 
well as we can with estimating and testing the parameters of the model, 
taking explicitly into account that the model may be distorted and that a 
minority of the data may not belong to the model at all. The inference is 
conditional, given that we are still willing to keep the model as an ap- 
proximation for the majority of the data; it is safe in that it is influenced 
only to a limited extent by any minority of the data. The maximum 
permitted percentage of the minority, such that it has only limited influence, 
will be measured by the concept of “breakdown point” (cf. Harnpel, 1968, 
1971, 1974); often it is 50% so that indeed any majority can overrule any 
minority, as in the case of the sample median. 

What is needed in addition is, of course, a decision whether to keep the 
assumed parametric model-for example, testing of the model and selection 
of the best-fitting model(s). Testing of a model within a larger model, as 
common in linear models, reduces to testing whether certain parameters can 
be assumed to equal zero, and thus falls into the framework of present 
robust testing theory. By contrast, the general question of “robust goodness 
of fit” apparently has not yet found systematic treatment, although there are 
a few scattered attempts (cf., e.g., Ylvisaker, 1977). 

For (ii), the residuals from a robust fit automatically show outliers and 
the proper random variability of the “good” data, much clearer than for 
example residuals from least squares which tend to smear the effect of 
outliers over many data points, and where outliers blow up the residual 
mean-squared error, again making their detection more difficult. While in 
small or balanced data sets it is still possible to detect outliers by careful 
visual inspection of the data, this becomes virtually impossible with large, 
high-dimensional and unbalanced data sets, as are often fed into the 
computer nowadays. Even a careful analysis of residuals may not always 
show all deviating data points, or it may require much more time and 
ingenuity by the data analyst than is normally available. Some of the formal 
rules for detection of outliers are surprisingly unreliable; even the frequently 
used maximum Studentized residual can only tolerate up to about 10% 
outliers in the simplest situation before it breaks down. But this is already a 
result of robustness theory which will be discussed later in greater detail 
(Section 1.4). 

Given the need for reliable and fast identification of outliers, and the 
means to accomplish such, the next question is how to treat the outliers 
which have been found. In principle they should be studied separately. This 
is in particular true if the outliers occur in certain patterns which may 
indicate unsuspected phenomena or a better model (cf. the examples in 
Daniel, 1976). Not all outliers are “bad” data caused by gross errors; 
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sometimes they are the most valuable data points of the whole set. Even if 
they are gross errors, it is sometimes possible to correct them, by going back 
to a more original data set, or by making guesses about their cause, for 
example, inadvertent interchange of two values. Even the mere frequencies 
and perhaps sizes of gross errors may be valuable information about the 
reliability of the data under consideration. Only if a model is well estab- 
lished as a useful approximation in routine investigations, and if there is 
only interest in the majority of the data and no interest in any outliers 
whatsoever, is the automatic rejection of outliers without further treatment 
justified. Even then, there are better methods than full acceptance or 
sudden, “hard” rejection of outliers beyond a certain point, in particular 
those which allow for a region of doubt whether an observation can be 
considered an outlier or not. 

For (iii), while for many balanced and nearly balanced designs it is 
possible to find very robust methods which are almost fully efficient under 
the ideal parametric model, the situation changes if a few data points, 
obtained under highly informative conditions, have a dominating influence 
on the fit. Perhaps the simplest situation of this kind is simple linear 
regression, with one x, far away from the others. This situation is not dealt 
with by merely robustifying with respect to the residuals (as in Huber, 
1973a). However, we now have a conflict: If we downweight such a leverage 
point and it  is a proper observation, we lose a lot of efficiency; on the other 
hand, if we do not downweight it and it is a gross error, it will completely 
spoil our result. Perhaps the best advice that we can give at present is to run 
two robust regressions, one with and one without downweighting of the 
leverage points, and then to compare the results. If they disagree beyond 
random variability, then either some leverage points are deviant, or the 
model is wrong. But even a very classical statistician who still uses only least 
squares, but wants to do more than a very superficial job, will want to know 
which are the most influential data points and will have a special look at 
them. Thus the influence of position in factor space is a valuable diagnostic 
tool even if not imbedded in a formal robustness theory. 

In fact, the field of regression diagnostics (cf. Belsley et al., 1980 or Cook 
and Weisberg, 1982) also has the identification of leverage points as one of 
its main aims, and it is not surprising that various specific regression 
diagnostics correspond to (and are finite sample versions of) influence of 
position, influence of residual or their product, the total influence, as used in 
robust regression (cf. Section 6.2). They are, however, frequently evaluated 
at the least-squares procedure, rather than at a robust procedure, and this 
can cause masking effects and can make the identification of more than a 
few special values very cumbersome. 
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Really extreme leverage points, with practically no redundance from the 
other data, should be avoided in the design, if possible; sometimes, when 
they only later turn out to be crucial, one can still replicate them (exactly or 
approximately) after the main experiment, thus providing the redundance 
necessary for reliable judgment. There are still enough problems with 
moderate leverage points, especially if also gross errors are feared. 

For (iv), in the past, formal robustness theories have concentrated on 
deviations in distribution shape (e.g., deviations from normality), in particu- 
lar on outliers which are a danger for point estimation, confidence intervals, 
and tests with all sample sizes, but which can be fairly easily dealt with. 
However, not only do outliers occut rather frequently, but experience tends 
to show that even in cases where one would expect independent observa- 
tions, as in astronomy, physics, and chemistry, there sctm to be small but 
long-ranging correlations, of a kind which can hardly be detected individu- 
ally, but which tend to pile up if summed over many lags and which 
therefore greatly endanger confidence intervals and tests based on large 
samples. The nominal confidence intervals derived under the independence 
assumption will be far too short if such persistent semi-systematic fluctua- 
tions are present. 

The main effects of such semi-constant errors, as they are also called, can 
be modeled by means of self-similar processes. Thus, a possible program to 
attack this problem, which is still in the process of being carried out, is to 
estimate the correlation parameter of an approximating self-similar process, 
and then to use this parameter in order to correct the length of confidence 
intervals (cf. also Section 8.1 and Hampel, 1979). 

Lld. An Example 

In order to illuminate some of the points made in Subsection 1.1~ from the 
point of view of practice, we shall discuss a small example from the analysis 
of variance. In particular, we intend to show that in this example modem 
robust estimation techniques lead to the same results as a careful subjective 
analysis of the residuals [which is often cumbersome, virtually impossible in 
large and complicated designs, usually less efficient than modem robust 
techniques (cf. Section 1.4), and apparently often neglected even when it 
could be done fairly easily]. 

The example is a two-way analysis of variance for lettuce given in 
Cochran and Cox (1957) on p. 164 (Section 5.26, Table 5.6) of the second 
edition, and it is further discussed in Daniel (1976) on p. 38ff. The data are 
the numbers of lettuce plants emerging after application of two fertilizers on 
three levels each. We shall try to fit a main-effects model. The data after 
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96 60 -21 6.3 20.3 -26.1 
56 5 -62 9.7 8.7 -18.3 

-12 -15 -41 - 16 - 29 45 

15 

43 
-0.3 

-42.1 

Table 1. Data Minus Grand Mean of 353 and Least-Squares Residuals 
and Effects of 3’ on Lettuce” 

Data Minus 353 Least-Squares Residuals and Erects 

46.1 -3.3 -43.3 I 0 

“Data from Cochran and Cox (1957, p. 164) and Daniel (1976, p. 39). 

subtraction of their grand mean of 353 (as in Table 4.2 of Daniel, 1976) and 
the residuals and main effects as estimated by least squares are given in 
Table 1. 

Daniel (1976, p. 40) argues that cell (3,3) seems to contain an outlier and 
notes that treating it as a missing value for estimation would give it a 
residual of 101.25. He says that “. . . if it could be done tactfully, we would 
ask the experimenters whether by any chance the reported 312 (coded to 
- 41) could have been misrecorded by 100.. . .” He shows that the remain- 
ing eight observations fit a main-effects model with considerably decreased 
mean-squared error and with no hint of any special interactions. Later (p. 
43) he remarks: “If this value is actually an error, and not a permanent 
interaction, then we do the experimenter no favor by reporting biased main 
effects and a spurious linear-by-linear interaction.” 

We shall now apply some formal robust methods. First, we ought to 
analyze the structure of the data. Clearly, the data set as given would be too 
small to study any serial correlations, even if some (spatial or other) 
ordering structure were known. The data are fully balanced for our main- 
effects model, so there are no leverage points (and the three major types of 
robust regression, named after Huber, Mallows, and Schweppe, cf. Section 
6.3, all coincide). There are five independent parameters and only 4 degrees 
of freedom for error. Without additional knowledge, it would be possible to 
identify at most two or three outliers not in the same row or column (cf., 
e.g., Hampel, 1975, Section 3.1). 

The following computations were done both with a pocket calculator and 
with a preliminary version of the robust regression package ROBSYS (cf. 
Subsection 6.412) developed by A. Marazzi and A. Randriamiharisoa at the 
University of Lausanne, and tested with and applied to our data set by M. 
Machler (ETH, Zurich). 
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96 45 -22 0 15 - 5  
56 5 -62 0 0 0 

Table 2. Least Absolute Deviations Solution for the 32 on Lettuce 

49.33 
9.33 

-12 -63 -130 0 - 12 89 
56.33 5.33 -61.67 

- 58.67 
-9.67 

As an intermediate step, we first compute a highly robust starting value 
for our vector of estimated effects. Because of the complete balance in the 
data, we can use for this purpose here the L,-solution, which minimizes the 
sum of the absolute deviations (but in general the L,-solution is not robust, 
cf. Subsection 6.4a). The results are given in Table 2. (The fact that five 
residuals vanish exactly reflects a peculiarity of the ,!,,-method.) 

We note one very large residual (relative to the three other nonzero ones), 
clearly more outstanding than with the L2- (least-squares) fit. Otherwise the 
L,-solution, with its five enforced zeros, is not clear in the details and also 
rather inefficient. 

We use it as starting point for an estimator which can reject outliers 
“smoothly” (cf. Section 1.4), namely the “2-4-8-estimator” (Hampel, 1974, 
Section 5.4, and Hampel, 1980, Sections 3.3.6 and 3.4) which is a very 
simple default version of a “ three-part redescending M-estimator,” with 
parameters a = 2, b = 4, and r = 8 as multiples of the “median deviation” 
(cf. Subsection 2.3a, Example 4, and Subsection 2.6a, Example 1, for the 
definitions in the one-parameter case; Subsections 4.2d and 4.4a for location 
and scale; and Section 6.2 for the generalization to regression). In effect, the 
2-4-8-estimator is a weighted least-squares estimator with data-dependent 
weights (to be determined iteratively), which are = 1 (like for ordinary least 
squares) for data with small residuals, = 0 for clear outliers, and varying 
continuously between 1 and 0 for data with intermediate residuals. 

For starting the iterations from the L,-solution, we also need a robust 
scale estimate. (The mean deviation is nor robust.) Normally, we would use 
the median deviation (equals the median of the absolute values of the 
residuals), but because of the five enforced zeros, which make the median 
deviation also equal to zero, we need a custom-tailored scale estimate. If it 
should tolerate up to two outliers (cf. above), it has to depend on the third- 
and fourth-largest absolute residual only. For simplicity, we take the mean 
of the two, namely 8.5, in place of the median deviation, without bothering 
about a correction factor. The exact choice, within a reasonable range, does 
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~~ 

100.92 50.92 -22.83 - 4.9167 9.0833 - 4.1667 
57.58 7.58 -66.17 - 1.5833 - 2.5833 4.1667 

- 18.50 - 68.50 - 142.25 6.5 -6.5 101.25 

57.9167 7.9167 -65.8333 

Table 3. Solution with 2-4-&Estimator and Iterated Median Deviation Scale, 
Startine: from L , with Scale = 8.5. for the 3’ on Lettuce 

54.25 
10.9167 

- 65.1667 
- 11.25 

Fit Residuals and Effects 

not matter. (As it turns out, all starting values down to at least five, the 
smallest nonzero absolute residual, and up to bo lead to the same solution.) 

The solution to which the iterations converge is given in Table 3. 
The final median deviation is 4.92. With the 2-4-8-estimator, data with 

absolute residuals below two median deviations receive full weight and are 
treated as in least squares, while those with absolute residuals above eight 
median deviations are rejected completely. Table 3 shows that cell (3,3) is 
rejected completely, while all others receive full weight. We thus obtain 
exactly Daniel’s (1976, p. 39) solution after his treating (3,3) as a missing 
value, or the least-squares solution for the remaining eight observations. 
(Only the scale estimate is somewhat different. In general, the solutions will 
not be exactly the same, of course, since some data might be just partly 
downweighted by the robust estimator, but they will be very similar.) 

The next step is again the interpretation. We notice eight small residuals 
and one huge outlier conspicuously close to 100. Either there is a rather 
peculiar interaction concentrated in one cell, or the value is a gross error, 
most likely misrecorded by 100. In either case, the “robust” fit is a tight 
main-effects model for eight values and one distant outlier, and for in- 
formed judgment one should at least known it in addition to the least-squares 
fit where the outlier, though still visible for the experienced eye, is smeared 
over the whole table and blows up the mean-squared error considerably 
(from about 80 to about 1200). 

Some readers who know already something about robust regression will wonder 
about other possible solutions. There are not so many possibilities. .Using ROBSYS, 
the 2-4-8-estimator with iterated median deviation scale converged towards four 
different fixed points, depending on the starting value for scale, with 1, 2, 3, and 4 
“outliers” rejected, respectively. The first and last solutions are those of Tables 3 
and 2, respectively. The second solution almost rejects cell (1,2) in addition, with 
residual 18.36 (and all other absolute residuals except (3,3) below 4) and median 
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deviation 2.91, and the third solution rejects cells (1,2) and (3,2) in addition, with 
residuals 17.5 and - 10.75 respectively, and median deviation 1.25. The residual in 
(3,3) goes from 101.25 via 97.27 and 91.5 to 89, hence is always clearly sticking out. 
Also the effects do not change much and are always relatively far away from the 
least-squares effects. In comparing the four solutions, we shall most likely choose the 
one of Table 3, unless we have special reasons to mistrust cell (1.2) or even also 
(3,2). But atso in vim of the random variability of the estimates, the exact choice 
usually does not matter very much; it is a general experience that in the presence of 
outliers all reasonable robust estimates are relatively close together, but usually 
clearly separated from the least-squares solution. 

Those who are stiU curious might consider yet other robust estimators. It is clear 
that 2-4-8-estimators with arbitrary fixed scale will yield intermediate solutions 
(even intermediate up to least squares, for increasing scale). Other redescending 
estimators will yield similar solutions. Regression with the “Hubcr-estimator” with 
“Proposal 2” scale and comer point c (cf. Example 2 in Subsection 4.2d, and 
Section 6.2) converged to the least-squans solution for c down to about 0.82, since 
Proposal 2 is not so resistant against outliers; and for smaller c tending to zero we 
obtain another continuous transition to the L1-solution. The Huber-estimator with 
iterated median deviation scale umvcrges to the L,-solution because of the large 
number of parameters involved. Other estimators with monotone instead of rede- 
scending score functions will behave similar to Huber-estimators. They all can 
d a m p  the Uuence of the outlier on the fit, most strongly in the L,-solution, but 
they cannot reject it completely. Nevertheless, one “monotone” robust starting 
value, such as a “waghted” L,-estimator in general, is needed for safe identification 
of outliers before a redescending estimator can be applied. 

1.2. WHY ROBUST STATISTICS? 

1.2a Tbe Role of Panunetric Models 

The use of parametric models (such as the classes of normal, lognormal, 
exponential, Poisson distributions) is deeply entrenched in statistical prac- 
tice. The reason for this is that they provide an approximate description of a 
complete set of data by means of a qualitative information (namely, which 
model is used) and very few simple numbers (the approximations or 
estimates for the parameters of the model), and that they, together with the 
parameter values, provide a complete and easily described stochastic model 
for the generation of the observed data and other fictive or future observa- 
tions. They thus fulfill one of the main aims of statistics, namely data 
reduction or data condensation (perhaps from thousands or millions of 
numbers to only two; cf. also Fisher, 1925/70, p. l), and they also allow the 
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application of methods of probability theory to the complete description of 
the whole data set. 

Put somewhat differently, parametric models allow the separation of the 
full information of a data set into pure structure and pure random variabil- 
ity, or “cosmos” and “chaos.” 

By contrast, nonparametric statistics does not make any assumptions 
about a low-dimensional class of distributions which is to describe the data 
fully, and leaving aside goodness-of-fit tests, which may actually be used to 
test parametric models, it considers only specific aspects of a data set, not 
its structure as a whole. We may learn, for example, that a certain func- 
tional of a distribution-or even a certain distribution-is or is not signifi- 
cantly different from another one, without knowing what the distribution is. 
Nonparametric statistics has a rightful and important place in statistics, but 
in general it does not exhaust the information contained in the data. 

A source of confusion is the fact that the same statistics, like arithmetic 
mean or median, can be used in a parametric or a nonparametric way. In 
the former case, they estimate the parameters which fix the full distribution 
of the data; in the latter case, they look merely at one particular aspect of 
the data, no matter what their distribution is otherwise. It is a big difference 
whether I am told that a certain waiting time distribution has a median of 
three hours-which leaves me with all conceivable distributions compatible 
with this fact-or whether I am told that the half-life period of an 
exponentially distributed waiting time is three hours. Only parametric 
models provide the redundance necessary for a data description which is 
both simple and complete. 

In some way intermediate between parametric and nonparametric models 
are “smoothing” models, such as data description by running means and 
medians and smoothing splines, and including so-called nonparametric 
regression and nonparametric density estimation. While the conditional 
expectation or density in a single point is sometimes studied in a truly 
nonparametric limit, the description of a complete function by a (small to 
moderate) finite number of estimated values still requires some additional 
smoothness property which provides the necessary redundance. Also fully 
adaptive estimation (which basically estimates a density f or a score 
function f’/f) has these features. In the limit of increasingly many data, it 
is also possible to arrive at a complete data description with these proce- 
dures, either by using more and more descriptive points or by using more 
and more smoothness properties; but such descriptions are not as simple, 
short, and elegant and easily amenable to the use of probability theory as 
those provided by parametric models. 
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Figure 1. Two cumulative waiting-time distributions with median thm hours. Thm are many 
more possibilities if no parametric model is specified. 

1.2b. Types of Deviations from Parametric Models 

This subsection describes the main aspects of the approximate character of 
parametric models. 

It is tempting to forget over the beauty and elegance of the theory of 
parametric models that they are only approximations to reality. Thus, for 
some time during the last century, “everyone believed in the normal 
distribution, the mathematicians because they thought it was an experimen- 
tal fact, the experimenters because they thought is was a mathematical 
theorem” (Lippmann according to Poincark cf. Stigler, 1975). But the 
central limit theorem only tells us about an imaginary limit, given certain 
assumptions. It does not tell us how far we are still away from that limit or 
whether, indeed, the assumptions are fulfilled; and any empirical check can 
at most prove statistically that the true distribution is within a certain 
neighborhood of a model distribution, while it can never prove that it 
coincides exactly with a model distribution. Moreova, large data sets of 
high quality show significant deviations from normality in cases which 
should be prime examples for the normal law of errors (cf. below). 
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A tacit hope in ignoring deviations from ideal models was that they would 
not matter; that statistical procedures which were optimal under the strict 
model would still be approximately optimal under the approximate model. 
Unfortunate&, it turned out that this hope was often drastically wrong; even 
mild deviations often have much larger effects than were anticipated by most 
statisticians (cf. Tukey, 1960, inserts). 

What are the types of deviations from strict parametric models? How 
strongly do they affect the behavior of classically optimal procedures? Are 
there any better, “more robust” procedures? These are some of the ques- 
tions to be answered in the sequel. 

We may distinguish four main types of deviations from strict parametric 
models: 

(i) The occurrence of gross errors. 
(ii) Rounding and grouping. 
(iii) The model may have been conceived as an approximation anyway, 

for example, by virtue of the central limit theorem. 
(iv) Apart from the distributional assumptions, the assumption of 

independence (or of some other specific correlation structure) may 
only be approximately fulfilled. 

For (i), gross errors or blunders are occasional values where something 
went wrong. Common examples are mistakes in copying or computation. 
The effects on the data are usually much bigger than those of the perma- 
nently acting causes of random variability, thus resulting in outliers (namely 
values which deviate from the pattern set by the majority of the data). Some 
gross errors will be hidden among the “good” data and will usually be 
harmless. On the other hand, outliers can also be caused by transient 
phenomena and by part of the data not fitting the same model. Outliers are 
the most obvious, the most discussed, and, if untreated, often the most 
dangerous type of deviation from parametric models and are, therefore, 
treated in greater detail in separate subsections (Subsections 1 . 2 ~  and 1.4). 

For the moment, it suffices to note that: (1) a single huge unnoticed gross 
error can spoil a statistical analysis completely (as in the case of least 
squares); (2) several percent gross errors are rather common; and (3) 
modem robust techniques can deal with outliers relatively easily, even better 
than classical methods for objective or subjective rejection of outliers. 

For (ii), all data have only a limited accuracy and are thus basically 
discrete; morever, they are often rounded, grouped, or classified even more 
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coarsely. There can also be small systematic but localized inaccuracies in the 
measuring scale. These local granularity effects appear to be the most 
harmless type of deviation from idealized models, and in fact they can often 
be neglected, but they should not be forgotten. There are several situations 
in which they even play a prominent role: very coarse classification so that a 
continuous distribution would be a very bad approximation; study of 
locally determined quantities such as density estimation or even quantile 
estimation; and models with infinite Fisher information, such as the rectan- 
gular or exponential shift family, which would allow “superefficient” esti- 
mation of their parameter. 

Let us consider this last situation in greater detail. Kempthorne (1966) 
has shown that the superefficiency of these estimators, namely a variance 
going down like n-’ instead of n-’ ,  disappears as soon as the finite 
accuracy of every number is taken into account. The actual dependence of 
the variance of maximum likelihood and related estimators on n shows a 
transition from an n-*  curve to an n - l  curve as soon as the discreteness 
becomes noticeable with increasing n. There are other robustness consider- 
ations (namely the requirement of qualitative robustness; see Subsection 
1.30 also leading to estimators with the usual rate of convergence, even if 
infinite accuracy were in fact attainable. This is one of the instances where 
robustness theory eliminates pathological features in classical parametric 
statistics, in this case superefficiency caused by the model. 

The local properties of granularity can be studied by means of the 
concept of “influence function” (see Subsection 1.3d and Chapter 2); the 
most relevant single number connected with this problem is the “local-shift 
sensitivity” (see Subsection 2.1~). There has been little systematic study, 
though, of robustness against granularity effects. 

As a side remark, one may note that it becomes intuitively evident that estima- 
tors with infinite local-shift sensitivity, like median,’ quantiles, and hard rejection 
rules, are more susceptible to local effects than estimators which smooth over the 
data locally. Interestingly, the arithmetic mean has the lowest local-shift sensitivity 
among all location estimators and is in th is  specific sense the “most robust” 
estimator, although it is drastically nonrobust in other, much more important senses. 

For (iii), large sets of measurement data of very high quality, which to all 
knowledge contain no gross errors, still tend to show small but noticeable 
deviations from the normal model. This had been known, but consciously 
ignored, already by Bessel (cf. Bessel, 1818; Bessel and Baeyer, 1838), 
shortly after the invention of the method of least squares. Also later, 
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eminent statisticians, including K. Pearson (1902), Student (1927) and 
Jeffreys (1939/61, Chapter 5.7) collected high-quality samples and found 
that they are usually longer-tailed than the normal distribution. A recent 
collection of examples can be found in Romanowski and Green (1965) and 
Romanowski (1970). mese authors also noted some slight skewness. (Cf. 
also the examples cited in Scheffk, 1959, p. 333.) 

In his very interesting discussion, Jeffreys (1939/61) analyzes nine long 
series of measurements, including six series of pseudoastronomical data by 
K. Pearson with about 500 observations each, made for a different statistical 
purpose, and two series of residuals from latitude observations of about 
5000 observations each. He tried to fit symmetric Pearson curves and found 
that seven of the nine series were longer-tailed than the normal, five 
significantly so, but only one was significantly shorter-tailed than the 
normal. However, he also noted (as had Pearson) that there were often 
strong serial correlations in the Pearson series (of supposedly independent 
observations!), and he discovered that there was a high, almost perfect 
correlation between the short-tailedness and the serial correlation (!). This 
means the less long-tailed the data (down to the normal or even shorter-tailed 
than the normal), the more one has to worry about serial correlations which 
invalidate standard errors, confidence intervals, and the like; closeness to 
normality may not be a reason for joy but a reason for even deeper 
suspicion. The Pearson series, which were obtained by single observers 
(including “K. P.” himself) under highly uniform conditions, were fitted by 
type I1 and by t- (type VII) distributions with down to 8 degrees of 
freedom; extrapolation to the case of independence (using the correlation 
with the serial correlation) yields about 4) degrees of freedom. Jeffreys, 
somewhat more cautiously, surmises that independent data under such 
homogeneous conditions would be approximated by r-distributions with 
5-9 (or 4f-10) degrees of freedom. The latitude series, whose correlation 
structure apparently was not investigated, but which represent actual mea- 
surement series under nonuniform conditions, are fitted by r-distributions 
with 3f and 4)  degrees of freedom. If they also show correlations, as might 
be suspected, an extrapolated independent series would need still fewer 
degrees of freedom. This, by the way, is in accordance with Huber (orally) 
who also found t ,  a suitable example for what high-quality data can look 
like. 

Some critics of the Princeton robustness study (Andrews et al., 1972) 
have maintained that short-tailed alternatives to the normal deserve the 
same attention as long-tailed alternatives. They certainly deserve some 
attention, but much less than the long-tailed models, for two reasons: they 
are much less dangerous and are, overall, much less frequent. In fact, it 
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seems at present that they occuf mainly in three situations: either the data 
have a very limited range (or other a priori reasons for suggesting a 
tendency towards shorter tails); or the data have been prematurely and 
strongly cleaned of all suspected outliers (often at a very early stage and 
unknown to the statistician), rendering an artificially truncated distribution; 
or the short-tailedness may be connected with strong serial correlations, as 
in some of the Pearson series. Besides, robustness theory also gives extrapo- 
lations and qualitative results for short-tailed distributions. 

The situation for models other than the normal distribution (and with it, 
implicitly, the two-parameter lognormal) has teceived far less attention, not 
surprisingly since the normal plays such a central role in statistics and 
probability theory; but the phenomena can be surmised to be similar. Thus 
it is known that the model of the exponential distribution for waiting time 
of failures, which can be derived under the assumption of lack of memory, 
often does not quite fit for very small and very large waiting times though it 
may be very good in the middle. There is no basic difference to the normal 
model; again, general robustness theory could be applied in principle 
without any problem, only the numerical and computational details would 
have to be worked out. 

In complex designs, model features such as linearity and additivity of 
effects often hold in good approximation, but not exactly. Deviations of this 
type are also covered to some extent by the general robustness theories to be 
described, although more specific studies for particular features and classes 
of models would be very desirable. Outliers in the analysis of variance and 
the question of necessary redundance in the presence of gross errors are 
briefly and concisely discussed in Hampel (1975, Chapter 3.1; cf. also 
Subsection 8.4b). Huber (1975a) has shown that slight deviations from 
linearity in, say, a simple linear regression situation are highly relevant also 
for the choice of the design of an experiment and may lead to optimal 
robust designs quite Werent from those of the classical theory of optimal 
designs, but closer to common sense and widespread practice. These and 
related questions should receive more attention in the future than they have 
in the past. 

A model feature which leads up to consideration of the correlation 
structure and which is also frequently assumed in first approximation, is 
homoscedasticity or constancy of error variance. Ideally, heteroscedastic 
data should be weighted properly, but if the error variance ratios are not 
known and are so irregular that they cannot be inferred from the data, one 
way to safeguard against data with large error variance (which tend to 
behave like random outliers) is to downweight data with large (stan- 
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dardized) residuals appropriately, since they are likely to have large error 
variances. Now this can be achieved by suitable robust estimators. On the 
other hand, if the sizes of the residuals show a structure, such as an increase 
with increasing fit, it may be possible to fit a better model which incorpo- 
rates the systematic p u t  of the heteroscedasticity, at least to a good degree 
of approximation (with further safeguards possible by robust methods for 
the refined model). 

For (iv), a problem about which relatively little is known is violation of 
the independence assumption, or robustness against unsuspected serial 
correlations. We are here roughly in a situation similar to the one before 
1964 regarding outliers and other distortions of the distribution shape: 
before Huber’s (1964) paper, only specific alternatives or narrow families of 
alternatives were investigated for their effect on customary estimators, and 
some new estimators were tried out in these situations in a rather ad hoc 
way. This highly important problem will be discussed separately in Section 
8.1. 

1.2~. The Frequency of Gross Errors 

Gross errors, which are errors due to a source of deviations which acts only 
occasionally but is quite powerful, are the most frequent reasons for outliers, 
namely data which are far away from the bulk of the data, or more 
generally, from the pattern set by the majority of the data. Occasionally, 
distant outliers are due to a genuinely long-tailed distribution (this is even a 
frequent reason for moderate outliers); furthermore, a common reason for 
apparent outliers are model failures (choices of wrong models). It also 
happens not infrequently that only part of the data obeys a different model. 
A single outlier which is sufficiently far away can ruin, for example, a 
least-squares analysis completely; some sources for gross errors such as 
keypunch errors or wrong decimal points do indeed easily change values by 
orders of magnitude; and with the regrettable modern trend of putting 
masses of data unscreened into the computer, outliers can easily escape 
attention if no precautions are taken. 

Some reasons for gross errors are copying errors, interchange of two 
values or groups of values in a structured design, inadvertent observation of 
a member of a different population, equipment failure, and also transient 
effects. With sufficient care, gross errors can often be prevented, and indeed 
there appear to exist- though probably rarely-high-quality data sets of 
thousands of data without gross errors; but the necessary care cannot 
always be afforded. Moreover, even with fully automatic data recording and 
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properly working equipment, there may be large transient effects (cf. the 
example below). Distant gross errors are one of the most dangerous devia- 
tions from usual statistical assumptions; but they are also the deviation 
which can most easily be treated. The number of distant gross errors and 
other outliers which statisticians get to see is frequently decreased consider- 
ably below the original one because subject matter dentists often “clean” 
their data in some crude way before consulting the statistician. Even so, the 
frequency of gross errors varies considerably. Crudely speaking, one has to 
distinguish between highquality data with no or virtually no gross errors, 
and routine data, with about 1-1046 or more gross errors. Whenever a 
distant outlier occurs, some robust method is definitely needed, and be it 
just a subjective look at the data with subsequent special treatment of the 
outlier. On the other hand, for highquality data, there is usually only a 
small increase in efficiency by the use of robust methods. This is not 
surprising and should not induce those who have the fortune of being able 
to work with high-quality data to deem robust methods altogether unneces- 
sary. Moreover, even for high-quality data, the improvements possible by 
the use of good robust methods may still be important in certain cases. 

Let us now consider some examples for the frequency of gross errors and 
other outliers in real data. As mentioned, there are many high-quality data 
sets where none can be found. The smallest positive fraction of outliers the 
writer came across was about 0.0146, or 1 in 10,OOO. One example occurred 
in the 1950 U.S. census data after careful screening and analysis of the data 
and was found by sheer luck; the fascinating detective story by Code and 
Stephan (1962) shows how a tiny fraction of wrongly punched data could 
escape all controls since they were entirely possible, but produced some 
weird patterns in certain rare population subgroups. Another example 
(Huber, orally) was about a quarter million electroencephalographic data, 
fully automatically recorded by properly working equipment; the histogram 
looked beautifully normal, except for some jittering of the plotter way out in 
the tails, but the third and fourth moment were far too large. A search 
revealed that there was a huge spike of about two dozen data points when 
the equipment was switched on; these few transient points caused the high 
moments and the jitter in the plot. The point is that even in highest-quality 
data settings, there may be tiny fractions of outliers which sometimes may 
be hard to find, but which may upset parts of the statistical results if left 
untreated. 

An example of 0.2% gross errors, again in a highquality setting, are the 
waveguide data (Kleiner et al., 1979; Mallows, 1979): in a very smooth time 
series of about lo00 points, twice the measuring instrument duplicated the 
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previous value, thereby completely distorting the low-power regions of the 
classical power spectrum. 

An example where gross errors could be individually identified by 
comparing related data, are the seismogram readings in Freedman (1966), 
with 5-7% gross errors in routine data in science. Cochran (1947) cites an 
agricultural 4’ with a large and impossible gross error (6%) that first went 
unnoticed. An agricultural analysis of covariance cited by Scheffb (1959, p. 
217) where probably 7% (2 out of 30) values are interchanged, is discussed 
in Hampel (1976, 1985). The famous and frequently discussed “Bills of 
Mortality” contain 7-10% gross errors that apparently went unnoticed for 
centuries (Zabell, 1976). At the 1972 Oberwolfach meeting on medical 
statistics, A. J. Porth reported 8-12% gross errors as a result of a spot check 
on medical data in a clinic. (An unsubstantiated oral source claimed even 
25% for U.S. clinics.) A very high fraction of gross errors (in this case 
copying errors and “corrections” by means of wrong theories) is contained 
in 50 ancient Babylonian Venus observations (Huber, 1974a)-certainly 
about 20%, probably 3046, and perhaps even 40%. 

There are also some collections of different data sets which have been 
investigated for gross errors. Rosenthal (1978) cites 15 data sets from the 
behavioral sciences ranging from about 100 to about l0,OOO observations 
and analyzed in final form, including any checking deemed necessary, by 
the respective researchers to their own satisfaction. Only one set (with about 
700 data) contained no gross error after the “final” analysis-the maximum 
was 4% (in about 100 data) and the average about 1% gross errors. 

A wealth of examples from industry, science, agriculture, and so on 
mostly taken from the literature (and not collected with the intention to 
provide examples for gross errors!) can be found in the books by Daniel and 
Wood (1971) and Daniel (1976). The frequency of outliers in the regression 
examples of the first book ranges from 0 to the 19% (4 in 21) transient 
values of the famous stack loss data, though 0 and 1% are more typical 
values. The second book considers about two dozen examples from the 
analysis of variance, about half of them in greater detail, and most of them 
published previously. About one-third shows no gross error (but often other 
peculiarities); almost one-half contains 3-6% gross errors, and, depending 
on one’s selection criteria, about one-sixth to one-third has more than 10% 
(up to one-third) gross errors and deviating substructures (e.g., a simple 
model fitting only two-thirds of the data). 

Such partial model failures should not be confused with gross errors, but 
both lead to outliers which should be detected; in the former case, these 
outliers are proper and often highly important observations. As an example, 
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Rayleigh noted that 7 out of 15 atomic weights of “nitrogen” (from air and 
from various chemical compounds) fell into a separate group and thus was 
led to the discovery of argon (cf. Tukey, 1977, p. 49). It is the statistician’s 
task to try to fit a model as simple as possible, and if this can be done only 
for part of the data, he or she should discuss the remaining substructures 
separately, rather than fitting a complicated model to all data and thereby 
obscuring interesting features of the data. A simple model may fit to all 
data, or all but fractions of a percent, or less than half of the data. These 
problems of model fitting point in the direction of pattern recognition and 
cluster analysis and often need more than statistical routine techniques. 

General statements about the frequency of gross errors seem to be rather 
uncommon; this is not suprising since so much depends on the specific 
circumstances. Paul Olmstead, cited by Tukey (1962, p. 14), maintains that 
engineering data typically involves about 10% “wild shots.” Discussing 
various types of industrial data in his 1968 Berkeley courses, Cuthbert 
Daniel considered frequencies from less than 1% up to 10 and 20% as usual 
and cited, as rather exceptional, a set of about 3000 data points where he 
could not find anything wrong. For a high-quality sample survey, Freedman 
et al. (1978, p. 367) cite error rates of 0.5-1% interviewer errors as typical. 
There are cases (J. Kohlas, orally; A. W. Marshall, orally) where failure data 
are kept secret by companies, even from their own statisticians who are 
supposed to work on them. This shows how touchy an information the 
percentage of gross errors can be, and how there sometimes may be a 
tendency to downplay it or to shroud it into dubious disinformation. It is 
clear that the care with which data are obtained and processed is often one 
important factor for the frequency of gross errors, and it is not difficult to 
imagine that with moderate care, every 100th or even every 30th number 
comes out grossly wrong. With great care, the percentage of blunders can be 
pushed below 1%, even to O%, though transient effects and other partial 
model failures are still a possible cause for outliers. Routine data treated 
with little individual care under great pressure of time can easily contain 
10% or more stray values. We have to accept the whole range of data 
quality, as well as the different causes for outliers of which gross errors are 
but one, though the most conspicuous one; altogether, 1-10% gross errors in 
routine data seem to be more the rule rather than the exception. 

1.U. The Eflects of Mild Deviations from a Parametric Model 

Mild deviations from normality (or other parametric models), such as they 
occur in high-quality data, do not have the catastrophic effects of distant 
outliers on classical methods like mean, variance, or least squares; hence 
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robust methods are not absolutely necessary in such a situation. However, 
the avoidable efficiency losses of classical methods can be much larger than 
is often naively assumed. Some typical values are not so much 90 or 99% 
efficiency loss; rather they may be more like 3 or 30%, but 30% efficiency 
loss is probably more than most believers in classical parametric procedures 
are willing to pay consciously. 

Already, Fisher (1922) stressed the inefficiency of the arithmetic mean 
and variance in all but a very small region of Pearson curves around the 
normal. His argument was directed against K. Pearson’s method of mo- 
ments, but it is equaily valid against the uncritical use of normal theory 
methods where there is no guarantee for normality (i.e., practically always). 
Fisher’s method of maximum likelihood is equally unsafe in general unless 
the model is known exactly or longtailed by itself; but we shall see that this 
method can be “robustified” so that it becomes reliable over a wide range of 
potential true models, with only a marginal loss of efficiency at the assumed 
ideal model (see Chapters 2 and 4). 

While Fisher in this context makes no comparison with real data, the 
findings by Jeffreys and others mentioned above [Subsection 1.2b ($1 
suggest t-distributions with 3-9 degrees of freedom as the Pearson curves 
mimicking high-quality data. But the asymptotic efficiency of the arithmetic 
mean under t ,  is 1 - 6/v(v + 1) and that of the variance is 1 - 12/v(v - 1) 
(Fisher, 1922). Hence for I,, t5, and t ,  the efficiency of x is 93, 80, and 
50%, respectively, and that of the variance and standard deviation is 83,40, 
and OS! 

Other striking examples are due to Tukey (1960) who considers the 
location model F(x - 0) with F(x) = (1 - E ) @ ( x )  + E@(x/~),  CP being 
the standard normal cumulative and P ranging from 0-10%. This can be 
thought of as a mixture with gross errors of a realistic amount, but with 
unrealistic symmetry and closeness to the “good” data; or it can be thought 
of as a slight “fattening” of the “flanks” and close tails of a normal, as in 
high-quality data, still giving a distribution with quickly vanishing far tails 
and all moments. Tukey shows that the asymptotic efficiency of the mean 
decreases quickly from 1 (for E = 0%) to about 70% (for E = lo%), while 
that of the median increases from 2/7r to about the same value and while 
other estimators (notably the “6%-trimmed mean”, see Subsections 2.2b and 
2.3b) have at least about 96% efficiency over the whole range. 

The case for the variance is even worse. Tukey (1960) recalls the dispute 
between Fisher (1920) and Eddington about the use of standard deviation 
and mean deviation; but while the mean deviation is only 88% efficient at 
the strict normal, it suffices to take E = 0.18% (!) in Tukey’s contamination 
model to make the mean deviation more efficient than the standard devia- 
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tion (cf. Huber, 1981, p. 3). This is a drastic example for the instability of 
relative efficiencies of two estimators, one of which is optimal at the normal, 
but both of which are nonrobust in a technical sense and neither of which is 
recommended. 

We note in passing that this is also an example where concepts of robustness 
theory provide intuitive insight into the difference between two nonrobust cstima- 
tors: the intlucnce of outliers, as measured by the inflwnce function (cf. Subsections 
1.3d and 2.lb), increases quadratically for the standard deviation, but only linearly 
for the mean deviation, causing a noticeably higher “stability” of the latter, 
although both an qualitatively unstable. Basically the same phenomenon is also 
found in the quicker deterioration of the variance compared with the mean under 
t-distributions (cf. the numbers above) and in some aspects of the replacement of 
the F-test for equality of two variances by Levene’s t-test applied to the absolute 
residuals (for which, however, the stability of the level is still more important). 

Tukey (1960) remarks that Fisher was the only statistician queried by 
him who anticipated large effects of small contamination. He also shows 
that it is virtually impossible to distinguish between e - 0% and E = 1% 
even with a sample size of 1O00, unless one or a few points arising from the 
contaminating distribution @ ( x / 3 )  are rather extreme. 

This brings us to an argument which is often presented roughly as 
follows: “Of course I would first throw away any outliers, but then I can use 
the classical methods.” The overall procedure is then robust and not 
classical in the strict mathematical sense, even though the conditional 
procedure given that there are no outliers may be the classical one. Another 
question is how efficient such a combined procedure can be. It is precisely 
the doubtful outliers stemming from slightly elongated tails, not the distant 
outliers, which are hardest to deal with; and since even in the artificial 
model of “good,” precisely normal data plus “bad” contamination there 
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will be errors of both kinds (wrong rejections and wrong detentions), no full 
efficiency can be expected even conditionally, after the (potential) rejection. 
In fact, a Monte Carlo study for sample size 20 showed that the better half 
of 14 classical rejection rules followed by the mean has about 15-20% 
avoidable efficiency loss under t , ,  compared with better robust estimators 
which decrease the influence of doubtful outliers smoothly, not suddenly 
(Hampel, 1976, 1977; cf. also Hampel, 1978a, 1980 and see Section 1.4b 
below). Virtually the same results (about 15-20% efficiency loss) were found 
by Relles and Rogers (1977) in an interesting Monte Carlo study for 
subjective rejection. This shows that even if the data are “precleaned” by 
subjective or objective rejection methods, the remaining small deviations 
from normality (some of them only due to the rejection) can still easily 
cause avoidable efficiency losses of several tenths. 

1.2e. How Necessary Are Robust Procedures? 

A glance through the literature yields rather conflicting statements about the 
importance and necessity of robust procedures. Some authors, like Stigler 
(1977) and Hill and Dixon (1982), recommend only slightly robustified 
estimators, such as slightly trimmed means, and find them hardly superior 
to the arithmetic mean. Others, like Mallows (1979) and Rocke et al. (1982), 
give examples where very robust estimators are needed and are far superior 
to classical methods. Sometimes the same author finds examples for both 
situations (Spjotvoll and Aastveit, 1980; Spjotvoll and Aastveit, 1983). 

Basically, there is no contradiction: for high-quality data or at least 
precleaned data without any outliers, robust methods are no more ab- 
solutely necessary; their main contribution lies hidden in the precleaning of 
the data from all outliers if there were any, or in the finding that the data 
are of high quality if there were no outliers. One might also’take the risk of 
just hoping that there are no outliers and using classical methods without 
any check, dangerous and foolish as this may be. Even for high-quality data, 
good robust methods may still give a noticeable improvement over classical 
ones, as we have seen, but the size of this improvement is a second-order 
problem in practice and will differ from situation to situation. One would 
have to discuss details of the various studies. 

For example, much can be said about Stigler’s (1977) study, and much 
has already been said in the discussion following the paper; but, unfor- 
tunately, the comparisons given appear to be vacuous, since they compare 
essentially pseudorandom biases linearly, as was demonstrated by Pratt in 
the discussion and as was nor refuted by the theorem in the reply. (The 
theorem was explicitly misinterpreted: “ nondecreasing” is not the same as 
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“increasing.”) More revealing is Eisenhart’s analysis in the discussion: not 
only are all robust estimators close together, and only the mean (and the 
“outmean”) appears as an outlier (in full accordance with the example in 
Hampel, 19734 and as in about half of Stigler’s other data sets, if the 
median is ignored), but moreover the scientist Newcomb decided to choose 
a “robust” summary value and not one near the mean. More informative is 
also the figure in the paper which shows that if a r-distribution is fitted to 
the data sets, it should have less than 5 degrees of freedom, in full 
accordance with the results in Subsection 1.2b. It may be surmised that in a 
more meaningful analysis of these high-quality data the mean would still 
come out fairly good in absolute performance, though clearly worse than 
has been claimed. 

In situations with outliers, the need for robust procedures is so obvious 
that it requires no further justification. A striking example is the waveguide 
time series discussed in Kleiner et al. (1979) where 0.2% tiny “outliers” 
destroy a large part of the power spectrum and reduce its sensitivity by 
several powers of ten. It should not be forgotten that outliers can occur even 
under ideal circumstances, and that they may be found and treated also by 
ad hoc subjective methods, if the necessary effort (and brain power!) can be 
afforded. 

It seems the word is slowly spreading that the chi-square test and F-test 
for variances, as well as tests for random-effects models in the analysis of 
variance, are highly susceptible to slight nonnormality, in the sense that 
their level becomes very inaccurate; but many statisticians seem sti l l  to be 
unaware of these facts, more than half a century after E. S. Pearson’s (1931) 
work and more than a quarter of a century after the papers by Box (1953) 
and Box and Andersen (1955) where they, incidentally, introduced the term 
“robust.” Many more statisticians still believe in the robustness of the 
analysis of variance, at least for fixed-effect models. They are partly right in 
that the level of the tests in this case is fairly (though not very) robust; but 
the power (which is usually forgotten) is not. To be sure, the simplicity and 
elegance of least-squares methods is a strong temptation; and if distant 
outliers are treated by ad hoc methods, as often done by very good data 
analysts, the remaining losses of efficiency will be quite bearable. (They will 
be roughly in the 3-30% range rather than arbitrarily high.) It should also 
be remembered that robustness is only one aspect of good data analysis, and 
that other aspects like model choice, interpretation of outliers, interpretation 
of the main results, and so on are at least equally important. 

One frequent “argument” in connection with least squares should still be 
mentioned, since it is no argument at all: namely that the Gauss-Markov 
theorem renders the least-squares estimators optimal among all linear 
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Figure 3. Sketch of different aims of robust and nonparametric statistics. 

estimators even if nothing is assumed about normality. The point is that all 
linear estimators are tembly bad except in a small neighborhood of the 
normal, as was shown already by Fisher (1922). Rejection of outliers is a 
nonlinear operation, and only if there are no outliers left are least-squares 
methods of moderate to good quality. 

Probably one of the statements in the robustness literature which is most 
often misquoted is the statement that “the arithmetic mean, in its strict 
mathematical sense, is ‘out”’ (Andrews et al., 1972, p. 240). Those who deny 
it imply that they would use the mean in a parametric situation even if there 
are distant outliers present. (It may still be necessary to use the mean in a 
nonparametric situation when the true expectation of a completely un- 
known distribution is to be estimated, but such situations are rarer than it 
seems at first glance and have to be considered as ill-posed problems.) Those 
who cite the above sentence in isolation also seem to overlook the next 
sentences on p. 240 and the remarks on p. 2431. in Andrews et al. (1972) 
implying that the mean combined with any decent (subjective or objective) 
rejection rule (and this is the “mean” as used by good practicing statisti- 
cians) actually can survive and that for high-quality data (or after rejection) 
it is not even “mildly bad.” 

In summing up, we can answer the question of this subsection as follows: 

Some robust methods (such as subjective or objective rejection of out- 
liers, or rank-based methods) are necessary to prevent disasters due to 
distant outliers. 
Good robust methods, as developed mainly in the last two decades, are 
necessary to prevent avoidable efficiency losses of, say, 3-30% or more. 

Furthermore, the higher the dimension and complexity of the data set, the 
less suitable are subjective and simple ad hoc methods, and the more 
necessary are safe modern robust methods. 
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1.3. THE MAIN APPROACHES TOWARDS A THEORY OF 
ROBUSTNESS 

13a. Some Historical Notes 

Robust methods probably date back to the prehistory of statistics. Looking 
at the data and rechecking conspicuous observations is a step towards 
robustness; excluding highly deviant values is an informal robust procedure. 
The median is robust. Switching from the mean to the median in view of 
long-tailed data is a robust method. The mode (for discrete or grouped data) 
may be robust; it is so if the most probable value is clearly more probable 
than the second most probable value (“clearly” may have different mean- 
ings, depending on the formalization of the robustness problem chosen, in 
particular whether an asymptotic or a finite-sample one). Thus, the Greek 
besiegers of antiquity (cf. Rey, 1983) who counted the number of brick 
layers of the besieged city’s wall and then took the mode of the counts in 
order to determine the necessary length of their ladders, may well have used 
a robust method. 

The discussion about the appropriateness of rejection of outliers goes 
back at least as far as Daniel Bernoulli (1777) and Bessel and Baeyer (1838), 
while Boscovich (1755) is known to have rejected outliers which course of 
action, according to Bernoulli (1777), was already a common practice 
among astronomers of their time. Also the trimmed mean has long been in 
use-see “Anonymous,” 1821 (Gergonne, according to Stigler, 1976) or 
Mendeleev, 1895; it might be noted that outside sciences an asymmetrically 
trimmed mean (leaving out the worst value) also plays a role in the 
evaluation of certain sport performances with several judges some of whom 
might be biased. The first formal rejection rules apparently were given by 
Peirce (1852) and Chauvenet (1863), followed by Stone (1868), who uses a 
“modulus of carelessness,” Wright (1884), Irwin (1925), Student (1927), 
Thompson (1935), Pearson and Chandra Sekar (1936), and many others. 

Student (1927) actually proposed repetition (additional observations) in 
the case of outliers, combined possibly with rejection, a refined technology 
which seems to have drawn little attention by statisticians, although related 
techniques seem to be rather common in parts of the sciences. One simple 
such technique (which the writer came across in consulting), which assumes 
prior information on the error, consists in taking two observations and, if 
they are too far apart, making a third one and taking the mean of the two 
closer ones. Such techniques need of course the possibility of making further 
observations, but if available, this class might be noticeably better for small 
samples than customary rejection rules. Sequential planning of this kind 
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may be quite practical; other instances where it is called for are the breaking 
of confounding patterns in the analysis of variance, and the treatment of 
leverage points in multiple regression. 

There are also early considerations of mixture models and of estimators 
(apart from trimmed means) which only partly downweight excessive ob- 
servations (Glaisher, 1872-73; E. J. Stone, 1873; Edgeworth, 1883; New- 
comb, 1886; Jeffreys, 1932, 1939). Newcomb posthumously (cf. Stigler, 
1973) even “preinvented” a kind of one-step Huber-estimator. These at- 
tempts to “accommodate” the outliers, to render them harmless rather than 
to isolate and discard them, are very much in the spirit of modern robust- 
ness theory. 

Some accounts of this early work are given in Barnett and Lewis (1978), 
Harter (1974-76), Huber (1972), and Stigler (1973). 

After the normal distribution gained a central role as model distribution 
in the 19th century (cf. Gauss, 1823, for the motivation of its introduction), 
the system of Pearson curves by K. Pearson may be considered as a 
“supermodel” with two additional parameters, designed to accommodate a 
major part of the deviations from normality found in real data. Even though 
Pearsoii was probably thinking more of biological variation, and the distri- 
butions of data contaminated by gross errors may be quite different, good 
methods for Pearson curves still work in the presence of gross errors, 
basically since the Pearson system contains very long-tailed distributions. 
The same is true for many other “supermodels,” including Bayesian ones of 
more recent origin. 

The problem of unsuspected serial correlations (violation of the indepen- 
dence assumption) also found early attention (cf. Section 8.1). 

With the success of Fisher’s exact small-sample theory for the normal 
distribution, the latter regained a central position. However, soon after the 
first triumphs of the theory for exact parametric models, E. S. Pearson 
(1931) discovered the drastic nonrobustness of the tests for variances. His 
work (which included one of the early simulation studies-without com- 
puter!) can be seen as the beginning of systematic research into the 
robustness of tests. Techniques included moment calculations and use of 
Pearson curves and Edgeworth expansions, as well as sampling experiments. 
Some references are E. S. Pearson (1929, 1931), Bartlett (1935), Geary 
(1936, 1947), Gayen (1950), Box (1953), and Box and Andersen (1955). A 
useful discussion of this line of development can be found in Scheffk (1959, 
Chapter lo). During about the same period, “nonparametric” methods 
became popular, in particular rank tests (cf. Hodges and Lehmann, 1956, 
1963), while permutation tests (randomization tests) were mainly used in 
theoretical work, since the feasibility of their application had to wait for the 
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computer and the idea of randomly selected permutations. However, in 
most of the work on robustness of tests, the level of the test (“robustness of 
validity”) was in the foreground, while the power (“robustness of efficiency”) 
was all but ignored. The problems were difficult enough without considering 
the power. But it is easy to overlook that classical randomization tests 
“typically” have very little power when outliers are present (even though the 
level is being kept), and also some rank tests, such as the normal scores test, 
may have p fairly rapidly decreasing power if contamination is added. 
Another aspect which has to be kept in mind while reading robustness 
statements based on expansions and moments is that the neighborhoods in 
which the alternative distributions were lying were usually rather narrow; 
they may perhaps be suitable for high-quality data, but even a single outlier 
can cause arbitrarily high moments. Hence data with just one such outlier 
would be considered extremely “far away” from the model distribution. If it 
is argued that this should be so, for example, because the outlier is clearly 
visible, then one has to make precise that these expansions are only valid 
and useful after rejection of distant outliers, that is, after the f h t  and most 
important step of robustification, or else under the condition of highquality 
data. 

The systematic attack on the problem of robust estimation started later 
than that on testing, be it because at that time testing was more popular 
with mathematical statisticians because of its elegant mathematical proper- 
ties, be it because E s. Pearson’s findings caused much concern about 
testing with no corresponding obvious need in estimation, be it for other 
reasons. It was Tukey (1960) who, in summarizing earlier work of his group 
in the 1940s and 1950s, demonstrated the drastic nonrobustness of the mean 
and also investigated some useful robust alternatives (cf. also Subsection 
1.2d). His work made robust estimation a general research area and broke 
the isolation of the early pioneers. Among a growing flood of papers which 
are too numerous to be reviewed here, were the first attempts at a manage- 
able and rather realistic and comprehensive theory of robustness by Huber 
(1964,1965,1968) and Hampel (1968). Their main concepts and ideas will 
be discussed in the next subsections. These subsections may be read parallel 
with the more technical definitions and discussions given in Chapter 2. 

13b. Huber’s Minimax Approach for Robust Estimation 

Huber’s (1964) paper on “Robust estimation of a location parameter” 
formed the first basis for a theory of robust estimation. It is an important 
pioneer work, containing a wealth of material of which we can discuss only 
a part (cf. also the discussion in Section 2.7). 
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What are the main features of Huber’s paper? 
Huber introduced a flexible class of estimators, called “M-estimators,” 

which became a very useful tool, and he derived properties like consistency 
and asymptotic normality. These estimators are just a slight generalization 
of maximum likelihood estimators: instead of solving -Zlogf(xi - T) = 

min or Zf’/f(xi - T) = 0 for the location estimate T of 8, with the xi 
distributed independently with densityf(x, - 8 ) ,  Huber solves Zp(xi - T) 
= min or Z+(xi - T) = 0 without assuming that p and + are of the form 
- log f or - f ‘/f for any probability density f; and even if they are, f need 
not be the density of the xi. In another paper, Huber (1967) calls them 
“maximum likelihood estimates under nonstandard conditions.” The simple 
step of severing the tie between a maximum likelihood estimator and the 
model under which it was derived has far-reaching consequences. (It might 
be noted that in different contexts, and under different names, M-estimators 
were also proposed by other statisticians, such as Barnard and Godambe.) 

Huber then introduced the “gross-error model:” instead of believing in a 
strict parametric model of the form G(x - 6 )  for known G (e.g., G = the 
standard normal), he assumes that a (known) fraction E (0 s E < 1) of the 
data may consist of gross errors with an arbitrary (unknown) distribution 
H(x - 8) (where 8 is only introduced to preserve the form of a location 
model). The distribution underlying the observations is thus F(x - 6 )  = 

(1 - E)G(x - 8 )  + EH(X - 8). This is the first time that a rather full kind 
of “neighborhood” of a strict parametric model is considered. Earlier work 
and also much later work on robustness either looks at a finite number of 
alternative models (e.g., normal, logistic, Cauchy) or enlarges the parametric 
model by introducing one or a few additional parameters (e.g., Tukey’s 1960 
model of the mixture of two normals, or the family of “Edgeworth distribu- 
tions,” using the first two terms of an Edgeworth expansion). Huber also 
considers much more general neighborhoods in an abstract setting, and he 
treats in detail the case of the Kolmogorov-distance neighborhood, consist- 
ing of all distributions whose Kolmogorov distance from some G(x - 0 )  
(G assumed to be normal) is 5 E. 

Huber’s aim is to optimize the worst that can happen over the neighbor- 
hood of the model, as measured by the asymptotic variance of the estimator. 
He has to make some restrictions in order to be able to ignore or at least 
control the asymptotic bias (which in real life is unavoidable). But then he 
can use the formalism of a two-person zero-sum game: Nature chooses an F 
from the neighborhood of the model, the statistician chooses an M-estimator 
via its +, and the gain for Nature and loss for the statistician is the 
asymptotic variance F’( +, F) which under mild regularity conditions turns 
out to be j+2 dF/( /+’ dF)’. Huber shows that under very general condi- 
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Figure 1. The saddlepoint in Huber’s two-person zero-sum game: the least favorable distri- 
bution in the gross-error model and its maximum likelihood estimator. 

tions there exists a saddlepoint of the game; in the case of the gross-error 
model, it consists of what has been called Huber’s least favorable distribu- 
tion, which is normal in the middle and exponential in the tails, and of the 
famous Huber-estimator, with # ( x )  = ma(-k,min(k, x)),  as the maxi- 
mum liielihood estimator for the least favorable distribution and the 
minimax strategy of the statistician (cf. also Example 2 and Fig. 1 in 
Subsection 2.3a). More precisely, he obtains the class of Huber-estimators, 
with k > 0 depending on e. Limiting cases, with e --* 0 and 1 and k 4 00 
and 0, respectively, are arithmetic mean and median. 

In the same paper, Huber (1964) also treats the problem of a scale 
parameter and of simultaneous estimation of location and scale; Huber 
(1973a) treats robust regression (though still without the problem of lever- 
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age points), and Huber (1977b) treats robust covariance matrices by means 
of the minimax approach, to mention its most important generalizations. 
Important surveys are Huber (1972, 1977a); see Huber (1981) for more 
details. 

Some common objections against Huber’s (1964) paper are discussed in 
Subsection 8.2a which can be read profitably at this point. 

1.3~. Huber’s Second Approach to Robust Statistics via Robustified 
Likelihood Ratio Tests 

In the classical likelihood ratio test betwen a simple hypothesis and a simple 
alternative, a single observation (e.g., a gross error) can carry the test 
statistic to f o o  if the likelihood ratio is unbounded. In his 1965 paper, 
Huber arrives at censored likelihood ratio tests which put a bound (possibly 
asymmetric) from above and below on the log likelihood ratio of each 
observation. He derives these tests by blowing up the hypotheses to various 
(nonoverlapping) neighborhoods (e.g., with respect to e-contamination, total 
variation, L h y  distance, or Kolmogorov distance), and by looking for tests 
which maximize the minimum power over all alternatives, given a bound on 
the level for all members of the null hypothesis. Such a maximin test is often 
the ordinary likelihood ratio test between a least favorable pair of hypothe- 
ses which are “closest” to each other in the two neighborhoods and make 
the testing problem hardest; and the existence of such solutions is very 
closely tied to the question whether the neighborhoods can be described by 
“2-alternating Choquet capacities” (this is the famous main result of Huber 
and Strassen, 1973). These capacities are set functions which are more 
general than probabilities; in particular, the addition law of probabilities is 
replaced by inequalities. Capacities can be used to define sets of probability 
measures, namely by taking all probabilities which lie below (or above) a 
capacity (pointwise for all events). It turns out that the most common 
neighborhoods can all be described by 2-alternating capacities in this way 
(Huber and Strassen, 1973), making a mathematically elegant and deep 
theory nicely applicable. 

The robust testing method can also be used to derive robust confidence 
intervals and point estimates of location (Huber, 1968): Given the length 
2a > 0 of the confidence interval, look for the estimate T which minimizes 
the maximum probability (over the neighborhoods of the parametric model 
distributions) of overshooting or undershooting the true 8 by more than a. 
The estimate can be derived via a maximin test between 8 = - a  and 
8 = +a. In the case of the normal location model, the optimal robust 
estimators in this sense are again the Huber-estimators (while for other 
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location models the solution is different from the minimax solution). This 
approach yields exact (not asymptotic) solutions for every finite sample size, 
and there is no assumption of symmetry involved. 

The difficult, elegant, and deep results using Choquet capacities had a 
strong impact on many mathematical statisticians; robustness theory be- 
came much more respectable in their eyes, and there is quite a bit of 
mathematical work continuing along these lines. However, the main draw- 
back of this approach is its limited applicability; already the change from 
simple to composite parametric hypotheses and from location estimation 
with known scale to estimation with scale as a nuisance parameter, seems to 
present a barrier for further progress, not to mention more general estima- 
tion problems. Thus, from the point of view of practical relevance and 
applicability, this approach has been far less successful so far than the other 
two approaches discussed. 

1 3 .  The Approach Based on Influence Functions 

This approach, which will be discussed in detail in this book, has also been 
called the “infinitesimal approach,” although it also comprises an important 
global robustness aspect, namely the “breakdown point.’’ It goes back to 
Hampel (1968), whose main results (about two-thirds of the thesis) were 
published in Hampel (1971, 1974). Survey articles are Hampel (1973a, 
1978a), an elementary survey is Hampel (1980) (cf. also Hampel et al., 
1982). In 1976 and 1977 the main optimality result was extended from the 
one-dimensional case to general parametric models, first in several unpub- 
lished talks and manuscripts by Hampel and by Krasker, later published in 
Hampel (1978a) in a preliminary form (with a misprint and a false claim, cf. 
Stahel, 1981a) and in Krasker (1980) with the first published proof in a 
special case (cf. Stahel, 1981a for an extensive discussion). Ronchetti (1979), 
Rousseeuw (1979), and Rousseeuw and Ronchetti (1981) have generalized 
the approach from estimators to tests. Since the technical details will be 
given later, we shall now try to give only a short, nontechnical overview. 

The infinitesimal approach is based on three central concepts: qualitative 
robustness, influence function (with many derived concepts), and break- 
down point. They correspond loosely to continuity and first derivative of a 
function, and to the distance of its nearest pole (or singularity). The 
approach is facilitated by the fact that many statistics depend only on the 
empirical cumulative distribution function of the data (or on the ecdf and 
n ) ;  in the language of functional analysis, they can therefore be considered 
as functionals on the space of probability distributions (or replaced by 
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functionals for each n and usually also asymptotically), allowing the appli- 
cation of concepts like continuity and derivative. 

Qualitative robustness is defined as equicontinuity of the distributions of 
the statistic as n changes; it is very closely related to continuity of the 
statistic viewed as functional in the weak topology. The precise relations 
between these two concepts and another very similar one, namely “II- 
robustness,” have been clarified by some theorems (Hampel, 1971; cf. also 
Huber, 1981; cf. also Subsection 2.2b). Qualitative robustness (or any of its 
variants) can be considered as a necessary but rather weak robustness 
condition; it eliminates already many classical procedures, but it tells us 
nothing about the differences between qualitatively robust procedures. 

The richest quantitative robustness information is provided by the in- 
fluence curve or influence function and derived quantities. Originally, it was 
called “influence curve” or IC in order to stress its geometric aspects as 
something that ought to be looked at and interpreted heuristically; later it 
was more often called “influence function” or IF, mainly in view of its 
generalization to higher-dimensional spaces. The influence function de- 
scribes the (approximate and standardized) effect of an additional observa- 
tion in any point x on a statistic T, given a (large) sample with distribution 
F (cf. the exact definition in Subsection 2.lb). Roughly speaking, the 
influence function IF(x; T, F) is the first derivative of a statistic T at an 
underlying distribution F, where the point x plays the role of the coordi- 
nate in the infinite-dimensional space of probability distributions. We thus 
can use a one-step Taylor expansion to replace our statistic T locally by a 
linear statistic (provided T is not “too nonlinear”). This gives us a simple 
and powerful tool. Since the true underlying distribution is assumed to lie in 
some neighborhood of the parametric model, and since for large n the 
empirical cumulative distribution will be close to the true underlying one, 
we can hope to get a lot of information on T in a full neighborhood by just 
studying the influence function and its properties at the exact parametric 
model. For larger deviations from the model, as they are more frequent for 
small n, we can either study the IF around some alternative away from the 
model, or integrate the IF with respect to F over a path of increasing 
contamination, or just make a bolder extrapolation from the model (which 
in fact will often suffice, as numerical examples indicate). 

We need some guidance up to what distance from the model the local 
linearization provided by the IF can be used, and this guidance is provided 
by a simple quantitative global robustness measure, namely the breakdown 
point. Loosely speaking, it is the smallest fraction of gross errors which can 
carry the statistic over all bounds. Somewhat more precisely, it is the 
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Figure 2. Extrapolation of a functional (estimator), using the infinitesimal approach. (Sym- 
bolic, using the analogue of M ordinary onedimensional function.) 

distance from the model distribution beyond which the statistic becomes 
totally unreliable and uninformative (cf. Subsection 2.2a for the formal 
definition). For example, the arithmetic mean and the median have break- 
down points 0 and +, and the a-trimmed mean, which first takes away the 
an smallest and the an largest values before taking the mean (cf. Example 3 
of Subsection 2.2b), has breakdown point a. In general, the breakdown 
point can lie between 0 and 1; a positive breakdown point is closely related 
to, though not identical with, qualitative robustness. An empirical rule of 
thumb, at least for M-estimators in simple location models, says that the 
linear extrapolation by means of the influence function tends to be quite 
accurate for distances up to onequarter of the breakdown point, and it still 
seems to be quite usable for distances up to one-half of the breakdown 
point. Apart from these helpful indications, the breakdown point measures 
directly the- global reliability of a statistic, one of its most important 
robustness aspects. 

Huber (1972) likened these three robustness concepts to the stability 
aspects of, say, a bridge: (1) qualitative robustness-a small perturbation 
should have small effects; (2) the influence function measures the effects of 
infinitesimal perturbations; and (3) the breakdown point tells us how big the 
perturbation can be before the bridge breaks down. 

There arc a number of fine points, which have often led to misunder- 
standings, about the relation of the influence function, which is not a proper 
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derivative in the sense of functional analysis, to such derivatives, as well as 
to qualitative robustness, which is not quite equivalent to boundedness of 
the influence function (cf. Hampel, 1968, 1971, 1974; Huber, 1981). There 
are also close and interesting relationships to and between the expansion of 
von Mises functionals, the expansion of Hoeffding’s U-statistics, HAjek‘s 
projection method, and Tukey’s jackknife, which were worked out by 
Mallows (1971). However, we shall now only present some of the concepts 
that can be derived from the IF. The two most important norms of the IF 
are the sup-norm over x ,  called the “gross-error sensitivity” y *  as the 
central local robustness measure, measuring the maximum bias caused by 
infinitesimal contamination and thereby the stability of T under small 
changes of F, and the &-norm with respect to F, namely /ZC2dF, yielding 
the well-known asymptotic variance of estimators (or the inverse efficacy of 
tests) as the basic efficiency measure. Both norms depend again on F, and 
can thus be considered as new functionals, and their infinitesimal stability 
(suitably standardized) can now in turn be measured by the “change-of-bias 
function’’ CBF (or “change-of-bias curve”) and the “change-of-variance 
function” CVF (or “change-of-variance curve”). The sup-norms of these 
two functions, again providing simple summary measures, are “change-of- 
bias sensitivity” and “change-of-variance sensitivity” (cf. Hampel, 1973a, 
1983a and Hampel et al., 1981). While the CBF has not yet been used much, 
except qualitatively for bounding the negative slope of redescending M- 
estimators, the CVF can be used to extrapolate the asymptotic variance at 
the model to a full neighborhood of it. 

The most important robustness requirements, besides qualitative robust- 
ness, are a high breakdown point and a low gross-error sensitivity. (Some 
regularity conditions which imply qualitative robustness are needed for the 
sensitivity to be meaningful.) A breakdown point of $-the best possible 

Functional Response curve Extremum 

Estimator . > Influence function - Gross-error sensitivity 

Change-of-bias -~ Change-of-bias Gross-error sensitivity ~-+ function 
sensitivity 

Figure 3. Scheme of various properties of an estimator. 
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one under some invariance conditions-is often easy to obtain (although 
there are problems with equivariant estimators in higher dimensions). A low 
gross-error sensitivity, however, is in conflict with the efficiency requirement 
of a low asymptotic variance under the parametric model. Both quantities 
have positive lower bounds, but in general these bounds cannot be reached 
simultaneously. There is an optimal class of compromise statistics, or 
“admissible robust statistics,” given by Lemma 5 of Hampel (1968) and its 
generalizations, such that one bound has to be increased if the other one is 
decreased: the more robustness in this specific sense, the less efficiency, and 
vice versa. The optimal compromise estimators may also be called “robus- 
tified maximum likelihood estimators.” The optimality property does not 
imply that these statistics have to be used, of course; there are practical 
considerations and other robustness concepts of varying importance (in 
addition to those already mentioned, also the “local-shift sensitivity” and 
the “rejection point”; cf. Subsection 2.lc), and a good practical procedure 
has to be a compromise between all relevant aspects, not just optimal with 
respect to one or two. On the other hand, the solutions to this particular 
optimality problem are not only very general, but also quite simple, intu- 
itively interpretable, and without causing uniqueness or consistency prob- 
lems, so they are actually good candidates for practical use. The solutions 
for the normal location model are again the Huber-estimators, which are 
thus optimal in at least three different senses. 

The question which statistic to choose from the “admissible robust” class 
is answered as little by this optimality theory as it is for admissible 
procedures in decision theory. Practical considerations and numerical aspects 
come into play. One possibility for choice is to allow a fixed efficiency loss 
of, say, 5 or 10% under the ideal parametric model. Another possibility 
arises if the percentage of gross errors can be guessed, so that an approxi- 
mate minimax strategy becomes feasible, as will be shown in the next 
subsection. A further path may be to minimize the estimated asymptotic 

influence Local-shift sensitivity function Gross-error 
sensitivity 

+ 
x 

-I --- 
Rejection 

point 

/ 
/ 

Figwe 4. Sketch of various properties of an influence function. 
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X 

Figure 5. Influence functions of arithmetic mean, median, and some optimal compromises: 
Huber-estimators with k - 2,1,0.5. 

variance within the optimal class, as in Huber‘s (1964) “Proposal 3.” 
Contrary to the desire of many statisticians, there is no unique or at least 
distinguished optimal robust method, except for the extreme solutions, 
which in the normal location case are arithmetic mean (most efficient, but 
not robust) and median (lowest gross-error sensitivity, but not very efficient). 
Even after, for example, the efficiency loss has been fixed, there is yet 
another choice to be made between all asymptotically equivalent statistics 
which have the required local properties in infinitesimal neighborhoods of 
the parametric model, but which may differ considerably at some finite 
distance from the model. A practical solution is that the exact choice 
matters little in both cases if done within a reasonable range of possibilities, 
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. . . . *  . . *  .*.. . . . .. . :.. .. .... 
.**.; . .. ..** .. .. .*. . .*.. . .. 

. -.. 
Rejection boundary 

(to be found by iterations) 

Figure 6. Analysis of clusters, using redescending M-estimators. 

and that in the second case the class of M-estimators is always a simple and 
reasonable choice. 

In analogy to the condition of low gross-error sensitivity, which means a 
small asymptotic bias or a stable estimand, there is also the condition of a 
low change-of-variance sensitivity, which means a stable asymptotic vari- 
ance of the estimate. Asymptotically, the variance tends to zero while the 
bias stays the same; but for each finite n (unless very large) we ought to 
combine the two quantities according to their relative importance. There is a 
similar conflict and a similar class of optimal compromises between the 
changeof-variance sensitivity and the asymptotic variance. In the normal 
location model this again yields the Huber-estimators (Rousseeuw, 1981a) 
-this is the fourth sense in which they are optimal. 

The solution becomes especially interesting if the additional side condi- 
tion is imposed that the influence function vanishes outside a certain region 
(meaning a low “rejection point” and leading to the “hyperbolic tangent 
estimators” in the location case-cf. Section 2.6 and Hampel, 1973a, 1974; 
Hampel et al., 1981). The hyperbolic tangent estimators will become espe- 
cially important when the influence of nearby data should be made zero as 
quickly as possible. Some potential applications are the estimation of an 
approximate mode by means of redescending M-estimators (by the way, 
with the usual rate of convergence; by decreasing the rejection point with 
increasing n one may “asymptotically” estimate the strict mode); the 
estimation of change points in piecewise linear regression; the estimation of 
center and spread of clusters (or more general patterns) in the presence of 
other clusters; and perhaps the estimation of the structure of catastrophies 
and other complicated singularities. 

Also the change-of-bias sensitivity leads to optimal robust compromises; 
in particular, the two- and three-part redescending M-estimators (cf. 
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Andrews et al., 1972) obviously have optimality properties of this kind 
(although they may not have been rigorously proven). 

The concepts mentioned remain equally useful in general linear models; 
they only should be augmented somewhat. Suitable standardization of the 
concepts becomes more important. A new aspect in unbalanced designs is 
the influence of position in factor space (Hampel, 1973a) which together 
with the influence of residual forms the total influence. Also, in balanced 
designs with little redundance, as often in the analysis of variance, it may be 
useful to consider more refined variants of the breakdown point (Hampel, 
1975). 

The same concepts are of interest in general nonlinear models. The 
influence function remains applicable theoretically under some differ- 
entiability condition on the model, and practically as long as the curvature 
of the model is not too strong. Leverage points, namely points with high 
influence of position in factor space, are of increased interest. Especially 
important are breakdown aspects, such as necessary redundance in the 
presence of gross errors, and simple high-breakdown-point procedures which 
may be considered generalizations of the median, and which are useful as 
safe starting points for the iterations. 

As to the finite-sample distributions for various statistics, the normal 
approximation is often sufficient for simple robust estimators if they are 
asymptotically normal at all. In fact, asymptotic normality will often be 
approached faster by more robust estimators (cf., e.g., the Cauchy in 
Andrews et al., 1972). Only robust estimators are safe starting points for 
one-step estimators, which then behave almost like the iterated ones. If (say, 
for n < 10) the normal approximation is not good enough, one can, in 
many cases, obtain very good “small sample asymptotic” approximations 
by means of the saddlepoint method and related techniques (Daniels, 1954; 
Hampel, 1973b; Field and Hampel, 1982; cf. also Section 8.5); these 
approximations are often excellent even in the extreme tails down to n = 3 
or 4. 

1.3e. The Relation between the Minimax Approach and the Approach 
Based on Influence Functions 

Compare also the similar discussion in Section 2.7. 
In the case of the normal location model, both the minimax approach 

and the infinitesimal approach using M-estimators yield exactly the same 
class of optimal robust estimators, namely the Huber-estimators, as we have 
seen. This seems to be a fortunate accident, but there are other examples 
which indicate that both approaches lead in general to different but numeri- 
cally very similar classes of solutions. Two nice examples are the normal 
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Asymptotic ji 
variance 

As. var. under the change-of-variance function 

t 
Symmetric 

€ +  contamination 
0 

Breakdown point of asymptotic 
variance under symmetric 
contamination 

Figure 7. Asymptotic variance and its approximation, using the change-of-variance function. 
(Symbolic, using the analogue of an ordinary one-dimensional function.) 

location model with R-estimators (estimators derived from rank tests) 
instead of M-estimators (cf., e.g., Hampel, 1983a), and the same model with 
a bound on the rejection point, leading to two slightly different classes of 
hyperbolic tangent estimators (cf., e.g., Hampel et al., 1981; also Subsection 
2 . 6 ~  and Section 2.7). This similarity should not be surprising. Both ap- 
proaches try to do essentially the same, but one uses as “basis” the 
parametric model and the other one the least favorable distributions. The 
former approach is simpler and more general and corresponds to replacing a 
function by its tangent, while the latter approach is slightly more “realistic” 
in using the actual supremum of the function, but loosens the ties to the 
parametric model. (Since in a way two parametric models are used in 
parallel, the original one and the one consisting of the least favorable 
distributions for all parameter values, it is not so clear whether the estimator 
should be Fisher-consistent-estimating the right quantity-under the one 
or the other model.) See also Rousseeuw, 1981a for the relation between the 
two approaches. 

Proponents of the minimax approach have maintained that the infinitesi- 
mal approach is totally unrealistic since it gives results only for infinitesimal 
neighborhoods, while their approach gives results for finite neighborhoods. 
This amounts to denying the practical power and usefulness of the differential 
calculus firmly established in mathematics and many fields of application 
for about three centuries. Two major reasons for using this calculus are just 
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that it is simpler than consideration of the original function and that it 
gives very good results for finite neighborhoods. To show the accuracy and 
parsimony of such linear extrapolations in our statistical context, let us 
consider Huber’s (1964) Table I with the upper bounds on the asymptotic 
variance of the Huber-estimator H , ( k )  with known scale for various values 
of k (corner point) and E (symmetric contamination). The ten columns for 
varying E can be replaced by just two columns and a simple formula, 
namely the asymptotic variance under the normal V( Hl( k), a), the change- 
of-variance sensitivity at the normal K *( Hl( k), @), and the extrapolation 
formula supcV(H,(k),(l - E ) @  + EG) = V( H l ( k ) ,  cP)exp(EK*) (cf. Subsec- 
tion 2.5a); see Table 1. This linear extrapolation (of the log variance) is 
exact up to three decimal places for E I; 1%; the error is mostly a few 
permille for E = 5% and mostly less than 1% for E = lo%, thus being 
negligible in the most important region. For E = 20%, it is mostly a few 
percent, and even for E = 50% (the breakdown point if asymmetry were 
allowed) we obtain the order of magnitude quite reasonably. 

Another, more involved example for the accuracy of the extrapolation 
from the parametric model can be found in Hampel (1983a); it implies that 
in some cases there were very simple quantitative relationships among the 
Monte Carlo variances in Andrews et al. (1972) which were overlooked by 
all analysts of the data, including this writer. A third example is found in 
Table 1 of Section 2.7. All examples show that there is a lot of almost 
redundance in the finite-neighborhood and finite-sample behavior of simple 
statistics like M-estimators. 

The quality of the approximation suggests imitation of the minimax 
approach by means of the infinitesimal approach. In fact, it can be easily 
mimicked by replacing the exact asymptotic variance (itself only an ap- 
proximation for finite n )  by its extrapolated value. In the one-dimensional 
case, the approximative minimax problem for symmetric &-contamination 
then reads: minimize log V(T, F,) + EK*(T, F,) over T, where V is the 
asymptotic variance and K* the change-of-variance sensitivity of an estima- 
tor T under the model distribution F,. Every solution T minimizes also 
V( T, F,) under a bound on K* and is thus a solution to a problem posed by 
the infinitesimal approach. In particular, it turns out that the Huber- 
estimators are also the approximate minimax solutions for the normal 
location model (this being their fifth optimality property, which is of course 
closely related to the fourth one). 

We can go one step further and pose the approximate minimax problem 
for asymmetric contamination, by combining a bias term with the asymp- 
totic variance to yield an “asymptotic” mean-squared error. This is particu- 
larly interesting because it automatically takes care of the interplay between 
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bias and variance as a function of the sample size n. A simple upper bound 
for the extrapolated asymptotic mean squared error is given by 

where y* is the gross-error sensitivity. Consider the normal location model. 
Then (using results to be proved later) the Huber-estimator with the same 
asymptotic variance as the T which minimizes this expression (or else the 
median) has the lowest y* and the lowest K *  among all M-estimators with 
this variance (or else among all M-estimators), hence it minimizes this 
expression among all M-estimators. 

However, in general it may be that the maximum (approximate) mean-squared 
error is below this upper bound. (This paragraph is more technical and may be 
skipped by most readers.) We shall outline a possible proof that at least for 
M-estimators with fixed scale in the normal location case (and perhaps others) this 
does not seem to be the case. For this argument we have to use that for an 
M-estimator described by +, the IF - $//$' d @  and the CVF - 1 + $2//+2 d @  - 
2+'//+'d@ (cf. Subsection 2.5a where the CVF is defined slightly differently 
without affecting the argument). The mean-squared error for a fiaction E of a 
contaminating distribution F becomes 

Assume the supremum over F is minimized by a Go which is not a Huber-estimator. 
Let +,, be the Huber-estimator with the same variance, so that 

Then t,bH has a lower y* than $to; hence, using the equality of the variances, 
sup +;//+: d @  > sup I);//#$ d @ ,  and since the remaining term in the CVF is at 
least arbitrarily close to zero if not zero or positive where I + o l  reaches (or 
approaches) its sup, the F which is concentrated where I#ol reaches its sup pushes 
the mean-squared error already above that of the Huber-estimator which is a 
contradiction. 

Thus, the Huber-estimators appear to be also the solutions for the 
linearized minimax problem with arbitrary asymmetric contamination. How- 
ever, the parameter k of the Huber-estimator depends now not only on e, 
but also on n. To give some crudely computed numbers as examples: for 
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Figure 8. Qualitative sketch of the extrapolated maximum mean-squared error for various 
Huber-estimators (comers at f k )  as a function of n, with the amount of contamination c 
fixed. 

n = 5 and E = 0.01, k = 2.0; for n = 5 and E = 0.1, k = 1.2, which are 
approximately the same values as for symmetric contamination since for 
such small n the variance is more important than the bias. On the other 
hand, for n = 40 and E = 0.01, k = 1.8, and for n = 40 and E = 0.1, 
k = 0.7 so that the bias caused by asymmetry becomes already noticeable, 
especially with the larger contamination, since its contribution grows 
quadratically with E. For n -, 00 we regain the conclusion already con- 
tained in Huber (1964), namely that the median is the choice for very large 
sample sizes. However, now we can also determine the minimax Huber- 
estimator for each E and each n separately, without any artificial symmetry 
restriction. 

1.3f. The Approach Based on Influence Functions as a Robustified 
Likelihood Approach, and Its Relation to Various Statistical Schools 

Most discussions of the robustness theories by Huber and Hampel can give 
the impressions that they are part of decision theory, or at least the 
frequentist Neyman-Pearson theory. It is true that their historical develop- 
ment was greatly influenced by these theories, and Huber’s minimax strate- 
gies certainly have strong ties to the theory of games. It is also true that the 
classical paradigms of decision theory have to be enlarged to include 
robustness aspects in addition to efficiency aspects in vector-valued loss 
functions (except where these vectors are reduced to single numbers as in 
the approach discussed at the end of Subsection 1.3e). But it would be 
narrow-minded to restrict the use of these robustness theories to the 
frequentist theories mentioned above. 

For one thing, Bayesians are confronted with the same problem as 
frequentists, namely that their parametric models (of which they make 
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strong use) are only approximately valid. Apart from the desideratum of 
stable inference under small changes of the parametric model, they have the 
additional problem of stability under small changes of the prior distribu- 
tions. Even though the final form of inference may look different (e.g., may 
just consist of an a posteriori distribution of a parameter), concepts like 
influence function and breakdown point are equally valid and useful tools in 
the Bayesian as in the frequentist context. Only the extreme “omniscient” 
Bayesians who can put a quantitative prior probability distribution on 
everything will also put a prior on all possible deviations from the paramet- 
ric model and then “integrate it out” without any formal need for stability 
considerations or model criticism. However, either the integration (and 
already the setting up of a prior over a sufficiently general neighborhood) 
poses huge problems both in theory and in practical applications, or the 
enlargements of the original parametric model are just too simple and 
restrictive to be realistic. That nevertheless the resulting procedures are 
sometimes robust and useful, can be seen by intuition or by means of the 
concepts of the classical robustness theory (which many Bayesians seem to 
be afraid to apply), but not within the Bayesian framework (apart from the 
“omniscient” attitude which closes itself off against any confrontation with 
reality). Because of its self-imposed isolation, much Bayesian robustness 
research lags behind its time by one to two decades. However, it is 
encouraging for the future development of the field that also more and more 
Bayesians seem to agree that robustness is a more basic concept than the 
division into Bayesian and frequentist methods. 

A point which is often raised (cf., e.g., Dempster, 1975 and the following 
discussion) is that “ frequentist” robustness methods do not condition on the 
particular data set at hand. This point is only partly justified. In fact, 
redescending M-estimators have the conditioning built into the estimator 
(the more outlying a point appears, the more it is downweighted), and while 
there are still quantitative refinements possible and desirable, this (ap- 
proximate) conditioning is much stronger than the usual Bayesian (or 
likelihood) conditioning since it is valid not only for certain narrow enlarge- 
ments of the original parametric model, but for a full broad neighborhood. 

An aspect of the infinitesimal approach towards robustness which is very 
basic and equally important both for frequentists and Bayesians, is that it 
can be considered as a robustification of the likelihood function (and hence 
also of the likelihood approach). The likelihood in maximum likelihood 
estimation is replaced by a similar function whose derivative is required to 
be bounded and often continuous with bounded derivative itself. The 
similarity is measured in terms of the behavior at the parametric model. 
Correspondingly, likelihood ratios in testing are replaced by bounded 
approximations. As a consequence, the whole likelihood theory becomes 
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much more elegant and satisfying. Regularity conditions simplify, and 
pathologies disappear. Let us mention some examples. 

The renewed emphasis on functionals instead of arbitrary sequences of 
estimators has not only strengthened again the ties between statistics and 
functional analysis, it also gave more weight to Fisher’s original definition of 
consistency (“ Fisher-consistency”) which is, in its realm of application, 
more natural and more satisfactory (and less probability dependent and 
closer to descriptive statistics) than the usual one with its highly arbitrary 
(including “superefficient”) sequences of estimators. General sequences of 
estimators are not ruled out, but their properties should be judged for each 
n separately by an equivalent functional, not by some dubious “asymptotic” 
statement which may become meaningful only after 1O’O observations. As to 
a specific functional, the expectation (including the arithmetic mean) is a 
functional which is nowhere continuous and not even defined in any full 
neighborhood with regard to the weak topology; it is replaced by continu- 
ous functionals defined everywhere. For a long time it was believed that 
Frkhet differentiability of estimators was a great exception, so that Reeds 
(1976) propagated the weaker concept of compact or Hadamard dif- 
ferentiability (cf. also Femhoh, 1983); but the belief arose because most 
common maximum likelihood estimators are not robust, while for robust 
M-estimators Boos and SeAing (1980) and Clarke (1983, 1984b) showed 
that Frkhet differentiability is indeed very often achieved. It can be 
surmised that theorems on the asymptotic behavior of maximum likelihood 
estimators do not require messier and stronger regularity conditions than 
those on Bayes estimators any more if the estimators are restricted to 
sufficiently regular robust replacements of the maximum likelihood estima- 
tors. A related example is the Chernoff-Savage theorem on the behavior of 
linear functions of the order statistics (L-estimators); the greatest technical 
problems are caused by the tails of the weight function and the underlying 
distributions, and these problems disappear completely if only robust L 
estimators are considered, since their weight function has to be identically 
zero near both ends. 

An interesting pathology which disappears under robustness considera- 
tions is the superefficiency of maximum likelihood estimators for models 
like the rectangular distribution. As mentioned in Subsection 1.2b (ii), it 
disappears already if only rounding effects are taken into account. But even 
if we believe temporarily in the fiction of infinite accuracy, superefficiency 
and robustness do not go along very well. As an example, let us consider n 
independent and identically distributed (i.i.d.) observations Xi distributed 
according to the rectangular distribution on (0,6). The maximum likelihood 
estimate X(’) obviously is not robust. As a side remark, we note that within 
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the e-gross-error model there exist distributions like the uniform on (O,e/ 
(1 - E ) )  which are indistinguishable from a model distribution and hence 
lead to an unavoidable bias, like in other models. It is still possible to 
achieve superefficiency together with a high breakdown point (given infinite 
accuracy), for example, by 8 = min(X(”), 3 med Xi) ,  since the breakdown 
point considers only the global behavior. However, if we require qualitative 
robustness or continuity, the estimators based on X(“) are unsuitable, as are 
estimators based on X ( n - k )  for fixed k as n + 00. We may, however, use a 
multiple of (for a < 1) or of a trimmed mean or a variant of the 
Huber-estimator; these estimators are not only continuous, but even have 
an influence function and the usual asymptotic behavior, with the variance 
going to zero like n-’ and not like n - 2 .  

Not all problems of maximum likelihood estimators disappear: there may 
still be multiple solutions of the robustified likelihood equations. However, 
usually it will be possible to use a “monotone” estimator in order to identify 
the region of the proper solution; and since there are also results (Hampel, 
1968, pp. 54 and 93) on when the proper solution is rather isolated from the 
others, it is normally not difficult to identify the proper solution (cf. also 
Clarke, 1984a). 

A frequent misconception about robust statistics is that it replaces a strict 
parametric model by another parametric model which may perhaps be more 
complicated, perhaps more “robust,” but which is equally strict. In fact, it 
replaces a parametric model by a full (and “nonshrinking”) neighborhood 
of it. This important aspect has also consequences for the problem of 
deciding upon a parametric model. 

Fisher (1922, p. 314) left the “question of specification” (of a parametric 
model), as he called it, entirely to the “practical statistician.” Many statisti- 
cians then developed a kind of “logic,” still found in many applied 
statistics books, which runs about as follows: Before applying the two-sam- 
ple r-test, make a test of normality for each sample (e.g., a chi-squared 
goodness-of-fit test). If this result is not significant, you can believe in 
normality and can make an F-test for the equality of variances. If this one 
does not come out significant either, you can assume equality of variances 
and are allowed to make the r-test. In this argument, there is no word about 
possible lack of independence, no word about the fact that different 
goodness-of-fit tests may measure diflerefit and possibly unimportant aspects 
of the fit, no word about the catastrophic nonrobustness of the F-test for 
variances, no (or hardly any) word about what to do when one of the 
pretests comes out significant, no word about the fact that in sufficiently 
large samples practically all tests will come out significant, no word about 
the fact-perhaps stressed elsewhere in the same statistics book, and 
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becoming popular in the philosophy of science-that a “sharp,” noniso- 
lated null hypothesis can never be statistically proven, only statistically 
disproven. 

By contrast, it is possible to prove statistically that the true distribution 
lies in a certain neighborhood of a model distribution, and a suitable robust 
method is valid in this full neighborhood, not only at the strict parametric 
model. This dissolves the logical dilemma of classical statistics of having to 
work with a model which can at most be proven to be wrong and which in 
fact is known to be almost always wrong. 

The fact that certain deviations from a model can be accommodated into 
valid and informative statistical procedures must not be taken to mean that 
in robust statistics one never changes the model. Model criticism and model 
selection are as important in robust statistics as they are in classical 
statistics, only the aims are slightly different: whereas in classical statistics 
the model has to fit all the data, in robust statistics it may be enough that it 
fits the majority of the data, the remainder being regarded as outliers. There 
are already formal methods of model choice based on robust versions of 
Mallows’s Cp and Akaike’s AIC (cf. Ronchetti, 1982b and Hampel, 1983b 
and Subsection 7.3d). Of course, they have to be used with the general 
reservation that a good model choice involves many additional informal 
aspects as well.’ 

The “robustified likelihood” methods are equally general as classical 
likelihood methods, without suffering from all their defects. Since likelihood 
plays a central role in the Neyman-Pearson theory as well as in the 
Bayesian theory and of course in the pure likelihood approach, incorpora- 
tion of robustness aspects into all these theories seems highly suitable. But 
the spirit of the infinitesimal approach is even closer to Fisher’s approach to 
classical parametric statistics, and robust statistics, as the statistics of 
approximate parametric models, can be viewed as the natural extension of 
classical Fisherian statistics. 

*1.4. REJECTION OF OUTLIERS AND ROBUST STATISTICS 

1.4a. Why Rejection of Outliers? 

This section treats a somewhat special topic and may be postponed until 
later, for example, until after Chapter 2, of which it makes some use. 
However, it should by no means be skipped if skipped means or any other 
objective or subjective rejection methods are of any interest to the reader. 

Assume that nine measurements of the same quantity are “close together” 
and a tenth one is “far away.” Then a common procedure in the application 
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of statistics is to “reject” the “outlier,” that is, to discard the distant value 
and proceed as if only the nine others were available. Sometimes the outlier 
is considered and interpreted separately, sometimes it is just “forgotten.” 
The decision about what means “far away” can be done subjectively, that is, 
by just looking at the data and making a subjective decision, or by some 
formal, “objective” rule for the rejection of outliers, that is, some kind of 
test statistic. In practice, not infrequently the researcher finds subjectively 
that a value is probably an outlier, and then he looks for a rule which rejects 
it, in order to make his opinion more “objective.” There are also several 
possibilities for the subsequent treatment of the outlier. It often can be 
checked, for example, by going to the original records, and not rarely it 
turns out to be a gross error (e.g., a copying error or an impossible value) 
which perhaps can even be corrected. (See Subsection 1 . 2 ~  for the frequency 
of gross errors.) There is also the possibility of making one or several more 
observations if an outlier occurs, especially if there were very few observa- 
tions to start with (cf. Subsection 1.3a). 

Frequently (e.g., in breeding experiments or in the search for a new 
medicine, or in the search for a new elementary particle in physics) the 
outlier is a proper observation which is the most valuable one of all, and 
then even the rest of the sample may be forgotten. To give an example: 
According to C. Daniel (orally), his coauthor F. S. Wood of Daniel and 
Wood (1971) has two patents on outliers. In other cases the outlier (or a 
group of outliers) indicates a different model for all data (e.g., quadratic 
instead of linear dependence). In certain situations, the frequency of outliers 
is of direct interest as a measure of the quality and reliability of the 
data-producing system. A well-known class of examples are exams. It can 
happen also here that an outlier is the only correct value, and the majority 
of results are false. (Cf. also Wainer, 1983 on a case where an incorrectly 
scored item of the Preliminary Scholastic Aptitude Test was solved correctly 
only by a minority of the overall most intelligent students.) Another 
example where a sought-for result turned up only as a rare outlier is 
described by Hunt and Moore (1982, p. 33): Out of more than 200 persons 
claiming to be able to see the crescent of Venus with the naked eye, only 
two saw it-to their surprise-as opposite to the telescopic view shown to 
them before on the television screen. In some cases, a simple model holds 
only for part of the data, while the others need more parameters to describe 
them. One nice example (among others) is given in Daniel (1976, p. 162 If.) 
where in a 33 x 31 analysis of variance out of seven columns with (crudely 
identified) large interactions, six (with 10 out of 12 large discrepancies) are 
chemically related and hence suggest a different interpretation from the rest, 
for which a main-effects model fits quite well. 
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We see that the detailed purposes in the rejection of outliers can be very 
different. However, two main aims emerge. 

One is based on the observation that sometimes gross errors occur, and 
that a simple gross error which is also a clear outlier can be very detrimental 
to the statistical procedure used (such as arithmetic mean, standard devia- 
tion, or more generally the method of least squares). Surely, we would like 
to identify a gross error as such, and then remove it from the sample with 
good justification. However, this is not always possible; but the danger 
caused by the outlier remains and is much bigger than the threat of 
efficiency loss caused by rejection in case it was a “proper” observation. 
Moreover, it would often be extremely unlikely to have a “proper” observa- 
tion from the assumed model distribution at such a distance. Therefore, a 
statistical argument is invoked to remain safe: If an outlier is too far away, 
it is deemed too unlikely under the parametric model used and hence 
rejected. It should be noted that the aim is safety of the main statistical 
analysis, and the “outlier test” is only a pretext to achieve safety if other 
methods (like checking the computations or the original records) fail. There 
would be no reason under this aspect to reject outliers if we used the model 
of the Cauchy distribution, because even very distant outliers have hardly 
any effect on the location estimate. (This becomes obvious if we look at the 
influence function of the maximum likelihood estimate; cf. Example 1 in 
Subsection 2.3a. There is, however, a limited but nonzero influence on the 
scale estimate which could cause limited concern; and the outliers could be 
interesting in their own right, as shall be discussed below.) We shall have to 
scrutinize how well the various methods for rejection of outliers, and also 
the overall approach of rejection as opposed to other robust techniques, 
achieve a satisfactory balance between safety and efficiency. 

A complication arises since our parametric model may not be quite 
accurate, and a proper observation could easily occur at a distance which 
would be extremely unlikely under our model. Many statisticians believe an 
observation known to be “proper” should never be rejected. But a proper 
observation far away tells us that our model is wrong; if we change the 
model appropriately (to one with longer-tailed distributions or with an 
additional parameter), we find that the influence of our value on our 
previous parameter estimates will be greatly reduced; and if we are unable 
or unwilling to change the model (e.g., for reasons of simplicity), then we 
should at least render the observation harmless by rejecting it (or doing 
something similar). 

A fundamentally different situation is the nonparametric one where we 
do not use any parametric model, mentioned repeatedly before (cf. mainly 
Subsections l . lb  and 1.2a). Clearly, if we have no redundance, we cannot 
identify any outliers (in the sense of highly unlikely values) since everything 
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is equally possible. We can still identify points with a high influence (in the 
sense of the influence function) on what we are estimating or testing, and 
have a sharp second look at them; but we do not have any probabilistic 
justification for rejecting then  Even worse, we do not even have the 
pragmatic justification for rejecting them as being potentially detrimental to 
what we are estimating, because what we are estimating is determined by all 
data, not only by some majority together with the redundance provided by 
some model. All we can do are special checks on highly influential points, 
and perhaps tentative analyses without these points in order to assess their 
potential dangers; but there is no justification within the data set, without 
additional knowledge from outside the data set, to reject them or to reduce 
their influence (cf. also Hampel, 1973a, p. 91; 1978a, p. 425f; 1980, p. 7). 

The second main aim of rejection of outliers is to identify interesting 
values for special treatment. The values may be “good” outliers which 
indicate some unexpected or sought-for improvement; they may suggest an 
interesting new model or a new effect; or they may be gross errors which 
sometimes can be corrected or which can be studied in more detail. The 
conflict here is not between reliability and efficiency, rather it is between 
looking at too few special values and thereby missing important features of 
the data, and looking at too many values and thereby wasting too much 
time and energy. In practice (at least for a good data analysis) it is far more 
important not to miss any valuable features of the data than to raise a 
suspicion too often (especially since the suspicion will be abolished in the 
later steps of the analysis if it is unfounded). 

If one considers the literature on the rejection of outliers (e.g., Hawkins, 
1980; Beckman and Cook, 1983; and also large parts of Barnett and Lewis, 
1978), one is led to believe that there is quite a different reason (or at least 
reasoning) for rejection. The outlier problem is isolated from the data-ana- 
lytic context, it is even isolated from the overall formal statistical procedure 
(e.g., estimation of some parameter), and then it is considered as the 
problem of a statistical test of the null hypothesis of no outliers against 
some more or less special alternative, for example, three outliers on the 
right. The level of the test is usually chosen such that the null hypothesis is 
rarely rejected if it is correct, like in the classical Neyman-Pearson theory. 
It appears as if subsequent statistical analysis is to proceed as if the 
parametric model would hold perfectly for the remaining data: as if all gross 
errors and no “good” observations had been rejected. The question of 
consequences of statistical errors of both kinds in the outlier test on 
subsequent analysis is largely ignored. Apart from this, one can ask what 
the purpose of the outlier test is to be. Certainly, it is a useful side 
information to know how improbable an outlier would be under the strict 
parametric model; this could be measured by the P-value of an outlier test. 
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But by itself this information is of little use, except in extreme cases; and the 
intention of outlier tests does not seem to be to provide P-values, but 
statistical decisions using a fixed level. What can we learn from such a 
decision? We can learn (always with a small probability of emng, of course) 
that an observation is a clear outlier if the model is strictly correct. Neither 
do we learn that an observation is clearly not an outlier, nor can we infer 
that a “clear outlier” must belong to a different population, since its reason 
may just be that the model is slightly incorrect and that the true model is 
longer-tailed. More importantly, we learn nothing about the damage that 
undetected gross errors can still cause on the subsequent statistical analysis, 
and about the efficiency loss caused by wrongly rejecting “good” observa- 
tions; and we learn almost nothing about which observations are worth a 
special look, except that some of them (the rejected ones) should definitely 
be included in a first round, although many interesting ones might still be 
missing. It thus seems that the paradigm of the Neyman-Pearson theory of 
testing has been implanted in a field where it is rather inappropriate. 

It should be noted that there exist also attempts towards “Bayesian 
rejection of outliers.” (Cf., e.g., the example and the bibliography in 
Dempster, 1975, as well as more recent work.) These attempts use a different 
framework of concepts, but otherwise their models are of similarly narrow 
scope as those of “orthodox” rejection. 

Looking back, we find that there are good reasons for not treating all 
observations in the same way. It is the simplest though not necessarily best 
alternative to treat them in two mutually exclusive ways. We can try to see 
how well we can do quantitatively within this class of methods. But already 
now we notice some difficulties. Safety combined with good efficiency in the 
potential presence of gross errors is precisely one major aim of robust 
statistics; but good robust methods are more sophisticated than simple 
rejection of outliers, and the latter occurs only as a rather marginal and 
pathological example during the development of robustness theory [Huber, 
1964, p. 79, (iv)] although this example will turn out to be superior to 
customary rejection rules. The criteria by which outlier rules are usually 
judged are not in concordance with the true aims. It will turn out that some 
outlier rules do not even fulfill their presumably most basic intuitive 
requirements. Or what shall one say about a rule for rejection of outliers 
which cannot even reject a single outlier out of, say, 10 or 20 observations at 
an arbitrarily large distance? The boundaries between rejection and nonre- 
jection which yield good compromises between safety and efficiency will 
have to be found by methods other than levels of outlier tests (cf. Subsec- 
tion 1.4b). These boundaries may not, and, in general, will not, coincide 
with the boundaries between “ uninteresting” and “interesting” observa- 
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tions to be examined separately. The latter should include also all “doubt- 
ful” outliers which may be perfectly all right, but which in a broader context 
(with additional information) may also turn out to be rather special. 

This suggests at least three categories for the purpose of the individual 
scrutiny of special values: “clear outliers” (perhaps even those rejected by a 
good outlier rule, or those which are fully rejected by a redescending 
M-estimator; cf. Section 2.6), “doubtful outliers” (all those at the fringes of 
the sample about which no clear-cut a priori decision is possible; perhaps 
those which are partly downweighted by a certain redescending M-estima- 
tor), and the rest which is clearly uninteresting a priori. A more proper 
reflection of reality is a continuously increasing curve of doubt whether an 
observation is “proper” as it moves away from the center of the sample. 
This reminds us of appropriate Bayesian a posteriori probabilities (although 
most current Bayesian models are too narrow to be of general use), and it is 
clearly reflected in the continuous downweighting by good redescending 
robust estimators. Since such curves are more complicated to handle, the 
classification into three or even two categories may be deemed sufficient for 
crude practical purposes. One of the simplest reliable criteria for doing this 
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Figure 1. Trisection of data and approximate conditioning by redescending M-estimator in 
full neighborhood of model. 
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is to use the residuals from a robust fit and to put the boundaries at certain 
multiples of the robustly estimated standard deviation, perhaps with a 
correction for small sample sizes. Obviously, such boundaries can be for- 
mulated in terms of (perhaps rather sophisticated) rejection rules. 

There remains the question how well rejection rules can do for purposes 
of efficient and robust estimation, or in other words what the price is for 
declaring all observations either completely “good” or completely “bad” 
when the interest lies in a good parametric description of the majority of the 
data. This will be discussed in the next subsection. 

1.4b. How Well Are Objective and Subjective Metbods for the ReJection 
of Outliers Doing in the Context of Robust Estimation? 

We shall now consider the robustness properties and efficiency losses of 
combined estimation procedures of the form: First reject outliers according 
to some method, then use a classical estimator, like the arithmetic mean, for 
the remaining observations. Our quantitative discussions shall be con- 
centrated on the case of estimation of the location parameter of supposedly 
normal data, since this case is the simplest and by far the best known one, 
but the results carry over to much more general situations. We shall 
compare various objective rejection rules with each other, with subjective 
rejection and with other robust methods like Huber-estimators and rede- 
scending M-estimators. Two side results are the introduction of a fairly new 
simple rejection rule and a deeper understanding and explanation of the 
so-called “masking effect” in outlier rejection. 

It is possible to obtain a very good qualitative and semiquantitative 
understanding for the behavior of rejection rules in the context of robust 
estimation by applying the theoretical robustness concepts to the combined 
rejection-estimation procedures. The influence function (cf. Subsections 
1.3d and 2 .6~  and more generally Chapter 2) tells us a lot about the local 
behavior near the parametric model. Its most striking features are its high 
jumps at the “rejection points” which cause relatively large efficiency losses 
and whose height depends critically on the local density of the underlying 
distribution at the rejection points. The breakdown point (cf. Subsections 
1.3d and 2.2a) of the combined rejection-estimation procedures tells us 
about their global reliability; upon computation of the breakdown points of 
various procedures we find striking differences between the qualities of 
different methods, including rather bad failures. These findings could be 
worked out in greater detail; for specific situations, they can also be made 
quantitative by means of Monte Carlo studies. Since according to experi- 
ence Monte Carlo numbers, although rather restricted in their scope, are 
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much more convincing for the great majority of statisticians than theoretical 
considerations of the above kind-this was also the reason for the Princeton 
Monte Carlo Study described in Andrews et al. (1972)-we shall now 
discuss selected parts of two Monte Carlo studies which were specifically 
done to obtain quantitative comparisons between rejection rules and other 
robust methods. 

One Monte Carlo study was part of the unpublished continuation of the 
Princeton Monte Carlo Study mentioned above (cf. Gross and Tukey, 1973). 
Its general setup was the same as described in Andrews et al. (1972). It 
contained 32 variants of six different types of rejection rules (namely based 
on kurtosis, largest Studentized residual, Studentized range, Shapiro-Wilk 
statistic, Dixon’s rule, and the new “Huber-type skipped mean”; cf. Grubbs, 
1969 and Shapiro and Wilk, 1965 for the former five types). The variants 
include “one-step” and “iterated” versions and various significance levels 
and were applied to ten different distributions with sample size n = 20. 
Detailed analyses are contained in Hampel (1976,1977,1985), which should 
be read for more details (cf. also Huber, 1977a, p. 3; 1981, pp. 4-5; Donoho 
and Huber, 1983; Hampel, 1978a, 1980). We shall only discuss what are 
perhaps the most important and the most interesting results (cf. also the 
somewhat similar discussion in Hampel et al., 1982). 

The other Monte Carlo study is by Relles and Rogers (1977) who 
plugged five statisticians into an investigation of the quantitative properties 
of subjective rejection by showing them many computer-generated samples 
from various 2-distributions for sample sizes 10, 20, and 30 and asking them 
to give two subjective location estimates (one “seat-of-the-pants estimate” 
and one determined indirectly by the number of outliers rejected on each 
side). The efficiency losses for both estimators and all five statisticians were 
very similar and thus could be pooled. They range from about 15% to more 
than 20% for the most important distributions, compared with the best 
estimator for each distribution. Thus they may be considered as moderate, 
but not as small. We have to stress that the advantages of subjective 
rejection over objective rules lie elsewhere, namely in the chance for more 
immediate interpretation of the outliers, including a certain flexibility in 
dealing with unexpected situations. As a means for obtaining robust routine 
estimates, subjective rejection methods do prevent disasters (except with 
complicated and large data sets where they become extremely cumbersome), 
but they are only rather mediocre and can easily be beaten by good 
“objective” robust estimators. For our quantitative comparison given below, 
we can obtain the efficiency losses for Normal and f j  directly from Relles 
and Rogers (1977), while those for the other two situations have to be 
extrapolated. 
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We shall consider only four distributions with 20 independent observa- 
tions. One is the ideal model distribution, namely the Normal. Two mimic 
the effects of 5 and 10% “distant” outliers by taking (precisely) one and two 
observations respectively from N(0,  100), a Normal with expectation zero 
and variance 100, and the others from N(0,l). We have seen before (cf. 
Subsection 1 .2~)  that a few percent gross errors are quite usual in data of 
average quality and that 10% gross errors are quite realistic for data with 
fairly low quality. It is to be expected that rejection rules are at their best 
when the outliers are far away (at least with high probability, as in our 
distributions), since then they are easy to separate from the “good” data. To 
mimic the slightly elongated tails of high-quality data in the absence of 
gross errors, we also include 5,  Student’s f with 3 degrees of freedom [cf. 
Subsections 1.2b(iii) and 1.2dI. It turns out (cf. Hampel, 1976,1985) that the 
estimators behave almost the same way under 1, and under 15 N(0,l) & 5 
N(O,9) which can be interpreted as having 25% gross errors rather close to 
the “good” data so that they often cannot be separated and thus cause 
bigger problems for the rejection rules. 

The estimators considered here include the arithmetic mean in its strict 
mathematical sense, that is, without rejection of any outliers, as computed 
by the computer or as applied by a rather naive or else a rather “orthodox” 
statistician in the sense of being a firm believer in rigid and exact mathe- 
matical models and in a “monolithic, authoritarian” structure of statistics 
(cf. also Tukey, 1962, p. 13). Also included is the median which statisticians 
often use in view of plainly long-tailed distributions. The data-dependent 
switching between mean and median is already imitated in several proposals 
by Hogg in Andrews et al. (1972); they came out not too badly, but rather 
mediocre. As mentioned, we also include quantitative results on subjective 
rejection. The formal procedures of the type “rejection rule plus mean” 
include largest or maximum Studentized residual on two different levels (cf. 
Grubbs, 1969 or the other papers cited for technical details), which is 
probably one of the most popular rejection rules; it has been generalized to 
more complex designs (cf. Stefansky, 1971,1972) and is also used informally 
and graphically in residual plots. Then there is the Studentized range (range 
divided by the standard deviation of the same sample) which has also been 
proposed but of which we can only hope that it is not used too often. The 
kurtosis is included with three different (approximate) levels, partly because 
of its relative reliability and partly to bring out a point concerning the 
levels. 

Very simple rejection rules which are based on the robust median and 
median deviation rather than mean and standard deviation are the “ Huber- 
type skipped means”; the rule with code name X84 says: Reject everything 
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Figure 2. Defining +function of rejection rule X84, based on median and median deviation. 

which is more than 5.2 median deviations (cf. Hampel, 1974 or Example 4 
of Subsection -2.3a) away from the median and take the mean of the 
remainder, The median deviation, also called median absolute deviation 
(MAD), which should not be confused with the interquartile range, and 
which was already considered by Gauss (1816), is the median of the 
absolute residuals from the median. It is thus the natural scale counterpart 
to the median and a natural basis for rejection rules. These rules were 
investigated in more detail by Schweingruber (1980). 

For comparison purposes we include two robust location estimators 
which treat outliers in different ways: the Huber-estimator H15 (with 
k = 1.5 and “Proposal 2 Scale”; cf. Subsection 4.2d, or Andrews et al., 
1972) is the prototype of an estimator with monotone influence function 
which bounds the influence of outliers by “bringing them in” towards the 
majority, but still gives them maximum influence; the three-part descending 
M-estimator 25A (cf. Example 1 of Subsection 2.6a, with a = 2.5, b = 4.5, 
and r = 9.5 as multiples of the median deviation which is first estimated 
from the sample in order to make the estimator scale invariant, or cf. 
Andrews et al., 1972) is the prototype of a “smoothly rejecting” estimator 
which rejects distant outliers completely, but contrary to the “hard rejection 
rules’’ allows a zone of increasing doubt with continuously decreasing 
influence between the “clearly good” and “clearly bad” observations. 

The entries in Table 1 are the percent efficiency losses compared with the 
best available estimator in the study of Andrews et al. (1972) and its 
continuation. The Monte Carlo variances of these estimators are also given 
in the table. Apparently, they are rather close to the asymptotically optimal 



66 1. INTRODUCTION AND MOTIVATION 

L 

Fieurp 3. POW principal ways of treating M outlier: bounding its influence, smooth rejection, 
hard rejection, and no treatment at all. (Qualitative sketch.) 

values, but we prefer values which can actually be reached for n = 20 and, 
besides, we need only relative comparisons. 

Finally, the last column of Table 1 contains the breakdown points e+ (cf. 
Subsection 2.2a) of the combined rejection-estimation procedures. These 
breakdown points tell us how many distant outliers can be safely rqected; 
and this information tums out to be the most important characteristic of the 
behavior of rejection rules, the second most important one being the 
efficiency loss under normality. 

Let us now comment briefly on the numerical results in Table 1 and some 
additional aspects of the estimators. 

The arithmetic mean without any rejection can be disastrously bad; even 
under t ,  it loses already about 50% efficiency. 

The median is simple and robust, but moderately inefficient throughout. 
Its use can be.reammended for moderately low efficiency requirements, but 
not for higher efficiency standards. Furthermore, its local behavior is very 
susceptible to changes of the density at the population median. 

Subjective rejection loses about 10-20% efficiency; too much by some 
standards, but bearable by others. 
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Table 1. Monte Carlo JMiciency Losses (in %) and Breakdown Points E* for n = 20 for 
Rejection Rules with Mean and Other Estimators 

~ 

Outliers 
~~ 

t j .  N 1 2 €* 

X (arithmetic mean) 49 0 83 89 0% 
Median 13 33 28 31 50% 
Subjective rejection and mean 12 21 - 16(?) - 12(?) 
Maximum Studentized residual, k - 2.56, a - 10% 19 4.4 1 3 12.7% 
Maximum Studentized residual, k = 3.03, a = 1% 23 0.3 2 48 9.4% 
Studentized range, k = 4.79, a - 1% 43 0.4 74 87 4.3% 

Kurtosis (4th moment), k -  5, a - 1% 22 0.7 2 7 14.7% 
Kurtosis (4th moment), k =  3.5, a = 10% 18 6 3 1 19% 
Kurtosis (4th moment), k =  3, a = 50% 17 12 8 4 21% 

“X84” (based on median and median deviation) 14 4.2 2 5 50% 

“25A” (three-part redescending, comers at 2.5,4.5, 5 4.4 1 1 50% 
“H15” (Huber-estimator, “Proposal 2 Scale”, k = 1.5) 7 3.5 7 17 26% 

9.5 median deviations p: 1.7.3.0, 
6.4 standard deviations) 

Lowest available var (var,,) 1.58 1.OOO 1.12 1.24 

The maximum Studentized residual with level a = 1% cannot even safely 
reject two outliers (lo%)! The Studentized range with a = 1% cannot even 
reject a single distant outlier out of 20 observations (5%)!  The explanation 
in both cases is given by the breakdown point. Typically, the test statistic 
for outliers tends to a limit as a contaminating point mass moves to infinity, 
and if this limit is below the critical value, the rule cannot reject and breaks 
down. (Cf. Hampel, 1976, 1985 for details.) 

The breakdown point also explains the “masking effect” of outliers. It is 
said that an outlier masks a second one close by if the latter can be rejected 
alone, but not any more in “company.” But in most cases this is nothing but 
the frequent situation that l/n < E* c 2 / n  and a contaminating point mass 
is the “least favorable contamination” which makes rejection hardest. It  
should be clear that the ability to reject depends also on the proportion of 
outliers; after all, no invariant rule can reject a fraction of more than 50% 
outliers if these outliers are so “mean” that they form a beautiful mock 
sample elsewhere. As the table shows, most breakdown points are much 
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lower than 50%. In abuse of the word, we might even say that a single 
outlier “masks itself” if E* < l/n. 

The result for the breakdown point of the maximum Studentized residual 
is perhaps the most important one for statistical practice, since this rule 
seems to be rather widely used. We note that this rule can be safely used 
only for rather good data, when 10% gross errors or more are out of the 
question. In addition, we need sample sizes of more than about 10 (with 
somewhat different critical values and hence breakdown points) in order to 
have a chance at all to reject one occasional single distant outlier. Ten 
replicates are a lot in, say, analysis-of-variance situations where there is 
usually rather little redundance. Hence we are often forced to use other 
rejection rules. Of course, the positive level guarantees a positive percentage 
of wrong rejections under the ideal model, but these are rejections of nearby 
outliers, not of distant ones, as can be seen from the influence functions of 
mean, standard deviation, and their ratio. We might easily be trapped into 
distorting the level of the test under “ideal” circumstances if we use the 
formal rejection rule only for “doubtful” cases and deem its application 
superfluous for “obvious” outliers although these “obvious” outliers would 
not be formally rejected. 

The rule based on fourth moment or kurtosis is the most reliable one 
among the three classical rules considered here. (We might mention here 
that the rule based on the Shapiro-Wilk test is still more reliable; cf. 
Hampel, 1976, 1985.) An interesting side point is that the rule with 
type-I-error probability of 50% still yields a fairly efficient and rather 
reliable estimator, showing that the level of the outlier test is rather 
meaningless if rejection is only a preliminary precaution before estimation. 

The new simple rejection rule “X84” does about as well as the best other 
rejection rules in the situations considered, and it is much more reliable (in 
fact, “most reliable”, with E* = 50%) in other situations. Hence it pays to 
use residuals from a robust fit, not from a least-squares fit, both for 
detection and accommodation of outliers. For rather small samples, the 
inefficiency of median and median deviation might be thought to be a 
disadvantage; but both estimators can be replaced by more efficient and 
equally reliable estimators, and even the simple rule as given is at least 
reliable, while classical rules tend to break down completely with small 
samples, in the sense of not being able to reject a single distant outlier. 

In a small Monte Car10 study, schweingruber (1980) investigated the 
efficiency losses of Huber-type skipped means and related estimators for 
various distributions, sample sizes, and choices of the critical value k. Under 
the normal distribution, X84 (with k = 5.2 median deviations) loses about 
2% efficiency (compared with the arithmetic mean) for n = 40, about 4-38 
for n = 20, about 74% for n = 10, and between about 10 and 17% for n 
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between 8 and 4 (about 22% for n = 3). If k = 4.5 median deviations 
(,,X42”), the corresponding losses are about 5, 8, 12, 13-20, and 25%. The 
losses stay below 10% down to n = 4 for k = 8 median deviations, while 
they are up to about 20% down to n = 10 for k = 3.5 median deviations. 
This shows that k has to be chosen fairly large, especially for small sample 
sizes, if the efficiency loss is to be kept small. Values of k around 5 (4.5-6) 
median deviations (corresponding to about 3 to 3.5 or even 4 standard 
deviations) appear to be frequently quite reasonable, according to present 
preliminary knowledge. 

After discussing specific features of the rejection rules, we now come to 
some general properties. The most striking and most important feature is 
the jump in the efficiency loss as soon as the breakdown point is passed by 
the contamination. Another feature for whose full documentation we would 
need more numbers such as are given in Hampel (1976, 1985), is that 
different rules with the same efficiency losses under the Normal (but not 
necessarily the same level) show a rather similar behavior also in other 
situations, as long as they are not close to their respective breakdown points. 
Hence the breakdown point (global reliability) and the efficiency loss under 
the Normal (the “insurance premium” of Anscombe, 1960) are the most 
important numerical properties of the rejection rules. 

Another general feature of all rejection rules is that they unnecessarily 
lose at least 10-1546 efficiency (and sometimes much more) under 1,. As we 
have seen, r j  is an example for outliers which are not so clear-cut; and if 
they become even less clear-cut-if they become concentrated near the 
“rejection points”-then all outlier rules can lose up to 100% efficiency. 
While some rejection rules cannot even cope with distant outliers, no 
rejection rule can cope well with gross errors and other contamination which 
is in the ‘‘region of doubt” close to the “good” data. This is the main, basic, 
and unavoidable weakness of all hard rejection rules, as is obvious from the 
shape of the influence function (see above). 

We can contrast rejection rules with two other major ways of treating 
outliers. One is, in effect, to “move them in” close to the good data, as done 
in Muber-estimators, Hodges-Lehmann-estimator, trimmed and Winsorized 
means. Huber-estimators are asymptotically optimal for “smooth, nearby” 
contamination not much unlike t , ,  and it is therefore not surprising that 
H15 is much better under t ,  than all rejection rules. It is also very safe 
against high concentrations of gross errors near the “good” data. On the 
other hand, clear outliers are not rejected with Huber-estimators, but still 
have a large though bounded influence; this results in avoidable efficiency 
losses of H15 and the like, compared with rejection rules, which for realistic 
amounts of outliers (say, 5-10%) are about 5-15%. These losses are thus 
about equally high as the avoidable losses of rejection rules under smooth, 



70 1. INTRODUCTION A N D  MOTIVATION 

nearby contamination. In contemplating this limited weakness, one should 
keep in mind that robust estimators with monotone influence function (e.g., 
median and median deviation) are necessary at least as a first step in order 
to identify safely the majority of “good” data with the help of the unique 
solution of the M-estimator equation and to avoid getting stuck with a 
wrong solution out of several ones in the case of nonmonotone influence. 

The other major way of treating outliers is to reject them “smoothly,” 
with continuously decreasing weight and influence. It does not matter much 
whether the influence becomes strictly zero or only tends to zero as the 
outlier moves to infinity. In the case of 25A, it is strictly zero beyond about 
6.4 robustly estimated standard deviations away from the location estimate 
(cf. Table 1). We see from the table that 25A deals excellently both with 
distant outliers and with smooth longer-tailed contamination; it has the 
highest possible breakdown point and, according to the way it is defined, is 
also very stable against localized contamination. It thus combines the good 
features of hard rejection rules and Huber-estimators without having their 
disadvantages. There is only one major danger with redescending M-estirna- 
tors, namely that they redescend to zero too quickly. Furthermore, they 
need a preliminary robust estimate with monotone influence (as do hard 
rejection rules). Otherwise their detailed properties do not matter too much. 
We note that these “smoothly rejecting” estimators are a natural extension 
and a considerable improvement of classical “hard” rejection rules. 

We can now summarize the behavior of rejection rules in the context of 
robust estimation. 

1. Most importantly: Any way of treating outliers which is not totally 
inappropriate, prevents the worst. 

Such methods include subjective rejection (except in complicated situa- 
tions), objective rejection rules with high breakdown point, “objective” rules 
after visual inspection, or any decent robust estimate like median, 
H15,25A, ... . The efficiency losses might easily be 10 or even 50%, but 
hardly 90 or 99%. 

Totally inappropriate are a nonrobust computer program (e.g., least 
squares!) withour any built-in checks and without a careful follow-up 
residual analysis, and furthermore, some objective rejection rules, like 
Studentized range. The maximum Studentized residual, with its breakdown 
point around lo%, is a borderline case and often not safe enough! 

2. For higher efficiency standards: Most methods still lose unnecessarily 
at least 5-20% efficiency in some realistic situations. These methods include 
subjective rejection, all objective rejection rules, Huber-estimators, and so 
on (but not smoothly redescending estimators such as 25A). 
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3. In a broader context: In general, one should not only detect and 
accommodate outliers, but also interpret (and perhaps correct) them. More- 
over, one should incorporate the nonstatistical background knowledge about 
the plausibility of observations. This knowledge is at least as important as 
purely statistical arguments. There is also a general statistical background 
knowledge about frequent types of gross errors and other deviations from 
strict parametric models which should also be incorporated in the analysis 
of the data. When formal rejection methods are used, these considerations 
are the next step which should not be forgotten; when subjective methods 
are used, these considerations can be applied immediately, providing early 
feedback and thus often a quicker interpretation of the data. 

On the other hand, formal identification of suspect observations (as the 
first step) may be much quicker and easier, and in complicated designs this 
may be the only possibility. Another disadvantage of subjective methods is 
that they do not provide proper confidence statements. 

4. Identification of outliers and suspect outliers can be done much safer 
and better by looking at residuals from a robust fit, rather than a nonrobust 
fit. In particular “X84” is a very simple, relatively good rejection rule based 
on the “most robust” measures of location and scale. 

Rejection rules with subsequent estimation are nothing but special 
robust estimators. Also estimation after subjective rejection can be viewed 
as a subjective robust procedure, about which even quantitative statements 
can be made. Both objective and subjective methods have a certain appeal- 
ing conceptual simplicity in dividing ali data into merely two classes, the 
“good” and the “bad” data, but their overall properties, compared with 
other robust estimators, are only mediocre to bad. Their properties can be 
lucidly described by the concepts of robustness theory. For example, the 
“masking effect” can be understood much better by means of the break- 
down point. 

5 .  

It may be argued that general robust estimation (and robust statistics) is 
“merely” an offspring of preliminary rejection of outliers, developed in the 
search for better alternatives; but certainly by now rejection methods can 
and should be integrated into robust statistics. 

EXERCISES AND PROBLEMS 

Due to the informal character of this chapter, most exercises can only be 
solved after one has studied at least also Chapter 2. Moreover, several 
exercises require specialized knowledge from various other areas of statis- 
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tics. Many exercises are fairly open-ended and flexible, which means that 
there is not one fixed answer, but rather the possibility of longer and shorter 
as well as better and less satisfying solutions. 

The qualifications “short,” “extensive,” and ‘‘research” denote rather 
quick exercises, rather demanding exercises, and research problems, respec- 
tively. 

Subsection l . lb 

1. 

2. 

3, 

4. 

5. 

6. 

7. 

8. 

9. 

Give an example for a two-sample randomization test (based on the 
difference between the means) which is clearly significant and which 
becomes nonsignificant by adding a single outlier to one sample. 

What happens in Exercise 1 if medians are used instead of means? 
What are advantages and disadvantages of using medians? 

Compute, for a small data set, the full distribution of the test statistic 
of a two-sample randomization test which uses the difference between 
two (proper) trimmed means. 

What happens in Exercise 3 if one value is replaced by an outlier? 

Do Exercises 3 and 4 for the usual randomization test based on the 
difference between means, and compare the results. 

(Extensive) Show that the normal scores estimator soon has a bigger 
variance than the Hodges-Lehmann-estimator if one moves away from 
the normal distribution towards longer-tailed distributions. (You may 
use asymptotic formulas or Monte Carlo; mixtures of two normals, 
t-distributions, or other long-tailed distributions.) 

(Research) Under what conditions are maximum likelihood estimators 
and Bayes estimators derived from a “supermodel” for location robust? 

What types of deviations from a parametric model are taken into 
account in a neighborhood in Hellinger distance, total variation dis- 
tance, and Kolmogorov distance? 

What kinds of conditions (qualitatively) are needed on the prior 
distributions of Bayes estimators such that the estimators are insensi- 
tive against small changes of the prior? 

Subsection l.lc 

10. Give an example for the normal location model of a Fisher-consistent 
estimator with breakdown point arbitrarily close to one. 
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11. Show how five regression diagnostics are related to influence functions. 

12. Give a design in which a point is a leverage point under some models 
and no leverage point under others. Give a design in which the central 
point is a leverage point under some models. 

Subsection 1.2b 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

When can a statistical null hypothesis be statistically proven? 

(Research) Under what conditions on the underlying distribution and 
the influence function of an M-estimator is the estimator continuous 
or differentiable in suitable senses, if all data are rounded or grouped? 

(Extensive) Work out the (approximate) variances of the maximum 
likelihood estimator for the exponential shift model with density 
exp(-(x - O)) ,  x > 8, for different sample sizes, if all data are 
rounded to the nearest integer. 

Show that the median is not continuous as a functional in any full 
Prohorov neighborhood of any distribution. 

Show that the arithmetic mean has the lowest local-shift sensitivity 
among all location estimators. 

Discuss the qualitative results of robustness theory for two- and 
three-parameter Gamma distributions. 

Do Exercise 18 for Weibull distributions. 

Do Exercise 18 for the negative binomial distribution. 

Subsection 1 . 2 ~  

21. Pick five real data sets and examine them for gross errors. 

22. Pick a data set and let one value move to infinity. What are the effects 
on various statistics (e.g., estimates of location, slope in case of 
regression, scale, standardized residual)? 

Pick a data set and add an observation somewhere. What are the 
effects? Compare with Exercise 22. When is the added observation 
harmless? 

23. 

Subsection 1.2d 

24. Plot some t-distributions on normal probability paper (e.g., v = 9, 5,  
and 3). 
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25. Do Exercise 24 for some of Tukey’s mixtures of two normals (e.g., 
e = 1,5, and 10%). 

26. Do Exercise 24 for some of Huber’s least favorable distributions (e.g., 
e = 1, 2, 5, and 10%). 

27-29. In Exercises 24-26 respectively, for what sample sizes do the 
differences against the normal distribution become noticeable in the 
normal plots? Explain what you mean by “noticeable.” 

30-32. In Exercises 24-26 respectively, what is the approximate power of 
the test based on kurtosis against these alternatives to the normal for 
some sample sizes (e.g., n = 10, 20, 50, 100, 500, 1O00, and 2000)? 

33. Compute the relative asymptotic efficiency of the median deviation 
(MAD) compared with the mean deviation and with the standard 
deviation in Tukey’s contamination model. 

34. Do the comparisons of Exercise 33 (three ways) under 1-distributions. 

Subsection 13a 

35. 

36. 

37. 

38. 

39. 

Describe more formally the robustness properties of the mode. 

(Research) Investigate the robustness and efficiency properties of the 
rule based on taking a third observation, if necessary, which uses the 
mean of the two closest ones. 

(Research; continued from Exercise 36) Compare with taking always 
two or always three observations. 

(Research; continued from Exercise 36) Replace the mean of the 
closest two by other estimators. 

(Research) Show that randomization tests using the mean have very 
little power for long-tailed distributions. 

Subsection 13c 

40. (Extensive) Using Huber (1968), find the solutions of Huber’s second 
approach for double-exponential, logistic, and double-exponential ex- 
treme value distribution. 

41. (Extensive; continued from Exercise 40) Compare them with the 
minimax and the infinitesimal solution. 
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Subsection 1.3d 

42. (Research) Show that two-part redescending M-estimators like HMD 
(see Andrews et al., 1972) minimize the asymptotic variance under a 
bound on the change-of-bias sensitivity. 

43. (Research) Do Exercise 42 for three-part redescending M-estimators 
and bounds on gross-error sensitivity and change-of-bias sensitivity. 

Subsection 1.3e 

44. (Extensive) Compute a short table for the approximate minimax 
mean-squared-error Huber-estimator as a function of E and n. 

Subsection 1.3f 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

(Research) Discuss a decision theoretic approach with the vector-valued 
risk function containing asymptotic variance and gross-error sensitiv- 
ity. 

(Research) Do Exercise 45 for asymptotic variance, gross-error sensi- 
tivity, and change-of-variance sensitivity. 

(Extensive) Compute a downweighting scheme (and the corresponding 
M-estimator) based on a Bayesian outlier model for the normal 
location model and compare with other estimators. 

(Research) Try to compute a downweighting scheme in the normal 
location model based on the likelihood that an observation is an 
outlier. 

In the normal location model, by which functional would you replace a 
Bayes estimator for a given n? What robustness properties does it 
have? 

(Short) Show that the expectation is nowhere continuous, and that the 
complement of its domain is dense in the weak topology. 

'Show that L-estimators with positive breakdown point have to have 
weight functions identically zero near zero and one. Compute the 
breakdown point. 

Work out the details of the various estimators for the rectangular 
distribution on (0,Q. 
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53. Do Exercise 52 for the rectangular on (6,O + 1). 

54. (Extensive) For the Cauchy location model, discuss the possible solu- 
tions of the likelihood equations and the selection of the “proper” one. 

55. Discuss the “logic” of testing a model before applying a method 
geared to the strict model. What are its hidden assumptions? What are 
its weaknesses? 

56. (Research) Discuss the qualitative aspects of “robust” model selection. 
Show that the basic criterion for a good fit is vector valued, for 
example, fraction of outliers and scale of “good” data. What happens 
if a robust overall scale measure is used? 

Subsection 1.4a 

57. 

58. 

59. 

60. 

61. 

62. 

63. 

Give one example each of data where outliers stem from a long-tailed 
error distribution, a different model for part of the data, and a 
different model for all data. 

Give two examples each for a parametric mean and a nonparametric 
mean. 

Which observations are potentially dangerous for the model of a rather 
skew lognormal distribution? Which ones look like outliers? 

What can be the effects of grouping for a lognormal distribution? 

Where are the most dangerous  outlier^^' for Weibull distributions? 

(Extensive) Work out an example of the consequences of statistical 
errors of both kinds in an outlier test on subsequent statistical analysis. 

(Extensive) Analyze a Bayesian approach towards rejection of outliers 
using the concepts of robustness theory. 

Subsection 1.4b 

64. (Extensive) Carry out a small Monte Carlo study of subjective rejec- 

65. (Research) Try to analyze a simple approximate model for data-depen- 
dent switching between mean and median. 

66. Compute some asymptotic variances for the cases in Table 1 and 
compare them with the Monte Carlo variances. 

tion. 
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67. 

68. 

69. 

70. 

71. 

72. 

73. 

74. 

75. 

76. 

77. 

78. 

79. 

80. 

81. 

82. 

Describe distributions where the sample median is “super- 
efficient”-that is, converges faster than at the usual rate; is qualita- 
tively robust, but has infinite asymptotic variance; and is not even 
qualitatively robust. 

Derive the breakdown points of some of the rejection procedures in 
Table 1. 

Compute the breakdown points of three rejection rules with mean not 
discussed in Section 1.4. 

Compute the breakdown point of the maximum Studentized residual 
for several sample sizes. 

Compute the breakdown point of the maximum Studentized residual 
for some analysis-of-variance situations. 

Show how with the Studentized range a single observation out of 20 
can “mask itself.” When is rejection most likely? 

(Extensive) Show how with the Shapiro-Wilk test used as a rejection 
rule, two opposite outliers can “mask each other.” 

Show how under weak assumptions any estimator based on a rejection 
rule has infinite asymptotic variance under certain distributions. 

(Short) Outline a model with outliers where an outlier rule is asymptot- 
ically “perfect.” 

Why is the trimmed mean not a rejection procedure? 

What is the relation between trimmed means, Winsorized means, and 
Huber-estimators? 

Why are Huber-estimators and similar estimators moderately ineffi- 
cient in the presence of distant outliers? 

Show that redescending M-estimators which redescend too quickly can 
have an infinite asymptotic variance. 

Compare biweight, sine-estimator, three-part redescending estimator, 
and hyperbolic tangent estimator under the aspects of robustness 
theory. 

Give examples for identification of outliers using general statistical 
experience. 

Give examples for identification of outliers using subject matter knowl- 
edge. 
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One-Dimensional Estimators 

2.0 AN INTRODU~ORY EXAMPLE 

To explore the various aspects of robust statistics, we start with a simple 
framework: the estimation of a one-dimensional parameter based on a 
collection of one-dimensional observations. The next chapter treats statisti- 
cal tests in the same setup, and subsequent chapters deal with higher- 
dimensional problems such as multivariate location-covariance, regression 
analysis, and testing in linear models. However, most of the ideas and tools 
of robustness theory can already be explained in the one-dimensional case, 
as they were originally developed for that situation. 

The most common one-dimensional problem is the estimation of a 
location parameter. Many studies of robustness have focused on this simple 
framework, as a first steppingstone to improve the understanding of goals 
and tools, and with the purpose of generalizing the insights obtained to 
more complex problems. (Unfortunately, this has left many statisticians 
with the impression that estimating one-dimensional location parameters is 
what robustness theory is all about, whereas this book intends to show the 
usefulness of robustness in a diversity of situations.) Since then, many tools 
constructed for one-dimensional location have proven their value in higher- 
order models. 

As an example, let us look at the data by Cushny and Peebles (1905) on 
the prolongation of sleep by means of two drugs. The original data set was 
bivariate: for ten subjects, two different values were recorded (one for each 
drug). These data were used by Student (1908) as the first illustration of the 
paired r-test, to investigate whether a significant difference existed between 
the observed effects of both drugs. The data were then cited by Fisher 
(1925) and thereforth copied in numerous books as an example of a 
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I 
2.0 

(a )  1 I - - 
3.0 4.0 

Figure 1. Cushny and Peebles data: ( a )  univariate sample of ten points and ( h )  six location 
estimates. = arithmetic mean; 10% = 10%-trimmed mean; 20% = 20%-trimmed mean: 
H/L - Hodges-Lehmann estimator; 50% = median; and 1.24 = mean of data set without the 
observation 4.6. 

normally distributed sample (see, e.g., Anderson, 1958). The ten pairwise 
differences (i.e., the set of differences between drug effects per subject) are 
the following: 

0.0,0.8, 1.0,1.2, 1.3, 1.3, 1.4,1.8, 2.4,4.6. 

Most authors have summarized this (supposedly normally distributed) uni- 
variate data set by its arithmetic mean, for instance when applying the 
t-test. However, a glance at these numbers (or at their plot in Figure l a )  
reveals that the normality assumption is questionable, due to the occurrence 
of 4.6 which appears to be an outlier. Therefore, Pfanzagl(l968) and Tukey 
(1970/71) applied more robust procedures to this data. 

Figure 16 contains some location estimates applied to this sample. The 
ordinary arithmetic mean equa!s 1.58. The other estimates are robust, 
although not all to the same extent. The estimate denoted by 10% is the 
10%-trimmed mean: one starts by removing the 10% largest and the 10% 
smallest observations, and computes the mean of the rest. In the present 
example, this amounts to deleting the largest observation (4.6) as well as the 
smallest (0.0) and computing the average of the remaining eight values, 
which yields 1.4. Analogously, the 209hrimmed mean corresponds to the 
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average of the middle six numbers, yielding 1.33. In the same spirit, the 
median (which equals 1.30 in this sample) can be denoted by 50%. The 
Hodges-Lehmann (1963) estimator H/L,  which is defined as the median of 
all pairwise averages (x, + xJ/2 for i = 1,. . . ,10 and j = 1,. . . ,10 
amounts to 1.32. For comparison, the average of the data set wirhour the 
spurious 4.6 value equals 1.24. This number could be obtained by applying 
a good rejection rule (in the sense of Section 1.4) followed by the arithmetic 
mean, a combined procedure which may be considered a robust estimator. 

Summarizing these results, we note that all the robust estimates range 
from 1.24 to 1.40, leaving a clear gap up to the arithmetic mean 1.58. Even 
estimators which are highly correlated with the mean in the case of strictly 
normal samples, like 10% and H/L (both being about 95% efficient) are 
now clearly separated from it. In this example, all the robust estimators give 
similar results. However, in general they may yield quite different answers, 
because some of the estimators are more robust than others (e.g., the median 
is much more robust than the 10%-trimmed mean). In multivariate situa- 
tions, the differences between robust estimators become more important. 

In order to understand why certain estimators behave the way they do, it 
is necessary to look at various measures of robustness and descriptive tools. 
A first question is to describe the effect of the outlier in the Cushny and 
Peebles data on, say, the arithmetic mean. For this purpose we can resort to 
the influence function (IF) of Section 2.1, which (roughly speaking) formal- 
izes the bias caused by one outlier. (Subsection 2.lb contains the asymptotic 
definition of the IF, but Subsection 2.le gives a finite-sample version which 
is illustrated on the Cushny and Peebles data.) A second question is How 
much contaminated data can an estimator stand before it becomes useless? 
In the above example, all robust estimators were able to deal with one 
outlier. However, if the data would contain two outliers the 10%-trimmed 
mean could be fooled, because it removes only one observation on either 
side: in case both outliers lie on the same side, one will remain. It takes 
three outliers (in a sample of ten points) to do the same thing to the 
20%-trimmed mean, whereas the median can stand up to four outliers. This 
aspect is covered by the breakdown point of an estimator, discussed in 
Section 2.2. In Section 2.3 some useful types of estimators are introduced, 
mostly for location and scale parameters. By means of the influence func- 
tion, optimal robust estimators are constructed in Section 2.4. The next tool 
for asserting robustness is the change-of-variance function (CVF) which 
reflects the influence of outliers on the variance of the estimator, and hence 
on the lengths of the confidence intervals (which hopefully remain relatively 
narrow). Section 2.6 deals with a class of refined robust estimators which 
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can reject outliers completely, and studies their robustness by means of IF 
and CVF. In the last section, we compare our approach to Huber’s (1964) 
minimax technique. 

Robustness theory helps us to understand the behavior of statistical 
procedures in real-life situations. The various tools (like IF, CVF, and 
breakdown point) describe different aspects of this problem, and are there- 
fore complementary to each other. When faced with new models or types of 
application other than the ones treated here, these principles offer guidance 
for choosing among several available statistical methods, or even for con- 
structing new ones. 

2.1. THE INFLUENCE FUNCTION 

We start our investigation of robustness by means of the influence function 
(IF), which was introduced by Hampel (1968, 1974). The first subsection 
describes the necessary framework, followed by the definition of the IF in 
Subsection 2.lb. Then some useful robustness measures are derived from 
the IF, like the gross-error sensitivity, and a few examples are given. In the 
last subsection we look at some finite-sample modifications. 

2.la. Parametric Models, Estimators, and Functionals 

Suppose we have one-dimensional observations XI,. . . , X, which are inde- 
pendent and identically distributed (i.i.d.). The observations belong to some 
sample space I, which is a subset of the real line R (often 2Z simply equals 
R itself, so the observations may take on any value). A parametric model 
consists of a family of probability distributions F, on the sample space, 
where the unknown parameter 8 belongs to some parameter space 0. In 
classical statistics, one then assumes that the observations Xi are distributed 
exact& like one of the Fe, and undertakes to estimate 8 based on the data at 
hand. Some well-known examples are: 

1. S= R, c3 = R, and F, is the normal distribution with mean B and 
standard deviation 1. 

2. I- [0, oo), 8 = (0, oo), and F, is the exponential distribution with 
expectation 8. 

3. I= (0,1,2,. . . }  (the set of nonnegative integers), 0 = (0, ao), and 
Fe is the Poisson distribution with risk parameter 8. 

4. S= (0,1,. . . , N}, 8 = (0, l), and Fe is the binomial distribution 
with probability B of success. 



82 2. ONE-DIMENSIONAL ESTIMATORS 

Throughout this chapter, we will assume that 8 is an open convex subset 
of R, and we will use the same notation Fe for a probability distribution 
and its corresponding cumulative distribution function (cdf). Moreover, we 
assume that these Fe have densities 18  with respect to some o-finite measure 
h on S (in examples 1 and 2, h would be the Lebesgue measure, and in 
examples 3 and 4 the counting measure). Indeed, many statistical proce- 
dures make use of the likelihood f e ( x ) .  

In the classical theory of statistical inference, one adheres strictly to these 
parametric models. However, in robustness theory we realize that the model 
{ Fe; 8 E 0 )  is a mathematical abstraction which is only an idealized 
approximation of reality, and we wish to construct statistical procedures 
which still behave fairly well under deviations from this assumed model. 
Therefore, we do not only consider the distribution of estimators under the 
model, but also under other probability distributions. In this and the 
following chapters we shall treat deviations from the shape of Fe, including 
gross errors (violations of the assumption of independence will be discussed 
in Section 8.1). 

We identify the sample (XI, . . . , X,,) with its empirical distribution G,, 
ignoring the sequence of the observations (as is almost always done). 
Formally, C, is given by (l/n)ZY-lA,,, where A, is the point mass 1 in X. 
As estimators of 8 we consider real-valued statistics T, = T,( X,, . . . , X,,) = 
T,(Cn). In a broader sense, an estimator can be viewed as a sequence of 
statistics {q; n 2 l } ,  one for each possible sample size n. Ideally, the 
observations are i.i.d. according to a member of the parametric model { Fe; 
8 E 0 } ,  but the class .!F(T) of all possible probability distributions on 9" 
is much larger. 

We consider estimators which are functionals [i.e., T,(G,,) = T(G,) for all 
n and G,] or can asymptotically be replaced by functionals. This means that 
we assume that there exists a functional T: domain(T) 4 R [where the 
domain of T is the set of all distributions in 9(1) for which T is defined] 
such that 

(2.1.1) 

in probability when the observations are i.i.d. according to the true distribu- 
tion G in domain(T). We say that T(G)  is the asymptotic value of {T,; 
n 2 1) at G. In addition to this property we often assume asymptotic 
normality, that is, 

(2.1.2) 
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where ZG means “the distribution of.. . under G” and V(T, G) is called 
the asymptotic variance of { T,; n 2 1) at G. In practice, these conditions 
will often be met. Note that this true distribution G does not have to belong 
to the model. In fact, it will often deviate slightly from it. 

In this chapter, we always assume that the functionals under study are 
Fisher consistent (Kallianpur and Rao, 1955): 

T( Fa) = 8 for all 8 in 8, (2.1.3) 

which means that at the model the estimator { T,; n 2 l}  asymptotically 
measures the right quantity. The notion of Fisher consistency is more 
suitable and elegant for functionals than the usual consistency or asymp- 
totic unbiasedness. 

2.lb. Definition and Properties of the Influence Function 

The cornerstone of the infinitesimal approach is the influence fimction (IF), 
which was invented by F. Hampel (1968, 1974) in order to investigate the 
infinitesimal behavior of real-valued functionals such as T(G). The IF is 
mainly a heuristic tool, with an important intuitive interpretation. However, 
before using it as such, let us first reassure the mathematically oriented 
reader by discussing how it can be derived in a theoretical way, without 
going into details. We take a restricted point of view by choosing only one 
out of many formalizations, which is sufficient for our purposes. Suppose 
that domain (T) is a convex subset of the set of all finite signed measures on 
3, containing more than one element. Following Huber (1977a) and Reeds 
(1976), we say that T is Gateaux differentiable at the distribution F in 
domain (T), if there exists a real function a, such that for all G in domain 
(T) it holds that 

T((1 - t ) F +  tG) - T ( F )  
lim t = /a,( . ,  W X )  
1+0 

which may also be written as 

a .  
- [T ( ( l  at - t ) F +  tG)],-,-, = l a , ( x ) d G ( x ) .  (2.1.4) 

(Note that the left member is the directional derivative of T at F, in the 
direction of G.) There also exist stronger concepts, namely Frkhet differen- 
tiability and compact differentiability (Reeds, 1976, Section 2.2; Boos and 



‘84 2. ONE-DIMENSIONAL ESTIMATORS 

Serfling, 1980; Huber, 1981, Section 2.5; Clarke, 1983; Fernholz, 1983). The 
basic idea of differentiation of statistical functionals goes back to von Mises 
(1937,1947) and Filippova (1962); one says in the above situation that T is 
a uon Misesfunctional, with first kernel function a,. By putting G = F in 
(2.1.4) it is clear that 

/ q ( x )  dF(x) = 0 (2.1.5) 

so we may replace dG(x) by d(G - F X x )  in (2.1.4). 
At this point the practical meaning of a l ( x )  is not yet evident; it is 

obscured by the fact that this kernel function occurs only implicitly in 
(2.1.4). An explicit expression may be obtained by inserting G = A, (the 
probability measure which puts mass 1 at the point x) in (2.1.4), if A, is in 
domain (T). Let us now take this expression as a definition: 

Definition 1. The influence function (IF) of T at F is given by 

T((1 - t ) F  + t A x )  - T ( F )  
IF(x; T, F) = lim (2.1.6) 

r 10 t 

in those x E 5 where this limit exists. 

The existence of the influence function is an even weaker condition than 
G&teawc differentiability, as is exemplified by Huber (1977% p. 10). This 
makes the range of its applicability very large, as it can be calculated in all 
realistic situations without bothering about the (usually quite messy) regu- 
larity conditions. (It might even be attempted to verify such regularity 
conditions from the behavior of the IF in a full neighborhood of F.) If we 
replace F by = F and put t = l/n, we realize that the IF measures 
approximately n times the change of T caused by an additional observation 
in x when T is applied to a large sample of size n - 1. (More details about 
such approximations can be found in Subsection 2.le.) 

The importance of the influence function lies in its heuristic interpreta- 
tion: it describes the effect of an infinitesimal contamination at the point x 
on the estimate, standardized by the mass of the contamination. One could 
say it gives a picture of the infinitesimal behavior of the asymptotic value, so 
it measures the asymptotic bias caused by contamination in the observa- 
tions. The IF was originally called the “infldence curve” (Hampel, 1968, 
1974); however, nowadays we prefer the more general name “iduence 
function” in view of the generalizations to higher dimensions. (The notation 
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a ( x ;  T, F) is also sometimes used in the literature.] If some distribution G 
is “near” F, then the first-order von Mises expansion of T at F (which is 
derived from a Taylor series) evaluated in G is given by 

T(G) = T ( F )  + /IF(x; T ,  F) d ( G  - F ) ( x )  + remainder. (2.1.7) 

Mallows (1975) also studied terms of higher order. 

Let us now look at the important relation between the IF and the 
asymptotic variance. When the observations Xi are i.i.d. according to F, 
then the empirical distribution F, will tend to F by the Glivenko-Cantelli 
theorem. Therefore, in (2.1.7) we may replace G by F, for sufficiently large 
n. Let us also assume that T,,( A‘,, . . . , X,) = c(F,,) may be approximated 
adequately by T( F,). Making use of (2.1.5), which we can rewrite as j IF(x; 
T, F) dF(x) = 0, we obtain 

T,( F,) = T( F )  + /IF(x; T, F) dF,(x)  + remainder. 

Evaluating the integral over F, and rewriting yields 

1 “  6( T, - T( F)) = - IF( X i ;  T, F) + remainder. 
J;; i - 1  

The first term on the right-hand side is asymptotically normal by the central 
limit theorem. In most cases the remainder becomes negligible for n + 00, 

so T, itself is asymptotically normal. That is, JZF(&[T, - T ( F ) ] )  tends to 
N(0,  V( T, F)), where the asymptotic variance equals 

A rigorous mathematical treatment, using diverse sets of regularity condi- 
tions, can be found in Reeds (1976), Boos and Serfling (1980), and Fernholz 
(1983). But for us the IF remains chiefly a heuristic tool; in fact, when one 
has calculated the formal asymptotic variance of a certain estimator by 
means of (2.1.8), it is usually easier to verify the asymptotic normality in 
another way instead of trying to assess the necessary regularity conditions to 
make this approach rigorous. The important thing to remember is that 
(2.1.8) gives the right answer in all practical cases we know of. Furthermore, 
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this formula can be used to calculate the asymptotic relative efficiency 
ARE,,  = V(S,  F) /V(T,  F) of a pair of estimators { T,,; n 2 1) and { S,,; 
n 2 1). 

It is also possible to recover the asymptotic Cram&-Rao inequality (or 
“asymptotic information inequality”) for a sequence of estimators { T,; 
n 2 1)  for which the corresponding functional T is Fisher consistent. 
Denote the density of Fe by fe, and put F ,  := Fe. where 8, is some fixed 
member of 8. The Fisher information at F, equals 

(2.1.9) 

Suppose that 0 < J(F,)  < 00. Assuming that the first-order von Mises 
approximation (2.1.7) behaves well, and making use of (2.1.5) and (2.1.3) we 
obtain 

Changing the order of differentiation and integration, this yields 

Making use of Cauchy-Schwarz we obtain the Cram&-Rao inequality: 

1 
/IF(x; T, F,)*dF,(x)  2 - 

J(  F,)  ’ 
(2.1 . l l )  

where equality holds if and only if 

a 
IF(x; T, F,) is proportional to a [hfe(~)] 8. (2.1.12) 

(almost everywhere). This means that the estimator is asymptotically effi- 
cient if and only if IF(x; T, F,) = J(F,)-’(iI/ae>[ln fe(x)le,. (The factor 
J( F,)-’ comes from (2.1.10).) We shall see later on that this is indeed the 
IF of the maximum likelihood estimator. Making use of (2.1.Q one can 
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easily calculate the (absolute) asymptotic efficiency of an estimator, which is 
given by e := [V(T, F,)J(F,)]-’ .  

However, the IF did not become popular merely because of properties 
(2.1.8) and (2.1.11), useful as these may be, but mostly because it allows us 
to study several local robustness properties, to deepen our understanding of 
certain estimators, and to derive new estimators with prespecified character- 
istics. 

2. lc. Robustness Measures Derived from the Influence Function 

From the robustness point of view, there are at least three important 
summary values of the IF apart from its expected square. They were 
introduced by Hampel (1968,1974). The first and most important one is the 
supremum of the absolute value. Indeed, we have seen that the IF describes 
the standardized effect of an (infinitesimal) contamination at the point x on 
(the asymptotic value of) the estimator. Therefore, one defines the gross- 
error sensitivity of T at F by 

y *  = suplIF(x; T, F)I ,  (2.1.1 3) 
X 

the supremum being taken over all x where IF(x; T, F) exists. A more 
complete notation is y *( T, F). The gross-error sensitivity measures the 
worst (approximate) influence which a small amount of contamination of 
fixed size can have on the value of the estimator. Therefore, it may be 
regarded as an upper bound on the (standardized) asymptotic bias of the 
estimator. It is a desirable feature that y*(T, F) be finite, in which case we 
say that T is B-robusr at F (Rousseeuw, 1981a). Here, the B comes from 
“bias.” Typically, putting a bound on y*  is the first step in robustifying an 
estimator, and this will often conflict with the aim of asymptotic efficiency. 
Therefore, we shall look for oprimal B-robust estimators (Section 2.4) which 
cannot be improved simultaneously with respect to V(T, F) and y*(T, F). 
On the other hand, in most cases there exists a positive minimum of y *  for 
Fisher-consistent estimators, belonging to the so-called most B-robust esti- 
mator (Subsections 2 . 5 ~  and 2.6b). 

The second summary value has to do with small fluctuations in the 
observations. When some values are changed slightly (as happens in round- 
ing and grouping and due to some local inaccuracies), this has a certain 
measurable effect on the estimate. Intuitively, the effect of shifting an 
observation slightly from the point x to some neighboring point y can be 
measured by means of IF( y ;  T, F) - IF(x; T, F), because an observation is 
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added at y and another one is removed at x. Therefore, the standardized 
effect of “wiggling” around x is approximately described by a normalized 
difference or simply the slope of the IF in that point. A measure for the 
worst (approximate and standardized) effect of “wiggling” is therefore 
provided by the local-shift sensitivity 

A* = ~uplIF(y;  T, F) - IF(x; T, F)l/ly - X I ,  (2.1.14) 
X ‘Y 

the smallest Lipschitz constant the IF obeys. However, note that even an 
infinite value of A* may refer to a very limited actual change, because of the 
standardization. Therefore, this notion is quite different from ‘‘ the largest 
discontinuity jump of the IF.” 

It is an old robustness idea to reject extreme outliers entirely, and 
estimators with this property go back at least to Daniel Bernoulli in 1769 
(Stigler, 1980). In the language of the influence function, this means that the 
IF  vanishes outside a certain area. Indeed, if the IF is identically zero in 
some region, then contamination in those points does not have any influence 
at all. In case the underlying distribution F is symmetric (and putting the 
center of symmetry equal to zero), this allows us to define the third 
summary value, the rejection point 

p* = inf{r > 0; IF(x; T, F) = 0 when 1x1 > r ) .  (2.1.15) 

(If there exists no such r ,  then p* = 00 by definition of the infimum.) All 
observations farther away than p* are rejected completely. Therefore, 
it is a desirable feature if p* is finite; such estimators will be studied in 
Section 2.6. 

2.1d. Some Simple Examples 

In order to clarify the notions introduced, we shall now treat some exam- 
ples. Let us take the sample space %= R and the parameter space 0 = R. 
One of the simplest statistical structures is the normal location model, given 
by F, (x )  = 9(x  - 8) ,  where 9 is the standard normal cdf with density 
+(x) = (2~)-’/~exp(- ix’). Let 8, = 0, so Fe, = 9. 

Let us start by considering the arithmetic mean, probably the most 
widely known estimator of all times. Here T, = (l/n)Ey-lXi, and the 
corresponding functional T( G) = / u  dG( u )  is defined for all probability 
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measures with existing first moment. Obviously T is Fisher consistent 
(2.1.3). From (2.1.6), it follows that 

/ud[( l  - t ) ( 9  + t A , ] ( u )  - / u d ( 9 ( u )  
IF( x; T, (9) = lim 

10 t 

(1 - r ) / u d ( 9 ( u )  + t / u d A , ( u )  - j u d @ ( u )  
= lim 

I 1 0  t 

tx 
= lim- 

I 10  t 

because / u d ( 9 ( u )  = 0; hence 

IF(x; T ,  @) = x. (2.1.16) 

Clearly, 1 IF(x; T, a) d @ ( x )  = 0 and V(T, (9) = 1 = j IF(x; T, d @ ( x ) .  
Now J ( ( 9 )  = 1, so / IF(x; T , Q ) ’ d @ ( x )  = J((9)-’, and indeed IF(x; T , @ )  
is proportional to (a/aO)[ln j , ( x ) ] , , .  Therefore the arithmetic mean, which 
is the maximum likelihood estimator for this model, has asymptotic efficiency 
e = 1. 

So far we have used the I F  to show the good efficiency properties of the 
mean, but let us now turn to its robustness characteristics. First, the 
gross-error sensitivity y* equals infinity, so the mean is not B-robust. This 
reflects the fact that, for any sample size, even a single outlier can carry the 
estimate over all bounds (if it is far enough). It is of small comfort that the 
local-shift sensitivity A* = 1 is finite, which is much less important, [In fact, 
this is even the lowest value of A* possible for “well-behaved” Fisher-con- 
sistent functionals: from (2.1.10) it follows that / IF’(x; T, (9) d(9 (x )  = 1 
using ( a / a e ) [ f , ( x ) ] ,  = - ( d / d x ) + ( x )  and integrating by parts, hence it is 
impossible that IF‘(x; T, (9) c 1 for all x.] Moreover, the rejection point p* 
is infinite too. Concluding, we may say that the mean is least susceptible to 
rounding errors, but that it is dangerous in any situation where outliers 
might occur (which is to say, nearly always). 

In the same framework one can also use the sample median. If n is odd, 
then T, simply equals the middle order statistic; if n is even, then T, is the 
average of the (n/2)th and the (n/2 + 1)th order statistics. The correspond- 
ing functional is given by T(G) = G-‘( $), where in the case of nonunique- 
ness one chooses the midpoint of the interval { 1; G ( t )  = i), and in the case 
that G has a discontinuous jump passing $, one chooses the point where 
this jump occurs. This functional is clearly Fisher consistent, and it will be 
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Figure 1. Influence functions of the mean and the median. 

shown in Subsection 2.3a that 

(2.1.17) 

(This influence function is drawn in Figure 1, together with that of the 
mean.) Again, 1 IF(x; T, @) d@(x) = 0. The asymptotic variance is V(T, a) 
= 1 IF(x; T, d@(x) = (2+(0))-2 = s/2 = 1.571, so the asymptotic effi- 
ciency now equals e = 2/s = 0.637. 

The median possesses a finite gross-error sensitivity y* = (2+(0))-l = 
(72/2)’12 = 1.253, so it is B-robust. Indeed, 1.253 is even the minimal value, 
as will be shown in Subsection 2Sc, so the median is most B-robust. 
Because the IF has a jump at zero we have A* - 00, which means that the 
median is sensitive to “wiggling” near the center of symmetry. (However, 
this is not nearly as important as the fact that y* is finite.) And finally, 
again the rejection point p* is infinite. This may seem surprising, but we 
stress that the median does not reject outliers, the latter having a certain 
(fixed) influence. Indeed, if one adds an outlier to the sample, then the 
“middle” order statistic will move in that direction. 

Although the median is already much more robust than the mean, it can 
still be improved from our point of view. Indeed, it is possible to devise 
estimators such as the “ three-part redescending M-estimators” and the 
“ tanh-estimators” (see Section 2.6), which (for suitable choices of the 
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constants involved): 

Possess a y*  which is still quite low. 
Are much more efficient than the median. 
Possess a low local-shift sensitivity A*. 
Possess a finite rejection point p*. 

In order to show that robustness theory is not only for location parameters 
and symmetric distributions, let us now look at the Poisson model. Here the 
sample space I equals the set of nonnegative integers (0,1,2,, . . ) and X is 
the counting measure. The parametric model states that the observations 
X,, . . . , X, are i.i.d. with respect to some Poisson distribution F,, where the 
unknown risk parameter 8 belongs to the sample space 0 = (0,~). The 
density f, of F, with respect to X is given by 

This model has no symmetry or invariance. By maximizing n,?,,f,( X i )  we 
immediately find that the maximum likelihood estimator for 8 is x = 
( l / n ) X y - , X i .  This estimator can also be written as the functional 

OQ 

T ( F )  = /udF(u) = / u f ( u ) d A ( u )  = k f ( k ) ,  (2.1.18) 
x 2- k - 0  

where F is any distribution on %= {0,1,2, ... 1 with density f .  This 
functional is clearly Fisher consistent, because 

for all 8 in 0 = (0,~). Let us now compute the influence function of T at 
some Poisson distribution F ,  = Fee. Because of Definition 1, the con- 
taminating point masses may only occur in points x E %, so the ' IF can 
only be calculated at integer values of x: 

E L o q ( 1  - t ) f * ( k )  + q x ) ( k ) ]  - Z * O k f * ( k )  

q- &I{ x ( k ) - m- 0 kf * ( k ) 

IF(x; T, F,) = lim 
f 10 t 

= lim 
110 t 

= x - 8,. (2.1.19) 
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3t 

Figure 2. Influence function of the arithmetic mean at the Poisson distribution F, with risk 
parameter 8, - 2.5. The influence function is only defined for integer arguments. 

Figure 2 displays the influence function for a specific value of 8,. Note that 
the IF is a discrete set of points! By means of (2.1.8) we can compute the 
asymptotic variance of our estimator: 

V( T ,  F,) = /IF( x; T ,  F,)’ d F * ( x )  
s 

00 

= (k - e,)’f,(k) = 8 , .  
k - 0  

Because the Fisher information (2.1.9) equals J(F, )  = O;’, it follows that 
the asymptotic efficiency is e = [V(T, F,)J(F,)]-’ = 100%. However, the 
influence function is unbounded; hence y*  = 00 so the estimator is not 
B-robust. 

2.le. Finite-Sample Versions 

The above definition of the influence function was entirely asymptotic, 
because it focused on functionals which coincide with the estimator’s 
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asymptotic value. However, there exist also some simple finite-sample 
versions, which are easily computed. 

The simplest idea is the so-called empirical influence funcfion (Hampel et 
al., 1982). The first definition is by means of an additional observation. 
Suppose we have an estimator {T,; n 2 1) and a sample (xl,. . . , x,-J of 
n - 1 observations. Then the empirical IF of the estimator at that sample is 
a plot of 

as a function of x. Alternatively, one can define it by replacing an observa- 
tion: when the original sample consists of n observations, one can replace 
one of them (say x , )  by an arbitrary x and again plot (2.1.20), which goes 
through the actual estimate T,(x,, . . . , x,) for x = x,. This second version 
is particularly useful when x n  is already an outlier. For example, for the 
Cushny and Peebles data we have n = 10 and x ,  = 4.6. Figure 3 displays 
the empirical IF for the arithmetic mean x and the estimators 10% and 
50%. It simply shows what the estimates might have been for other values of 
the last observation. 

The curves for the arithmetic mean and the median look very much like 
the (asymptotic) influence functions in Figure 1 of this section. The most 
important aspect is that the empirical IF of the mean becomes unbounded 
for both x --* +oo and x - -00, whereas the median remains constant. 
We will see later on that the asymptotic IF of 10% also looks very much like 
the empirical one in Figure 3. 

The second tool is Tukey's (1970/71) sensifivify curve. Again, there are 
two versions, one with addition and one with replacement. In the case of an 
additional observation, one starts with a sample (xl,. . . , x,,-~) of n - 1 
observations and defines the sensitivity curve as 

This is simply a translated and rescaled version of the empirical IF. When 
the estimator is a functional [i.e., when T,(xl, , . . , x, )  = T(F,) for any n, 
any sample (xl,. . . , x,,), and corresponding empirical distribution F,], then 

where Fn-l is the empirical distribution of (xl,. . . , x,-  l). This last expres- 
sion is a special case of (2.1.6), with F,-.l as an approximation for F and 
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m 
“t 1.6 

1 I I I I I I 
-2.0 -1.0 0.0 1.0 2.0 3.0 4.0 4.6 5.0 

Figure 3. Empirical influence functions of the arithmetic mean, the 10%-trimmed mean, and 
the median, computed for the Cushny and Peebles data where the last observation 4.6 has been 
replaced by an arbitrary value x .  

with contamination size t = l /n .  In many situations, SC,(x) will therefore 
converge to IF(x; T, F) when n -, a. 

one can 
also construct so-called stylized sensitivity curues (Andrews et al., 1972, p. 
96) by starting with an artificial “sample” consisting of the n - 1 expected 
order statistics (from a random sample of n - 1). When F is the standard 
normal, these can easily be found. Another possibility is to put x i  := 
i p - ’ ( i / n ) ,  where ip is the standard normal cdf. In both situations the 
original “sample” is symmetric, so that often Tn-l(.xl,. . . , x,,- 1) will vanish, 
simplifying the computation. In Andrews et al. (1972, p. 97-101) many 
examples are plotted, including the arithmetic mean and the median which 
give rise to SC curves virtually identical to Figure 1. 

A third important tool is the jackknife (Quenouille, 1956; Tukey, 1958). 
Consider again an estimator which is a functional, and compute 
T,(x,, . . . , x,) = T(FJ for a sample of size n. Then the ith jackknifed 

Instead of basing SC,,(x) on an actual sample (xl,.  . 
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pseudovalue is defined as 

T$ = nT,(xI ,..., x,,) - ( n  - l )Tn- l (x l  ,..., ,..., x,). 

(2.1.22) 

For the arithmetic mean, we simply find T,: = xi .  In general, a sample 
( x l , .  . . , x,) and a functional T yield a pseudosample (T,,:,. . . , T,;), which 
is used to compute a “corrected” estimate 

which often has a smaller 
pseudovalues equals 

(2.1.23) 

bias than the original T,. The variance of the n 

1 ”  C Tn: 
i - 1  

T,* = - 

(2.1.24) 

Tukey (1958) found that (l/n)V, is often a good estimate of the variance of 
the original estimator T,. In recent years, such variances have also been 
estimated by means of the bootstrap, a tool which has close connections to 
the jackknife (Efron, 1979). The jackknife is also related to the influence 
function. If we .apply (2.1.6) to compute IF(xi; T, F,) and plug in t = 

- l / ( n  - 1) [negative values of t are allowed in Eq. (2.1.4)], we find 

= ( n  - 1){ Tn(xl , . .  . , x,)- Tn- l (x l , .  - .  , xi-1, xi+l , .  . , x , ) }  

= T,: - T n ( x 1 ,  ..., x,). 

Formula (2.1.8) for the asymptotic variance gives rise to the following 
finite-sample approximation: 

V(  T ,  F )  = /IF( x ;  T ,  F)’  dF( x )  = Var, [IF( X; T ,  F ) ]  

I Var,[IF(X; T ,  F,)] 3 Var{IF(xi; T ,  F , ) ;  i = 1 ,..., n }  

= Var{ T,: - Tn(xl ,..., x,,); i = 1 ,..., n }  

= Var{ T,:; i = I , .  . . , n }  = V, 

which yields Eq. (2.1.24), corresponding to Tukey’s estimate. 
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2.2. THE BREAKDOWN POINT AND QUALITATIVE ROBUSTNESS 

2.2% Global Reliability: The Breakdown Point 

In the first section we introduced the influence function, which describes the 
infinitesimal stability of (the asymptotic value of) an estimator. The in- 
fluence function is a collection of directional derivatives in the directions of 
the point masses Ax, and is usually evaluated at the model distribution F. It 
is a very useful tool, giving rise to important robustness measures such as 
the gross-error sensitivity y * ,  but there is one limitation-by construction, 
it is an entirely local concept. Therefore, it must be complemented by a 
measure of the global reliability of the estimator, which describes up to 
what distance from the model distribution the estimator still gives some 
relevant information. 

First, let us start by giving a formal meaning to the word “distance.” One 
distinguishes three main reasons why a parametric model does not hold 
exactly: 

(i) Rounding of the observations. 
(ii) Occurrence of gross errors. 

(iii) The model is only an idealized approximation of the underlying 
chance mechanism. 

The sample space S is a subset of R as in Subsection 2.la. The Prohorou 
distance (Prohorov, 1956) of two probability distributions F and G in 
.F(X) is given by 

r ( F , G )  := inf(e; F ( A )  s G ( A ‘ )  + E for allevents A},  (2.2.1) 

where A‘ is the set of all points whose distance from A is less than E. When 
one looks closer at this definition, it becomes clear that it formalizes (i) and 
(ii) above. (Indeed, A‘ stands for rounding the observations of the event A, 
whereas the term + E  indicates that a fraction E of the data may be very 
differently distributed.) It also takes care of (iii) because this distance 
induces weak convergence on F(S). This is important because many 
approximations (e.g., by virtue of the central limit theorem) are in the sense 
of weak convergence. 

Second, let us make more precise what is meant by saying that an 
estimator “still gives some relevant information.” Let us recollect that the 
parameter space 8 is a subset of R. For example, assume that the true value 
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of the parameter 19 at the underlying model distribution F is 3, say, and 
consider all distributions G at a Prohorov distance of, say, 0.25 or less from 
F. Clearly, our estimator becomes totally unreliable when the distributions 
in this set can yield estimates that are arbitrarily far away from 3. With this 
in mind, Hampel (1968, 1971) gave the following definition, generalizing an 
idea of Hodges (1967). 

Definition I. The breakdown point E* of the sequence of estimators { T‘,; 
n 2 1 )  at F is defined by 

E s 1; there is a compact set K ,  0 such that 

T (  F,G) < E implies G( { T,, E K,}) ‘,Y) + . (2.2.2) 

For instance, when Q = W we obtain E* = SUP(& s 1; there exists r, 
such that n(F,G) < E implies G(( IT‘,l I r ,})  1).  The breakdown point 

should formally be denoted as E * ( {  T‘,; n 2 l } ,  F), but it usually does not 
depend on F. Compare also Subsection 1.3d for the intuitive interpretation 
of E* .  Most importantly, it provides some guidance up to what distance 
from the model the local linear approximation provided by the IF can be 
used (see also Section 2.7). 

n- rw 

Remark 1. There are some variants of the breakdown point, where in 
Definition 1 the Prohorov distance is replaced by the LCvy distance or the 
bounded Lipschitz metric, or even by the total variation distance or the 
Kolmogorov distance (for definitions and properties of these distances see 
Huber, 1981, Sections 2.3 and 2.4). One can also consider the gross-error 
breakdown point where n(F,G) < E is replaced by G E ((1 - E ) F  + E H ;  
H E 9(%)}. Loosely speaking, this is the largest fraction of gross errors 
that never can carry the estimate over all bounds. This notion is much 
simpler and often leads to the same value of E * .  

In recent years, people have become interested in finite-sample versions 
of the breakdown point. [Actually, already the definition of Hodges (1967) 
was written down for finite samples.] This yields much simpler notions, 
which do not contain probability distributions. Donoho and Huber (1983) 
list some possibilities; in our opinion, the most appealing and most general 
formalization corresponds to what they call “E-replacement.” A slightly 
different definition, which is more consistent with Definition 1, was given by 
Hampel et al. (1982, lecture 1). We shall now treat the latter. 
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Definition 2. The finite-sample breakdown point E: of the estimator T, at 
the sample (xl,. . . , x,) is given by 

(2.2.3) 

where the sample (zl,. . . , 2.) is obtained by replacing the m data points 
xi, ,  . . . , xi, by the arbitrary values yl,. . . , y,,,. 

Note that this breakdown point usually does not depend on (xl,. . . , xn) ,  
and depends only slightly on the sample size n.  In many cases, taking the 
limit of E: for n -, 00 yields the asymptotic breakdown point E* of 
Definition 1. Donoho and Huber (1983) take the smallest tn for which the 
maximal supremum of I T,( zl,. . . , zn)l is infinite, so their breakdown point 
equals e: + l / n .  For example, for the arithmetic mean we find e: = 0, 
whereas they obtain the value l /n .  

In Subsection 1.4b, the breakdown point is used to investigate rejection 
rules for outliers in the one-dimensional location problem. 

Finally, a word of caution. When computing some breakdown point, one 
must keep in mind that an estimator may sometimes “break down” in more 
ways than one. In certain situations, the possibility that the estimator 
becomes unbounded (“explosion”) is not the only problem. For example, 
for scale estimators it is equally important to keep the estimate away from 
zero (“implosion”). This is covered by Definition 1, because the parameter 
space for scale is ( 0 , ~ )  so any compact set has a positive distance from 
zero. Definition 2 is essentially for location estimators, and can be adapted 
to scale estimators by requiring that also min ,,,..., ,infY, ,..., ymTn( zl,. . . , z , )  
> 0. 

2.2b. Continuity and Qualitative Robustness 

In the same context, Hampel (1971) also introduced some qualitative 
notions. The main idea is to complement the notion of differentiability 
(influence function) with continuity conditions, with respect to the Prohorov 
distance. Logically, continuity comes first; but since it yields only a simple 
dichotomy and not the rich quantitative structure of the IF, it has been 
deferred so far. 

Definition 3. We say that a sequence of estimators {T,; n 2 1) is 
qualiruriuely robwr at F if for every e > 0 there exists S > 0 such that for all 
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G in 9 ( S )  and for all n: 

r ( F , G )  < 6 a n(pF(Tn),2pG(Tn)) < E .  

Thus this definition describes equicontinuity of the distributions of T, 
with respect to n. 

Definition 4. A sequence { T,; n 2 1) is called continuous at F when for 
every E > 0 there exists S > 0 and n o  such that for all n, m r: n o  and for all 
empirical cdf F,, F,: 

The notions of qualitative robustness and continuity are not identical, 
but they are closely linked by means of two theorems of Hampel (1971): 

Theorem 1. A sequence { T,; n 2 l} which is continuous at F and for 
which all T, are continuous functions of the observations, is qualitatively 
robust. 

Theorem 2. In case the estimators are generated by a functional T [i.e., 
T,(F,) := T(F,)],  then T is continuom (with respect to the Prohorov 
distance) at all F if and only if { T,; n 2 11 is qualitatively robust at all F 

and satisfies a(49,(Tn), 
n+ m 
+ 0 for all F. 

Note that qualitative robustness is closely related to, but not identical 
with, a nonzero breakdown point. 

Example 1. The arithmetic mean is nowhere qualitatively robust and 
nowhere continuous, with E* = 0. [This example shows that ordinary con- 
tinuity of T,(x, ,  . . . , x,) as a function of the observations x l , .  . . , x ,  is not 
suitable for a robustness concept.] 

Example 2. The median is qualitatively robust and continuous at F if 
F - ' ( t )  contains only one point, but note that i t  always satisfies E* = 4. 

Example 3. The a-trimmed mean (0 < a < i), given by 

T ( F )  = p - ' ( t ) d t / ( l  - 2 4 ,  
a 
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is qualitatively robust and continuous at all distributions, with E* = a. This 
simple estimator is quite popular because it appeals to the intuition: one 
removes both the [an ]  smallest and the [ a n ]  largest observations, and 
calculates the mean of the remaining ones (cf. Subsection 2.3b). 

Remark 2. Note that qualitative robustness is not equivalent to the 
B-robustness of Subsection 2.lb. The first condition has to do with continu- 
ity, whereas the second (requiring that the IF is bounded) is connected with 
differentiation. For example, at F = (9 the normal scores estimator (see 
Subsection 2.3~) is qualitatively robust but not B-robust, whereas the 
optimal L-estimator for the logistic distribution (see Subsection 2.3b) is 
B-robust but not qualitatively robust. However, for M-estimators there is a 
simple connection, as will be seen in Subsection 2.3a. 

A slight variant of the concept of qualitative robustness, which has 
sometimes proven useful, is the notion of It-robustness (Hampel, 1971, 
Section 5 )  which allows for some dependence within the n-tuples of ob- 
served outcomes, and also allows for slight changes of the distributions 
underlying the different observations. Thus one may avoid the strict as- 
sumption of independent identically distributed observations. (For a more 
thorough treatment of violations of the assumption of independence, see 
Section 8.1.) 

More details about the breakdown point and qualitative robustness can 
be found in Hampel (1968,1971,1974,1976) and Huber (1981, Sections 1.3 
and 2.6; 1984). 

2.3. CLASSES OF ESTIMATORS 

2.3a. M-Estimators 

General Case 

Consider the estimation problem described in Subsection 2.la. The well- 
known maximum likelihood estimator (MLE) is defined as the value T, = 
Tn( XI,. . . , X,) which maximizes nin,I fT$Xi) ,  or equivalently by 

n 

C [ - l n f r , ( ~ ~ ) ]  = min! (2.3.1) 
i - 1  T .  

where In denotes the natural logarithm. Huber (1964) proposed to generalize 
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this to 

n 

C P ( X , , T , )  = min! 
i- I T. 

(2.3.2) 

where p is some function on 9-X  0. Suppose that p has a derivative 
+ ( x ,  8) = (8/88)p(x, e ) ,  so the estimate Tn satisfies the implicit equation 

(2.3.3) 

Definition 1. Any estimator defined by (2.3.2) or (2.3.3) is called an 
M-estimator. 

The name “M-estimator” (Huber, 1964) comes from “generalized maxi- 
mum likelihood.” Of course, (2.3.2) and (2.3.3) are not always equivalent, 
but usually (2.3.3) is very useful in the search for the solution of (2.3.2). The 
estimator is not altered when + is multiplied by any constant r > 0 [but a 
negative r would correspond to maximization in (2.3.2)]. For the sake of 
brevity, we shall often identify I) with the M-estimator it defines. 

If G, is the empirical cdf generated by the sample, then the solution T, of 
(2.3.3) can also be written as T(G,), where T is the functional given by 

for all distributions G for which the integral is defined. Let us now replace 
G by Cax = (1 - t)F + t A ,  and differentiate with respect to t ,  so 

(if integration and differentiation may be interchanged). Making use of 
(2.1.6) and (2.3.4) we obtain 
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under the assumption that the denominator is nonzero. Therefore + is 
B-robust at F if and only if +( ., T ( F ) )  is bounded. By means of (2.1.8) the 
asymptotic variance may be calculated: 

Clarke (1983, 1984b) gave a mathematical justification of (2.3.5) by 
proving Frkhet differentiability of M-estimators in a general framework, 
even when J, is not smooth. His results are very strong, because existence of 
the Frkhet derivative for statistical functionals implies existence of the 
weaker Hadamard derivative (also called compact derivative) of Reeds 
(1976) and Fernholz (1983), and the Gateaux derivative discussed by 
Kallianpur (1963), a special case of which is the influence function. 

The maximum likelihood estimator is also an M-estimator, correspond- 
ing to p(x, 6 )  = -lnfe(x), so IF(x; T, &) = J(&)-'(a/aB)pn f8(x)]8 and 
V(T, 4) = J ( G ) - ~ ,  confirming (2.1.12). 

When working with parametric models one keeps encountering the 
expression 

which is generally called the maximum likelihood scores function, because the 
MLE corresponds to Z;-'s( X,, MLE,) = 0. 

We shall now use this function to find another expression for (2.3.5). Let 
T be Fisher consistent (2.1.3), that is, 

/+(x,8)dFe(x) = 0 for all 8. (2.3.7) 

By differentiation of (2.3.7) with respect to 8 at some 6 *, we obtain another 
formula for the denominator of (2.3.5) at F ,  := F8.. This yields 

(2.3.8) 



2.3. CLASSES OF ESTIMATORS 103 

Note that this formula involves I) only at 8 * .  [Equation (2.3.8) could also 
be derived from (2.1.10).] 

Location 

When estimating location in the model S= W, 0 = R, F,(x)  = F(x  - 0) 
it seems natural to use +functions of the type 

where it is assumed that 

/ + d F  = 0 (2.3 .lo) 

in order that T be Fisher consistent (2.1.3). Then 

and at the model distribution F we obtain 

(2.3.1 1) 

(2.3.1 2) 

under the assumption that the denominator is nonzero. The IF is propor- 
tional to +, so it may be used itself as the defining +function. (Hence, for 
every sufficiently regular location estimator there exists an M-estimator with 
the same IF at the model.) Huber (1964, p. 78) noted that +' may contain 
delta functions: If 1c, is discontinuous in the point p with left and right 
limits # ( p  - ) 2: + ( p  + ), then +' contains a delta function [ + ( p  + ) - 
# ( p  - ) ]6 (p )  which yields the term [ # ( p  + ) - + ( p  - )]f(p) in the de- 
nominator of (2.3.12). Formula (2.3.8) avoids this difficulty. 

The asymptotic variance at F can be calculated from (2.1.8), yielding 

(2.3.13) 

Asymptotic normality with this variance may be shown rigorously under 
certain regularity conditions (Huber, 1964, 1967, 1981; Boos and Serfling, 
1980; Clarke, 1983, 1984b). The Cram&-Rao inequality (2.1.11) holds with 
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2 

J ( F )  = /( $) dF. (2.3.14) 

In case the model distribution F is symmetric, it is natural to choose a 
skew-symmetric +function [i.e., + ( - x )  = -J , (x ) ] .  In this situation all 
M-estimators with strictly monotone J, satisfy the following properties: (1) 
if + is bounded then they are B-robust, qualitatively robust, and have 
breakdown point E* = 4; and (2) if + is unbounded then they are neither 
B-robust nor qualitatively robust, and e* = 0 (Hampel, 1971; Huber, 1981, 
Section 3.2). 

Remark 1. In case + is not strictly monotone, the solution of (2.3.3) 
may not be unique. For example, in the case of M-estimators with finite 
rejection point (which we shall deal with in Section 2.6), Cy-,,J,(X, - T.) 
will vanish for all large absolute values of T,. In that case there are three 
ways to define a sequence {T,; n 2 1) of solutions which is unique and 
consistent: (1) take the global minimum of (2.3.2); (2) take the solution of 
(2.3.3) nearest to the sample median; or (3) use Newton's method, starting 
with the median as in Collins (1976) and Clarke (1984a). Methods (2) and 
(3) are quite easy to perform and inherit e* = $ from the median. 

Example 1. The MLE corresponds to + = - f ' / f  and possesses the 
smallest asymptotic variance V( J,, F) possible, namely the inverse of the 
Fisher information, by (2.1.12). At F = a, we obtain the arithmetic mean 
with +(x) = x and V(+,@) = J(@)-'  = 1. At the logistic distribution 
F ( x )  = [1 + exp(-x))-' we find J, (x )  = 2F(x) - 1 with V(#, F) = 
J(F)- '  = 3. At the double exponential or Laplace distribution (f(x) 
= 4 exp(- 1x1)) we obtain the median, given by +-,(x) = sign(x) with 
V(+,,,&, F) = J(F)- '  = 1. At the Cauchy distribution, given by f(x) = 
l/[w(l + x2)], we find the nonmonotone + ( x ) * -  2x/(1 + x2)  with 
V(+ ,  F) = J(F)--'  = 2. 

Example 2. The Huber estimator was introduced (Huber, 1964) as the 
solution of the minimax problem sketched in Section 2.7, at F = a. It is 
given by 
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Figure 1. +function defining the Huber-estimator with cutoff point b. 

for 0 < b < 00 (see Fig. 1). It is the MLE for the distribution with density 
f( x) = [exp( - jOXJ/b( t )  dt)]/j[exp( - j o v b (  I )  dr)] du, which is least favorable 
in the minimax sense (see Fig. 1 of Section 1.3). This estimator is also 
E-robust, qualitatively robust, and possesses E* = f. In the next section we 
shall even show it to be optimal B-robust. 

Unfortunately, location M-estimators are usually not invariant with 
respect to scale, which is often a nuisance parameter. This problem can be 
solved by defining T,, through 

i -1  i + ( F ) = O ,  
where S,, is a robust estimator of scale. It is advisable to determine S,, first, 
by means of 

S,, = 1.483MAD(xi) = 1.483medi((xi - medj(xj)I] 

which has maximal breakdown point E* = 50%. On the other hand, one 
could also compute T,, and S,, simultaneously as M-estimators of location 
and scale, as in Huber’s “Proposal 2” (Huber, 1964; 1981, Section 6.4), also 
discussed in Subsection 4.2d of the present book. However, simulation has 
clearly shown the superiority of M-estimators with initial scale estimate 
given by the MAD (Andrews et al., 1972, p. 239), which is also much easier 
to use than the simultaneous version. Therefore, we recommend the use of 
initial MAD scaling for M-estimators. 
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One-step M-estimators (sometimes called "m-estimators") are defined by 

(Bickel, 1975), where T,,(') and Sjo) are initial estimates of location and scale. 
The resulting T, are the first step of an iterative algorithm for M-estimates 
(Huber, 1981, Section 6.7), but it turns out that they essentially have the 
same behavior (and also the same influence function, asymptotic variance, 
etc.) as their fully iterated versions, at least when I) is odd and the 
underlying F is symmetric. In the case where + is not monotone, the 
one-step variant is even much safer to use, because it avoids the problem of 
uniqueness. However, one-step M-estimators should only be used when T',') 
and SJo) are very robust: It is recommended to take 

T,,(') = med(xi), 

Sio) = 1.483MAD( xi). 

Otherwise, the resulting estimate may be very nonrobust: It is shown 
(Andrews et al., 1972, p. 253) that starting from the arithmetic mean leads 
to disastrous results, and also that the interquartile range (having only a 
25% breakdown point) is not nearly as good as the MAD initial scale. 

scale 

The scale model is given by FB(x) = F(x/6), where S= R, 8 = (0, oo), 
and 6, = 1. An M-estimator for scale is defined by (2.3.3) with 

+(x,6)  = +(x/@. (2.3.16) 

We still need (2.3.10) for Fisher consistency. From (2.3.5) it follows that 

(2.3.17) 

under the assumption that the denominator is nonzero, so at the model 
distribution F we obtain 

(2.3.1 8) 
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Again +' might contain delta functions, and the expected square of the IF 
equals the asymptotic variance. Cramtr-Rao holds with Fisher information 

J ( F )  = /( x- + 1 dF(x). r (2.3.1 9) 

At the normal we find J ( @ )  = 2. When the model distribution F is 
symmetric, it is natural to use a symmetric +-function [i.e., #( -x) = # ( x ) ] .  
When + is also strictly monotone for x > 0, then there are two possibilities: 
(1) if # is bounded then it is B-robust, qualitatively robust, and satisfies 
E* = - + ( O ) / ( + ( c o )  - +(O)) s 4; and (2) if + is unbounded then it is 
neither B-robust or qualitatively robust, with E* = 0 (see Huber, 1981, 
Section 5.2). 

Example 3. The MLE is given by #(x) = -x(f'(x)/f(x)) - 1, and 
has the smallest asymptotic variance by (2.1.12), namely l / J (  F). At F = CP 
we obtain +(x) = x 2  - 1, which is neither B-robust nor qualitatively 
robust, and has breakdown point E* = 0. A robustified version will be 
discussed in the next section. 

Example 4. The M-estimator given by 

+MAD(X) = sign(lxl - Q - W )  (2.3.20) 

is the median of the absolute values of the observations, multiplied with 
l/CP-l(:) to make it Fisher consistent for F = CP. In this situation there is 
no nuisance parameter. However, in the general case with unknown location 
parameter, one takes the median of (he absolure deviations from the median 
(and then multiplies with the same constant l/@-'(;) = 1.483). In this 
general case, we call this estimator the (standardized) median (absolute) 
deviation ( M A D ) .  The influence function equals 

IF  (x;  +,a) = 1 sign(lx1 - @-'(:)). (2.3.21) 
4@-l(:)+(@-l(:)) 

It holds that y *  = 1/[4CP-1(:)+(@-1(2))] = 1.167, so we have B-robust- 
ness. (This estimator is even most B-robust, as will be shown in Theorem 9 
in Subsection 2.5e.) Moreover, V(+,@) = ( y * ) '  = 1.361 by (2.1.Q and the 
asymptotic efficiency is e = l / [V(+,@)J(CP)]  = 1/[2(y*)'] = 0.367. The 
MAD is also qualitatively robust and possesses maximal breakdown point 
E* = -+(O)/(+(co) - +(ON = t .  
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23b. L-estimators 

Location 

(2.3.22) 

where X, : ,,, . . . , Xn: is the ordered sample and the a, are some coefficients. 

The name “Lestimators” comes from “linear combinations of order 
statistics.” A natural sequence of location estimators is obtained if the 
weights a, are generated by 

hdX 1 hdX, (2.3.23) 

where h : [0,1] + R satisfies j[o,llhdX # 0. Clearly, h is only defined up to 
a nonzero factor. (Therefore, one often works with the standardized version 
h( U ) / ~ ~ ~ , , + J  dX.) Under diverse sets of regularity conditions (for a survey 
see Helmers, 1978, 1980), these estimators are asymptotically normal. The 
corresponding functional is 

/ l0.11 
ai = Li - l)/n. i/nl 

(2.3 -24) 

It is Fisher consistent because of the standardization, and its influence 
function is 

(2.3.25) 

where the denominator is nonzero because it equals jro,llhdh (Huber, 
1977a). It follows that 

Example 5. The median corresponds to h = a,!,, so j , , , h d X  = 1 and 
T(G) = /[o,llG-’(y)h(y) d X ( y )  = G-’(+). Its duence  function thus 
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equals 

IF ( x ; T , F )  = 1 sign(x - F-’(+)). (2.3.27) 
2f ( F - Y t ) )  

In case of a general combination of quantiles T(C)  = CiajG-’(ti)  with 
Cia, = 1, we have h = Zjaii3(,,), jl0,,,hdX = 1 and the IF has jumps of size 
ai / f (  F- ’ ( t i ) )  in the quantiles F-’( r i ) .  For example, Gastwirth (1966) 
proposed the “quick estimator” given by a, = 0.3, t ,  = f, a,  = 0.4, t ,  = f, 
a3 = 0.3, t ,  = t .  

Example 6. As in Example 1, let us now look for the estimators with 
maximal asymptotic efficiency. They are given by h( F((x)) proportional to 
-[lnf(x)]” because of (2.1.12). At F = CP we obtain the arithmetic mean 
(h = l), and at the double exponential we find the median. At Huber’s 
“least favorable distribution” (see Example 2) we obtain the a-trimmed 
mean (see Example 3 in Subsection 2.2b) given by h = lla,l-al for a = 
F(-b), which has the same IF at this model as the Huber estimator. 
However, note that the a-trimmed mean and its IF differ from the corre- 
sponding Huber-estimator outside this model; in particular, the a-trimmed 
mean achieves only E* = a, whereas the Huber-estimator possesses E* = f! 
For the logistic distribution we obtain h ( t )  = t(1 - r ) ,  and at the Cauchy 
distribution we find the peculiar weight function h ( t )  = cos(2at)(cos(2ar) 
- 11 (with jlo,llhdX = 4) which is negative for It - f l  > a. 

Remark 2. The logistic and the Cauchy L-estimators are important 
examples of estimators that are B-robust but not qualitatively robust, unlike 
the corresponding M-estimators with the same IF at the model. But why do 
L-estimators and M-estimators behave differently? For M-estimators the IF 
is always proportional to I) at any distribution; but for L-estimators the 
shape of the IF depends on the distribution because of (2.3.26), so the IF 
itself is not very stable under small changes. For example, for the logistic 
L-estimator the derivative of the IF is proportional to C(xX1 - G(x)), so a 
heavy-tailed G can make the IF unbounded. 

Scale 

testimators of scale are also defined by a Tn of the form (2.3.22), but now 
the weights are generated by 

j h(r)F- ‘ ( r )  dX(r ) ,  (2.3.28) 
[O. 11 

a , =  j 
[( i - l)/‘n, i / n ]  
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where h : [0,1] + R is such that the denominator is nonzero. (At a symmet- 
ric model distribution, we usually choose a symmetric h in the location case 
and a skew-symmetric h in the scale case.) We obtain 

(2.3.29) 

(some generalizations can be found in Huber, 1981, Section 5.3), and 

(2.3.30) 

Example 7. The r-quantile range corresponds to h = - 4,) for 
0 < t < $, and yields T(G) = [G-'(l - f )  - G-'(r)]/[F-'(l  - t )  - 
F 1 ( t ) ] .  When F is symmetric, then 

1 
IF(X; T, F) = 

2F-'(l - t)f(F-l(l - 2t)) 

(2.3.31) 

making use of T ( F )  = do - 1. For example, for the interquartile range 
(t = $) at F = we obtain (2.3.21), the IF of the MAD. Therefore, again 
y* = 1.167 and e = 0.367. The interquartile range shares the efficiency 
properties, B-robustness, and qualitative robustness of the MAD at the 
normal distribution, but there is one important difference-the MAD 
possesses e* = 4 and the interquartile range only e* = (imagine all 
contamination on one side). 

&estimators go back to Hodges and Lehmann (1963); the name R-estima- 
tors comes from the fact that they are derived from rank tests. In the 
one-sample case, they only exist for the location problem. Originally, these 
estimators were derived from one-sample tests, but we shall now discuss the 
more customary approach which uses two-samples tests (Huber, 1981, 
Section 3.4). 
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We first describe two-sample location rank tests. Let X I , .  . . , X ,  and 
Y,, . . . , Y,, be two samples with distributions H ( x )  and H ( x  + A), where A 
is the unknown location shift. Let Ri  be the rank of Xi in the pooled sample 
of size N = m + n. A rank test of A = 0 against A > 0 is based on a test 
statistic 

(2.3 3 2 )  

with weights a,(i) that are only defined up to a positive f i n e  transforma- 
tion. Suppose the a,(i) are generated by a function +: [0,1] -P R by means 
of 

(2.3.33) 

where + is skew symmetric [+(l - u )  = -+ (u ) ] ,  so /+(u)du = 0. 

Definition 3. An R-estimator of location can be defined as T,, = 
T,( XI,. . . , X,,),’where T, is chosen in order that (2.3.32) becomes as close to 
zero as possible when computed from the samples X I , .  . . , X,, and 2T, - 
XI,. . . , 2Tn - X,,. 

The idea behind this definition is the following. From the original sample 
XI, ..., X,, we can construct a mirror image by replacing each Xi by 
T,, - ( X i  - T,,). We choose the T,, for which the test cannot detect any shift, 
which means that the test statistic S, comes close to zero (although it often 
cannot become exactly zero, being a discontinuous function). Therefore, T, 
corresponds to the functional T satisfying 

~ C ( Y )  + i(l - C ( 2 T ( G )  - Y ) ) ]  d G ( Y )  = 0. (2.3.34) /+[ 

Let us suppose that F has a strictly positive and absolutely continuous 
density. If we replace G by F,x = (1 - t ) F  + tAx ,  differentiate with respect 
to t at zero, and perform some substitutions, we obtain 

U(X) - jUdF 
/U‘dF 

IF(x; T ,  F )  = 9 (2.3.35) 
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where 

(2.3.36) 

When F is symmetric we have T( F) = 0, so V( x)  = (p( F( x)) and 

(2.3.37) 

For monotone and integrable + for which T( F) is uniquely defined, T is 
continuous at F and the breakdown point E* is given by 

+ d h = /  +dX (2.3.38) 
[1-r*/2,1] 

(see Hampel, 1971; Huber, 1981, Section 3.4). 

Example 8. Again (2.1.12) yields the estimators with maximal efficiency; 
we obtain +(F(x)) proportional to -f'(x)/f(x) for symmetric F. At 
F = we find the norrnai scores estimator (+ (u )  = @-'(u)). It is qualita- 
tively robust (Hampel, 1971, Section 7), but it is not B-robust because 
IF(x; T, C p )  = x. Its breakdown point is E* = 2@( - (ln4)'/*) = 0.239 by 
(2.3.38). At the logistic distribution we obtain the Hodges-Lehrnnnn estima- 
tor [+ (u )  = u - f] which is derived from the Wilcoxon test. I t  is given by 
the median of ( ( X i  + Xj)/2; i = 1,. . . , n and j = 1,. . . , n}, and yields 
IF(x; T, F) = [F(x) - f ] / j f 2 ( z ) d z  and e* = 1 - 2-ll2 = 0.293. At the 
double exponential we again find the median, derived from the sign test 
(with # ( u )  = -1  for u < f and +(u)  = 1 for u > f). At the Cauchy 
distribution, we find + ( u )  = -sin(2nu). 

Remark 3. Note that the normal scores estimator is qualitatively robust 
but not B-robust. The corresponding M-estimator, the arithmetic mean, is 
clearly not qualitatively robust. As in Remark 2, this different behavior lies 
in the fact that also for R-estimators the shape of the IF depends on the 
underlying distribution. In this case, the IF at a longer-tailed distribution 
will bend downwards. Also, note that R-estimators are awkward to handle 
theoretically in asymmetric situations. Concluding, we may say that M- 
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estimators are more straightforward to handle than either L or R-estima- 
tors. Especially in multiparameter situations, they are much more flexible. 

2.3d. Other Types of Estimators: A ,  D,  P, S, W 

At least five other types of estimators are being considered in robustness 
theory. Some of these techniques already play a prominent role, and some 
may do so in the future. We will just give a brief description of these 
estimators (in alphabetical order) with references for further study. 

A-estimators (Lax, 1975) are based on formula (2.3.13) for the asymp- 
totic variance of an M-estimator of location. The basic idea is to apply this 
formula to a finite sample, and to use the square root of the result as an 
estimator of scale. First, the data are standardized as follows: 

x i  - med( x i )  

1.483MAD( xi) 
ui = (2.3.39) 

and then the A-estimator S,, is defined by 

Several choices of +, together with some simulation results, can be found in 
Iglewicz (1983). Influence functions and breakdown points of these estima- 
tors were investigated by Shoemaker and Hettmansperger (1982) and 
Shoemaker (1984). 

D-estimators (from “minimum distance”) go back to Wolfowitz (1957). 
Their basic principle is the following: When G,, is the empirical cdf, one 
chooses T, as the value of 8 for which II(G,,, F,) is minimal, where II is 
some measure of discrepancy between distributions. Often II corresponds to 
some badness-of-fit statistic (Kolmogorov, Cramtr-von Mises, etc.). 
Wolfowitz (1957) proved consistency of T,,. Knusel (1969) examined D- 
estimators from the robustness point of view, and showed that many 
D-estimators may be considered as special cases of M-estimators. Beran 
(1977b) examined the situation where s is the Hellinger distance. Boos 
(1981) proved certain asymptotic results for D-estimators, and Parr and 
Schucany (1980) calculated their influence functions. Donoho (1981) in- 
vestigated the breakdown behavior. 
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P-estimutors (Johns, 1979) are generalizations of Pitman estimators for 
location. They are defined by 

where y does not necessarily have to coincide with the unknown model 
density f. The advantage of P-estimators over M-estimators is that no 
iterative algorithm is necessary for their computation; but on the other hand 
numerical integration is required. Johns found that T. corresponds to the 
functional T given by 

(2.3.42) 

which leads to the following influence function: 

IF(x; T, F )  = x l n y ( x ) / / z l n y ( x ) d F ( x )  d d 2  (2.3.43) 

under certain regularity conditions. Note that for each such P-estimator 
there exists an Metimator with the same IF (and hence the same asymp- 
totic variance) by taking 

d - Y W  
# ( X )  = - - l n y ( x )  = -, 

dx Y(X) 
(2.3 -44) 

and starting from an M-estimator one can find the corresponding P-estima- 
tor by putting 

Y ( 4  = exP(-P(x)). (2.3.45) 

Therefore, Huber (1984) treats M-estimators and P-estimators in a parallel 
way when investigating their finite-sample breakdown points. 

S-esrimurors (Rousseeuw and Yohai, 1984) are based on minimization of 
a scale statistic. In particular, suppose we define the scale statistic 
s(r1, * * * t r n )  by 

- c P ( ? ) = K ,  1 ”  

i -1 
(2.3.46) 
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where K is taken to be jp ( f )dF( f )  at the model distribution F. The 
function p is assumed to be bounded. (Note that s is an M-estimator for 
scale.) Then the S-estimator of location d,(xl , .  . . , x , )  is defined by 

minimizes(x, - 8 ,  ..., x ,  - 8 ) ,  (2.3.47) 
k 

which at the same time yields a scale estimate 

6 , = s ( x 1  - 8,, ..., x ,  - 8,). (2.3.48) 

The influence function and asymptotic variance of 8, are equal to those of 
the location M-estimator constructed from the same function p, so they are 
given by (2.3.12) and (2.3.13) with JI = p'. Actually, S-estimators were 
introduced because of their high breakdown point in multivariate situations 
such as regression (Rousseeuw and Yohai, 1984). They are generalizations 
of the least median of squares estimator (Hampel, 1975; Rousseeuw, 1984). 
In fact, S-estimators could be defined by means of any scale equivariant 
statistic [i.e., s ( X r ,  ,..., Xr,) = IAls(rl,. . ., r,) for all A], in which case the 
class of S-estimators also encompasses least squares (arithmetic mean), least 
absolute deviations (median), least p th-power deviations (Gentleman, 1965), 
the method of Jaeckel (1972), and least trimmed squares (Rousseeuw, 
1983b). In multiple regression, S-estimation is a projection pursuit tech- 
nique (Donoho et al., 1985). 

W-estimators (Tukey, 1970/71) are defined as a weighted mean of the 
observations: 

(2.3.49) 

where the weights depend on the observations through 

wi = W ( X ~  - T, ) .  (2.3.50) 

(When scale is a nuisance parameter, x i  - T, must be divided by a 
preliminary scale estimate S,, preferably the MAD.) This means that T, 
satisfies the equation 

(2.3.51) 
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In order to determine T,, one usually resorts to an iterative algorithm: 
Starting from the median T," one computes 

(2.3.52) 

until the T,(j) converge. (This is an example of irerutiuely reweighred Ieart 
squares, a procedure which is well known in regression analysis.) The 
one-step W-estimator (sometimes called " w-estimator") T;l) has become 
popular because of its simple computation, while its performance is still 
very good. Note that fully iterated W-estimators are actually a variant of 
M-estimators, because (2.3.51) yields 

hence 

for # ( u )  := uw(u). Therefore, W-estimators possess the same influence 
function and asymptotic variance as M-estimators. 

2.4. OPTIMALLY BOUNDING THE GROSS-ERROR SENSITIVITY 

2.4a. The General Optimality Result 

The purpose of the present section is to construct estimators which are as 
efficient as possible, subject to an upper bound on their gross-error sensitiv- 
ity y*. The latter is a robustness condition, because y* is the supremum of 
the absolute value of the influence function, so the (normalized) influence of 
any outlier cannot exceed y* in linear approximation. This first subsection 
contains a mathematical result, whereas the following subsections treat in 
detail the application of this principle to the classes of estimators introduced 
in the previous section. 

Consider the situation of Subsection 2.la. The parameter space 43 is an 
open convex subset of R. The parametric model { F,; 8 E 43) consists of 
distributions on k with strictly positive densities f e ( x )  with respect to some 
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measure A. Let 8, belong to 8, and put F ,  := F,. and f , I= fs.. Assume 
that s(x ,  8,) given by (2.3.6) exists for all x ,  that / s ( x ,  0,) dF,(x)  = 0, and 
that the Fisher information 

satisfies 0 -= J ( F , )  -c 00. [The equality / s ( x ,  8,) dF,(x) = 0 is only a regu- 
larity condition, since it holds if integration with respect to x and differenti- 
ation with respect to 8 may be interchanged.] For example, these conditions 
hold at the normal location model. Let us now state the optimality result. 

Theorem 1 (“Lemma 5” of Hampel, 1968). Suppose the above condi- 
tions hold, and let b > 0 be some constant. Then there exists a real number 
u such that 

$ ( x )  := [ s ( x , 8 , )  - 4 ! b  (2.4.2) 

satisfies / $ d F ,  = 0 and d := j $ ( y ) s ( y , 8 , ) d F , ( y )  > 0. Now $ mini- 
mizes 

among all mappings J, that satisfy 

/ W F *  = 0, 

(2.4.3) 

(2.4.4) 

(2.4.5) 

Any other solution of this extremal problem coincides with a nonzero 
multiple of $, almost everywhere with respect to F,. 
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The notation [h(x)]b_b for an arbitrary function h ( x )  means truncation 
at the levels b and -b: 

[ h ( ~ ) ] b _ ~  = - b  if h ( x )  < - b  

= h ( x )  if - b  s h ( x )  s b 

= b  if b < h ( x ) .  

Proof. First, let us start by showing that such a value a exists. By the 
dominated convergence theorem, / [ s ( x ,  8,) - f f ] !bdF+(x)  is a continuous 
function of a, and as a + f a0 this integral tends to T b; hence there exists 
an a such that this integral becomes zero. 

Second, let us show that d > 0. Cuse (i): First assume that la1 5 b. 
Then d = / ( $ ( x )  + a)s(x ,  8, )  dF, (x)  equals 

where P = { x ;  s ( x ,  8 , )  > 0) and N = { x ;  s ( x ,  8 , )  c 0). Both integrands 
are nonnegative. Suppose that d = 0, hence both integrals are zero. In case 
a 2 0 we consider the first one, because then a + b > 0. As the integrand is 
then strictly positive on P, it follows that F , ( P )  = 0. But then 
/ s ( x ,  8,) dF,(x)  = 0 implies that also F , ( N )  = 0. Finally, it follows that 
J(F , )  = 0 which is a contradiction. Case ( i i ) :  If a > b, then /($ - 
( - b ) ) d F ,  = b > 0 and s ( x , 8 , )  > (a - 6 )  on the set where the integrand 
does not vanish; hence 0 < /( $( x )  - ( - b))s( x ,  8 ,) dF,( x )  = d and simi- 
larly for a .c -6 .  

Finally, let us now prove the optimality and the uniqueness of $. Take 
any 4 which is measurable and satisfies (2.4.4), (2.4.5), and (2.4.6). Without 
loss of generality we can assume that / + ( x ) s ( x ,  8,) dF,(x)  = d ,  so we only 
have to minimize the numerator of (2.4.3). Using (2.4.4) we obtain 
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so it suffices to minimize the left member of this equation, which can be 
rewritten as 

where S ( x )  = s ( x ,  8, )  - a. Because I; b by (2.4.6), this is minimized if 
and only if + = $ almost everywhere with respect to F,. This ends the 
proof. 0 

2.4b. M-Estimators 

Let us now apply this mathematical result to the M-estimators of Subsection 
2.3a. 

General Case 

In the general estimation problem, an M-estimator is defined by (2.3.3) 
using a +-function of the type +(x ,8 ) .  Assume that the conditions of the 
preceding subsection hold, and that we have the Fisher-consistency condi- 
tion (2.3.7), s o ~ h e  IF is given by (2.3.8). If we drop the argument 8, from 
the notation + ( x , S , )  for a moment, then we note that the asymptotic 
variance V(+, F,) is given by (2.4.3) because of (2.1.8), and that the 
gross-error sensitivity y* (+ ,  F,)  is the left member of (2.4.6). Moreover, 
(2.4.4) is the Fisher-consistency condition (2.3.7) at 8,,  and condition 
(2.4.5) only states that the denominator of the IF  is not zero. Therefore, the 
solution $ ( a ,  8,) yields the smallest value of V(+, F*) among all functions 
+ ( - , 8  ,) satisfying y *( +, F , )  I c( 8 ,) = b( 8 , ) /d(  8 ,). [If the upper bound 
on y*  were not imposed, then we would simply obtain the maximum 
likelihood estimator ( b  = 00, a = 0).  This classical solution can also be 
derived from (2.1.12), as we did in Example 1 in Subsection 2.3a.J 

If we succeed in extending $ ( . , 8 , )  to a “nice” function $(-, .) on 
SX 0, then we have constructed an M-estimator which is Fisher consistent 
at 8 * and which minimizes the asymptotic variance V( +, F,) subject to the 
upper bound c( 8 *) on the gross-error sensitivity y *( +, F*). 

This result can be applied in the following way. One chooses a “nice” 
function b ( 8 )  and carries out the construction of It(.,@) for each 8; then 
one checks whether the resulting function $(-, .) determines an M-estima- 
tor (i.e., whether it is “smooth”; general conditions for this to be true are 
quite messy). In that case we say that $(., .) determines an optimal B-robusr 
M-estimator . 

. 
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Theoretically, it would be nicer to start with the upper bound c(8) on y* 
and to determine b(8)  from it, but this is not feasible in the general case. 
(However, it can be done in certain special cases-see Subsection 2.5d.) 
Moreover, while every positive b(8)  can be chosen, not every positive c is 
possible, because t$ically there is a lower bound on y* .  (An example of 
such a lower bound will be given in Theorem 3 in Subsection 2.5c.) 
Although in principle we have to choose a whole function b(8), it is often 
possible to choose just the value of b for one 8 and to determine the rest of 
the function by requiring equivariance, such as in the location and scale 
cases below. 

Location 

In the case of a location parameter (see Subsection 2.3a), the situation 
becomes much simpler. We have +(x,8) = +(x - 8) ,  so the +function at 
8, = 0 determines everything else. Put F := F8,. For the influence function 
(2.3.12) we obtain 

(2.4.7) 

using Fisher consistency. One will choose b constant, so that a is also 
constant. The mapping 4 determined by (2.4.2) is 

(2.4.8) 

It defines a location M-estimator which is Fisher-consistent (2.4.4) and for 
which the IF exists (2.4.5). Its asymptotic variance (2.4.3) is minimal for a 
given upper bound c = b /d  on y*(+, F), so we conclude that 4 is optimal 
B-robust. 

When the distribution F is symmetric, we always have a = 0. At the 
standard normal (F = a) we find 

(2.4.9) 

which is the Huber estimator (Example 2 in Subsection 2.3a). When b 10, 
this estimator tends to the median. (See also Fig. 5 of Section 1.3.) 

Remark, Let us give a geometric interpretation. In case F is symmetric, 
consider the vector space M of all measurable + which are square integrable 
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Figure 1. Geometrical representation of Theorem 1. 

[necessary for V( +, F ) ] ,  skew symmetric (implying Fisher consistency), and 
satisfy j p  dF = /#A dF where A = - f ' / f .  It is endowed with the scalar 
product ( tl/l, +*) = dF which always exists by Cauchy-Schwarz, 
yielding the norm 11+112 = (+, t))lI2. The orthogonal supplement A l  of A 
is a linear subspace with co-dimension 1, and contains all +functions which 
are not allowed because their IF does not exist (as j#' dF = (+, A )  = 0.) 
The affine hyperplane H parallel to A L  and going through A / J ( F ) ' / 2  
contains all 4 satisfying (4,  A )  = 1, that is, all influence functions of 
elements of M\ A'. For elements of H we have 11+b112 = V(#,  F); clearly, 
A / J (  J;.)lI2 (corresponding to the maximum likelihood estimator) minimizes 
11+112 in H. The intersection of { 11+11,,, I c}, a closed ball for the supre- 
mum-norm, and H is denoted by B,; it contains all the influence functions 
with y *  I c. (The median, which is most B-robust, minimizes 11+11, in H.) 
Now Theorem 1 yields the element of B, which minimizes Il+i12; in the 
proof it is determined as the element of B, which is closest (in I\ - - - \I2) to 
A/J( F ) ~ / ~  (composition of projections). 

Scale 

M-estimation in the scale model was also treated in Subsection 2.3a. The 
+function at 8, = 1 determines everything, because $(x, 8) = + ( x / B ) .  The 
influence function (2.3.18) can be rewritten as (2.3.8) because of Fisher 
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consistency [but note that the notation s(x ,  Oo) has a different meaning than 
in the location case]. Therefore, the optimal B-robust scale M-estimator is 
also given by (2.4.2), yielding 

(2.4 .lo) 

which is a robustified version of the MLE. At the standard normal, we 
obtain 

When b is not too small, the scores function is only truncated above, and in 
this form it goes back to Huber (1964). When b becomes smaller there is 
truncation above and below, and for b 10 we obtain the standardized 
median absolute deviation (Example 4 in 2.3a.) 

2.k .  L-Estimators 

Although M-estimators are very appropriate for robustness, the fact re- 
mains that many statisticians prefer Lestimators for their computational 
simplicity. Therefore, the construction of optimal B-robust estimators in 
this class is of interest. (This  subsection and the following one contain 
results which appeared in Rousseeuw, 1979,1982b.) 

Location 

Location Lestimators were described in Subsection 2.3b, and their IF 
equals (2.3.25). Performing the substitution 

(2.4.12) 

the influence function equals (2.3.12) with x instead of JI, which is a special 
case of (2.3.8). Its denominator equals jIo,llhdX # 0 so (2.4.5) is satisfied, 
and we obviously have (2.4.4). This enables us to apply Theorem 1, yielding 
a mapping 2 given by (2.4.2). Usually there exists an admissible h for which 
the corresponding x is a multiple of 2 (almost everywhere), and then the 
Lestimator in question possesses minimal asymptotic variance (2.4.3) among 
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Figure 2. Influence function at F = CP of the M-estimator for scale given by (2.4.11): (1) 
maximum likelihood estimator, corresponding to b t e o ;  (2) solution with large b, only 
truncation from above; (3) solution with small b, truncation from above and below; and (4) 
standardized median absolute deviation, corresponding to b 10. 
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all L-estimators with an upper bound (2.4.6) on y*(T ,  F). We say that k 
determines an optimal B-robust location L-estimator. 

At the standard normal (F = i p )  we obtain the a-trimmed mean 

h = 2'0 ip-' = l[a,'-al (2.4.1 3) 

with a = a( - b), having the same IF as the Huber-estimator +b. If we let b 
tend to zero, then y* = c approaches its lower bound = 1.253 and 
we obtain the median. 

Scale 

For scale L-estimators (see Subsection 2.3b) we apply the transformation 
(2.4.12) to (2.3.30), obtaining (2.3.18) which is a special case of (2.3.8). 
Therefore, our earlier result (2.4.11) can be translated. At the standard 
normal, the optimal B-robust scale Lestimators are given by 

k ( r )  = i p - ' ( r )  for l ( i p - 1 ( r ) ) 2  - 1 - a1 I b (2.4.14) 
= o  elsewhere 

for suitable a and b [i.e., the same values as in formula (2.4.11)]. If b tends 
to zero, then y* tends to its lower bound 1.167 and we obtain the 
interquartile range (Example 7 in Subsection 2.3b). 

2.4. R-estimators 

For R-estimators (see Subsection 2.3~) we apply the transformation 

to (2.3.35), again obtaining (2.3.12). Therefore, Theorem 1 can be applied: 
Usually there exists an admissible 6 to which a x corresponds which is a 
multiple of 2 (almost everywhere), and then 6 determines an optimal 
B-robust R-estimator. At the standard normal we obtain 

i ( u )  = [ ip-l(U)lbb' (2.4.16) 

which is a truncated normal scores function..For b tending to zero this 
again leads to the median. See Hampel (1983a) for some more details on 
R-estimators. 
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2.5. THE CHANGEOF-VARIANCE FUNCTION 

2.5a. Definitions 

The influence function provides an intuitively appealing description of the 
local robustness of the asymptotic value of an estimator. However, it is also 
interesting to investigate the local robustness of the other very important 
asymptotic concept, namely the asymptotic variance, which is related to the 
length of confidence intervals. For this purpose one uses the change-of-vari- 
unce function (CVF).  It is defined in the framework of M-estimators of 
location, with precise mathematical conditions on the model distribution F 
and the +function. This allows us to develop a rigorous treatment, investi- 
gating the relations between the various robustness notions which may be 
associated with the IF and the CVF. It is our opinion that a complete 
description of the robustness of a location M-estimator has to take into 
account both the IF and the CVF. 

The results presented in this section were taken from Rousseeuw's 
(1981a, b, c; 1982a; 1983a) Ph.D. thesis and related papers: It is proved that 
the CVF leads to a more stringent robustness concept than the IF (Subsec- 
tion 2.5b); that the median is the most robust estimator in both senses 
(Subsection 2.5~); and that the solutions to the problems of optimal 
robustness are the same, amounting at the standard normal to the Huber- 
estimator (Subsection 2.5d). The results are then generalized to scale estima- 
tion, and some further topics are discussed. 

Our investigation takes place in the framework of M-estimation of a 
location parameter (Subsection 2.3a). The model is given by %= R, Q = R 
and the continuous distributions F'(x) = F(x  - e). Here, the (fixed) model 
distribution F satisfies: 

(Fl) F has a twice continuously differentiable density f (with respect 
to the Lebesgue measure A )  which is symmetric around zero and satisfies 
f ( x )  > 0 for all x in R. 

(F2) The mapping A = - f ' / f  = (-In f)' satisfies A'(x) > 0 for all x 
in R, and jA'fdA = -1Af'dX < 00. 

The mapping A [which is clearly continuously differentiable from (Fl)] is 
the +-function which corresponds to the maximum likelihood estimator. 
The condition A'(x) > 0 for all x in R (which is somewhat stronger than 
convexity of -1nf) implies unimodality of f, because it follows that 
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A(x) > 0 for x > 0, so f ’ ( x )  < 0 for x > 0 and hence (using symmetry) 
f(0) > f ( x )  for all x # 0. The condition jA’fdX = - jA f’ dX < 00 implies 
that the Fisher information 

J ( F ) - j A * d F > O  (2.5.1) 

satisfies J( F) = /A’ dF < 00. It may be remarked that (Fl) and (F2) imply 
that F satisfies Huber’s conditions (1964, p. 80) on the model distribution, 
and thus his minimax asymptotic variance theorem (see Section 2.7 below) 
is applicable at F. Our favorite choice for F will be the standard normal 
distribution @ with A(x) = x (the MLE being the arithmetic mean) and 
J ( @ )  = 1. The logistic distribution provides another example, with F ( x )  = 
1/(1 + exp(-x)), f(x) = F(xX1 - F(x)), A ( x )  = tanh(x/2) = 2F(x) - 
1, and J ( F )  = f. Note that in the first case A is unbounded and in the 
second it is bounded. 

Let us recollect that an M-estimator of B is given by 

and corresponds to the functional T defined by 

(2.5.2) 

(2.5.3) 

Under certain regularity conditions (Huber, 1967), &(T, - 8 )  is asymptoti- 
cally normal with asymptotic variance 

(2.5.4) 

We will examine the class 9 consisting of all real functions $ satisfying: 

(i) JI is well defined and continuous on R \ C(+), where C($) is 
finite. In each point of C($), there exist finite left and right limits 
of + which are different. Also $(-x) - - $ ( x )  if ( x ,  - x }  c R \ 
C( JI )  and JI( x )  2 0 for x 2 0 not belonging to C( $). 

(ii) The set D ( $ )  of points in which $ is continuous but in which +’ is 
not defined or not continuous, is finite. 

(iii) /$*dF < 00. 

0 < /+‘dF= - j $ ( x ) f ’ ( X ) d x  = jA$dF < 00. (iv) 



2.5. THE CHANGE-OF-VARIANCE FUNCTION 127 

To our knowledge, \k covers all +-functions ever used for this estimation 
problem. The condition that the left and right limits of + at a point of C( +) 
be different, serves to eliminate unnecessary points of C( +). Clearly, C( JI) 
and D( +) are symmetric about zero, and have an empty intersection. From 
(i) and (iii) it follows that 

/ + d F  = 0 (2.5.5) 

which implies Fisher-consistency (2.3.10). From (i) and (iv) it follows that 
0 < /+2 dF. Therefore, if we define 

A (+) := /+* dF and B (  4) := / + I  dF, (2.5.6) 

then 0 < A ( + )  < 00 and 0 < B ( + )  < 00 for all + in \k. Using (2.5.2) we 
say that the functions +1 and +2  in \k are equioalent if and only if 
C(+,) = C(+,) and for all x not in this set we have 1cll(x) = r q 2 ( x )  where 
r > 0. 

Let us keep in mind that I)’ may contain delta functions (Huber, 1964, 
p. 78), so 

(2.5.7) 

where the first term is simply the classical integral of the piecewise continu- 
ous function + on W \ (C(+) U I)(+)), and C(+) = ( cl,. . . , cm>.  This 
means that +’ may be written as 

which is the sum of a “regular” part and a linear combination of delta 
functions a(=,). 

The local behavior of the asymptotic value of the M-estimator is de- 
scribed by its influence function (see Subsection 2.3a), given by 

(2.5.9) 
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on R \ C( $). The gross-error sensitivity (see Subsection 2.1~) equals 

Y*(+, F) = SUP IWx; $, F)I. (2.5 .lo) 
x R\C(S) 

However, we feel that this only gives half of the picture, because it seems 
equally interesting to study the local behavior of the other very important 
asymptotic concept, namely the asymptotic variance (2.5.4). Consider any 
distribution G which has a symmetric density g and satisfies 0 < j+* dG < 
00 and 0 < j V d G  < 00. Keeping in mind the interpretation of f, we can 
easily verify that 

= /[ % ( I +  '2(x) - 2m)] B ( + )  dG(x). (2.5.11) 

Therefore, in analogy with formula (2.1.4), we define: 

Definition 1. The change-of-variance function CVF(x; +, F) of + in 9 
at F is defined as the sum of the regular part 

which is continuous on R \ (C( +) U D( +)), and 

It follows that CVF(x; +, F) is continuous on R \(C(+) u D ( + ) )  and 
that it is symmetric, whereas IF(x; +, F) is skew symmetric. For continuous 
+ no delta functions arise, and then we can simply write 

CVF(x; +, F) = 
at 

where A, is the probability measure putting mass 1 at x. Of course, (2.5.11) 
can also be generalized to other types of estimators. 
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* 
X 

Figure 1. Change-of-variance functions of the arithmetic mean and the logistic maximum 
likelihood estimator, both evaluated at the standard tiormal distribution. 

Example 1. For the MLE, we have IF(x; A, F) = h ( x ) / J ( F )  and 
CVF(x; A, F) = (1 + [A2(x) - 2 A ” ( x ) ] / J ( F ) ) / J ( F ) .  For the arithmetic 
mean at F = @ this yields IF(x; A ,  C P )  = x and 

CVF(x; A , @ )  = x2 - 1. (2.5.12) 

Let us compare this to the maximum likelihood estimator for the logistic 
distribution, corresponding to $(x) = [exp(x) - l]/[exp(x) + 11. The re- 
sulting change-of-variance function at F = CP is displayed in Figure 1, 
together with that of the arithmetic mean. Both curves are continuous, but 
the one is bounded while the other is not. 

The median corresponds to rClmed(x) = sign(x), so 

On the other hand, a Huber-type skipped mean, given by +sk(r ) (x)  = 
~ l ~ - . ~ , ~ ~ ( x )  where 0 < r < 00, yields a CVF containing two delta functions 
with positioe factor, because of the downward jumps of +&(,) at r and - r .  

The basic idea of the CVF was discovered first by F. Hampel in 1972, 
who used it in connection with the so-called “hyperbolic tangent estimators’’ 
which he conjectured to be optimal in some sense. He did not work out 
these ideas, although he referred to them briefly (Hampel, 1973a, p. 98; 
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1974, p. 393). The CVF was also used implicitly in a technical report by 
Boos and Serfling (1976). The CVF was rediscovered by Rousseeuw 
(1981a, b), who developed the present theory and proved the conjectured 
optimality result (see Subsection 2 . 6 ~  below). 

The CVF and the IF have many characteristics in common; for example, 
we have 

  IF(^; 4 ,  F )  d ~ ( ~ )  = o (2.5.14) 

and 

/CVF(x; 4 ,  F) dF(x) = 0 (2.5.15) 

for all 4 in \k. However, these curves are not interpreted in the same way. 
Large positive and large negative values of the IF have qualitatively the 
same (unfavorable) meaning, namely a bias caused by contamination. 
(Therefore, y* is defined as the supremum of the absolute value of the IF.) 
On the other hand, one does not have to worry about large negative values 
of a CVF as much as about large positive values, since only the latter lead to 
wide confidence intervals. (A negative value of the CVF merely points to a 
decrease in V, indicating a higher accuracy and narrower confidence inter- 
vals, which is even beneficial.) This is in accordance with the reasoning 
behind Huber’s minimax theory: There one is only concerned about the 
large values of V ( + , G )  (where G belongs to some “neighborhood”; see 
Section 2.7), and not about small values. Therefore, we define: 

Definition 2. The change-of-variance sensitivity K*( +, F )  is defined as 
+ 00 if a delta function with positive factor occurs in the CVF, and 
otherwise as 

K*(+, F )  := sup{CVF(x; 4 ,  F ) / v ( # ,  F ) ;  x E R \(C(#) U D(4))). 

Clearly, upward jumps of II, (contributing only a negative delta function 
to the CVF) do not affect K*, but any downward jump makes it infinite. On 
a heuristic level, K* may be compared with the robustness measure 
sup V( 4, G )  (where G belongs to some “neighborhood”) that was recently 
studied in detail by Collins (1977) and Collins and Portnoy (1981). 

This change-of-variance sensitivity is identical to the K* occurring in 
Rousseeuw (1981% b, c; 1982a) and Hampel, et al. (1981). However, in these 
papers the concept was derived in a slightly different way. The standardiza- 
tion by V(+ ,  F) was not done in the definition of K* (as in our Definition 
2), but already in the function itself. Indeed, the change-of-variance curue 
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(CVC) introduced in these papers was defined by differentiation of In V( 4, G )  
and equals CVF(x; 4, F ) / V ( J I ,  F), so K *  was simply the supremum of this 
CVC. However, in higher dimensions V ( + , G )  becomes a matrix, and 
different standardizations are possible. Therefore, we nowadays prefer to 
work with the CVF, which can be easily generalized. 

Example 2. For the arithmetic mean we have K*  = 00, and for the 
median K* = 2. Any Huber-type skipped mean has K* = 00, which corre- 
sponds to Lemma 3.2 of Collins (1976), stating that sup V( $s,..r),G) = 00 for 
all gross-error neighborhoods of F = CP. (In the proof, Collins constructs 
contaminating distributions with concentrated mass around the points 
where the CVF becomes unbounded.) 

2.5b. B-robustness versus V-robustness 

For any M-estimator we now have the IF with y *  on the one hand, and the 
CVF with K *  on the other hand. We recollect that an M-estimator is called 
B-robust (from “bias”) when y *  is finite, and we say it is V-robust (from 
“variance”) when K *  is finite. For example, in Figure 1 we see that the 
logistic MLE is V-robust, whereas the arithmetic mean is not. We shall now 
show that the concept of V-robustness is stronger than the concept of 
B-robustness. (Note that the conditions on F and J, of Subsection 2.5a are 
assumed to hold throughout Section 2.5.) 

Theorem 1. For all t+b in \k, V-robustness implies B-robustness. In fact, 
Y *(It, F )  s [ ( K * ( I t ,  F )  - Wit, F)1”2. 

Proof. Suppose that belongs to q, K * ( \ I / ,  F) is finite, and that there 
exists a point xo for which IIF(xo; +, F)I > [ ( K *  - l)V(+, F)]‘I2.  Without 
loss of generality, xo 4 D(+) and xo > 0. If we had #‘(xo) s 0, then 

1 + (K*  - 1) = K * ,  a contradiction. Therefore #‘(xo) > 0; hence there 
exists e > 0 such that J l ‘ ( r )  > 0 for all t in [xo, xo + E ) ,  and thus +(x) > 
+ ( x o )  for all x in (xo,xo + 4. We now show that +(x) > # ( x o )  for all 
x > xo, x 4 C(#). Suppose the opposite were true; then xo + E s x’ := 
inf{x > xo; x 4 C(#) and +(x) 5 $(xo)) < co. As in points of C(+) only 
upward jumps are allowed (otherwise K *  = ca), we have x’ 4 C(\t ) .  [Take 
some c E C(+), c > xo. If $(c - ) < +(xo) then x’ < c, and if + ( c  - ) 2 
t)(xo) then t)(c + ) > +(x0), so c # x’.] Hence iF, is continuous at x’, so 
#(x’) = J/(xo). Clearly, $(x) > $(xo) for all x in (xo,x’)\C(Ic,). Now 
there exists a point x” in (xo, x’)\(C(+) U D($) )  such that $’(x’‘) I 0, 

K *  2 1 + It2(xo)/A(It) - 2#’(x,)/B(J/) 2 1 + IF(x0; It, W2/V(It, F )  > 
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because otherwise we could show that $ ( x ’ )  > $ ( x , )  by starting in x ,  and 
going to the right, using the upward jumps in points of C( $). Since we must 
also have @ ( x ” )  7 $’(x,), it would hold that 1 + $’(x’’)/A($) - 
2$’(x”)/B(JI) 2 1 -t $‘(x”)/A($) > 1 + (K*  - 1) = K*, a contradiction. 
We conclude that $ ( x )  > $(x , )  for all x > xo,  x B C($). 

We now proceed to the final contradiction. Because C ( $ )  u D ( $ )  is 
finite, we can assume from now on that [x , ,  =t m) n (C($) u D($))  is 
empty. Then $ * ( x )  - 2+’(x)A($) /B($)  s b2 for x > x,, where b = 
[ ( K *  - 1)A($)]’/2. Because $ ’ ( x )  > $ 2 ( x o )  > b 2 ,  this gives 
+‘(x)(2A($)/B($))  2 $’(x) - b2 > 0. Therefore, +‘(x)/[$’(x) - b2]  2 d 
:= ( B ( $ ) / 2 A ( $ ) )  > 0. For all x 2 x,, we define 

R ( x )  := - - 1 coth-’( T ) .  I t ( . )  
b 

It follows that R is well defined and differentiable with derivative 
+ ‘ ( x ) ~ $ ~ ( x )  - b2]  on [x , ,  00). Therefore, R ( x )  - ~ ( x , )  2 d ( x  - x,)  for 
all x 2 x,, which implies that cothL1 ( $ ( x ) / b )  s b(dw, - R ( x , )  - dw). 
The left-hand side of the latter inequality is strictly positive because 
$ ( x ) / b  > 1, but the right-hand side tends to - 00 when x + 00, which is 

0 clearly impossible. This ends the proof. 

Remark 1. Clearly $ is B-robust if and only if 1$1 is bounded. From 
Theorem 1 it follows that $ is V-robust if and only if 1$1 is bounded and $’ 
is bounded from below. (The first bound follows from Theorem 1, and in its 
turn implies the second by the definition of the CVF; the reverse is 
obvious.) Therefore, both B-robustness and V-robustness are independent 
of I: (as far as the regularity conditions on 4 and F hold.) 

Theorem 2. For nondecreasing $ in 9, V-robustness and B-robustness 
are equivalent. In fact, K*($, F) = 1 + y * ( $ ,  F)’/V(+,  F). 

Proof. The one implication follows from Theorem 1. For the other, 
assume that J, is B-robust. Because $ is monotone, the CVF can only 
contain negative delta functions, which do not contribute to K * .  For all 
x (C($) U D($))  it holds that +‘(x) 2 0, so 1 + $’ (x ) /A($ )  - 
2+’(x) /B($)  5 1 + $’(x) /A($)  s 1 + y*’/V($, F); hence J, is also V- 
robust. On the other hand, it follows from Theorem 1 that also K *  2 1 + 

0 

Remark 2. In general we do not have equivalence, as is exemplified by 
the Huber-type skipped mean (Example l), which is B-robust but not 

y *’/ V( $, F). This ends the proof. 
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V-robust. Even counterexamples with continuous # may be constructed 
(Rousseeuw, 1981 a). 

Example 3. The median, defined by the nondecreasing function 
#med(X) = sign(x), is both B-robust and V-robust. The same holds for the 
MLE if A is bounded, as is the case when F is the logistic distribution, 
where y*(A, F) = 3 and K*(A ,  F) = 4. If A is unbounded (e.g., at F = a), 
then the MLE is neither B-robust nor V-robust. 

2.5. The Most Robust Estimator 

Let us now determine those estimators which do not only have finite 
sensitivities, but which even possess the smallest sensitivities possible. An 
estimator minimizing y *  we call most B-robust, and when it minimizes K *  

we say it is most V-robust. 

Theorem 3. The median is the most B-robust estimator in \k. For all + 
in \k we have y * ( + ,  F) 2 1/(2f(O)), and equality holds if and only if + is 
equivalent to +med. 

Proof. Assume that + is bounded, otherwise y*(+, F) = 00 and there 
is nothing left to prove. Clearly, sup( I + ( x ) l ;  x E R \ C(+)} > 0, or else 
we would have A ( + )  = 0. Then 

because A(x) and +(x) are positive for x > 0 and negative for x < 0. It 
holds that /1A1 dF = 2/," - f'(x) dx = 2f(0); hence y * ( # ,  F) = 
supl+(x)l/B(#) 2 1/(2!(0)) = y*(#,,,&,F). For the uniqueness part, sup- 
pose that some + in 0 satisfies y* (+ ,  F) = 1/(2f(0)). This implies 

lA(y)l > 0 for all y # 0 by (F2). By means of some elementary analysis, it 
follows for all y in R \ C(+) that I+(y)I  = ~~p,,~\,, , ,J+(x)l, which is a 
strictly positive finite constant. Suppose w.1.o.g. that this constant equals 1. 
But from +(x) 2 0 for positive x in R \ C(+) and skew symmetry of +, 
this implies +(x) = sign(x) for all x # 0 not belonging to C(+). Therefore 
C(#) = (0) and + = which ends the proof. (For more details, see 
Rousseeuw, 1981b.) 0 

/ l A l  1 # 1  dF = /I~lsuP~,R\C(J.lI~(x)I dF, where f ( Y )  ' for y and 

Example 4. The minimal value of y*  equals y*(+, , ,F)  = @ = 
1.2533 at the normal and Y * ( + , , , ~ ~ , F )  = 2 at the logistic distribution. 
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Figure 2. Change-of-variance function of the median. The downward “spike” in the center 
indicates a negative delta function. 

Remark 3. P. Huber (1964, p. 83) already showed in a different setting 
that the median gives the smallest as ptotic bias. His reasoning already 
contained the value 1/(29(0)) = fi= 1.2533 of y*(+&,@), although 
the IF had not yet been formally defined at that time. 

Theorem 4. The median is also the most V-robust estimator in \k. For 
all + in \k we have K*(+, F) 2 2, and equality holds if and only if + is 
equivalent to +-,. 
Proof. It holds that V(+,  F) = A ( + ) / B 2 ( + )  = jIF2(x; +, F ) d F ( x )  s 

( Y * ) ~ .  Making use of Theorem 1, it follows that K * ( + , F )  2 1 + 
y*(+,  F ) z / V ( + ,  F) 2 2. If equalityholds, then V(+, F) = y*(+ ,  F)* which 

0 implies that + is equivalent to +-,. 
Figure 2 displays the CVF of the median, given by (2.5.13). It shows that 

the variance of the median can be drastically reduced by adding “extra 
mass” exactly at the true median of the underlying distribution. If placed 
anywhere else, contamination will only have a constant effect (in linear 
approximation). 

2.56. Optimal Robust Estimators 

In Subsection 2.4b we determined optimal B-robust M-estimators by means 
of Hampel’s optimality result. We showed that certain M-estimators had 
minimal asymptotic variance for a given upper bound c on y*.  However, 
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some questions remained unanswered: 

What is the range of c yielding these solutions? 
Are there other solutions for other ranges of c? 

In the present framework it is possible to give detailed answers to these 
questions, for both B-robustness and V-robustness. 

The M-estimators corresponding to 

(2.5.16) 

(where 0 < b < llAll := sup,lA(x)l) were introduced by Huber (1964, p. 
80). In the special case F = Q they correspond to $ b ( x )  = [x]b_b and are 
called Huber-estimators (Example 2 of Subsection 2.3a.) 

Lemma 1. The mapping b + y * ( + b ,  F )  is an increasing continuous 
bijection from (O,llA11) onto ( y * (  F ) ,  Y*( A, F)) .  

Proof. The mapping b + Y * ( $ b ,  F) = b /B(+b)  is clearly continuous. 
We first prove that it is strictly increasing. We know that B ( + h )  = 
21f0, ~ - l ( b ) + i ' ( X ) f ( X )  dA(x ) ;  performing the substitution u = A(x), we ob- 
tain B(+b) = 2/$f(A-'(u))du.  Now define S(z)  = 2jij(A-'(u))du for 
all z in [O,ll All); clearly, S(0) = 0. On the other hand, S'(z )  = 2f(A-'(z)) 
which is strictly decreasing; hence S is strictly concave. If 0 < b, < 6, < 11 All 
then [S (b , )  - S(O)l/[b, - 01 ' [ S ( b , )  - W l / [ b 2  - 01, so Y*(+b, ,  F )  = 

(1/2f(A--'(bN = 1/(2f(0)) = Y * ( + , d ,  0. 

bl/S(bl) < bJS(b2) = Y * ( + b , ,  F ) .  Moreover, ~ m b ~ , ~ A ~ ~ y * ( # b ,  F )  = 
y *( A ,  F). By L'Hdpital's rule, limo < -. oy*(  qb, F) = limo < + 

0 

Rousseeuw (1981b) also proved that b + V(+b, F) is a decreasing 
continuous bijection from (0,11A11) onto (V(A, F), V(+med, F)), but we do 
not need that result here. 

Theorem 5. The only optimal B-robust estimators in \k are (up to 
equivalence) given by { +-,, $,, (0 < b < 00)) if A is unbounded, and by 
{ $med, $ b  (O < < l l A l l ) ,  A ) Otherwise. 

Proof. From Theorem 1 of Section 2.4 and Lemma 1 of this section it 
follows that for each constant c in (1/(2f(O)),y*(A, F)) there exists a 
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unique b in (O,llA11) such that y * (  +,,, F )  = c, and that this +,, minimizes 
V( +, F) among all + in JI  which satisfy y *( +, F) 5 c; moreover, any other 
solution is equivalent to +,,. Theorem 3 implies that no solution can exist 
for any c < 1/(2f(O)) = Y * ( + ~ ~ ,  F). If one puts c = 1/(2f(0)), then only 
mappings equivalent to +,,,& can satisfy y * ( + ,  F) s c, and therefore the 
median itself is automatically optimal B-robust. Let us now consider 
y*(A, F). If y*(A, F) = 00, then the MLE is not B-robust. If y*(A, F) -= 
00, the consideration of any c 2 y*(A, F) always yields A itself because A 
minimizes V(+ ,  F) in J I .  [Indeed, B 2 ( + )  = ( /A+dF)’  s J ( F ) A ( + )  by the 
Cauchy-Schwarz inequality, so V ( + ,  F) = A ( + ) / B 2 ( + )  2 l / J ( F )  = 

V ( A ,  F1.1 0 

V(+ ,  F) for a given upper bound k on K * ( + ,  F). 
We say that an M-estimator is optimal V-robust when it minimizes 

Lemma 2. The mapping b + K * ( + b ,  F) is an increasing continuous 
bijection from (0, llAll) onto ( K * ( + , , , ~ ,  F), K*(A, F ) ) .  

Proofi The mapping b + K * ( + b ,  F )  = 1 + b*/A(+,,)  is strictly increas- 
ing, because its derivative equals 4bj~-1(b)A2(x)f(x) &/A2(+,) > 0. By 
L’H6pital’s rule, l imo,b,o~*(+h, F) = 1 + lim0,,,,2b/[4b(l - 
F(A-I(b)))] = 2. On the other hand, limb,ll,,,,~*(+b, F) = 1 + 

0 

Figure 3 shows the change-of-variance function of a Huber-estimator. On 
the interval (- 6, b) it is parabolic, like the CVF of the arithmetic mean in 
Figure 1. On (b, 00) and (- co, - b) the CVF is a constant, and in b and 
- b  it is not defined. We shall see in Theorem 6 that this estimator has 
maximal asymptotic efficiency subject to an upper bound on K * .  (In order 
to avoid the discontinuity in the CVF one might use the logistic MLE 
instead, which has nearly the same behavior, and the CVF of which in 
Figure 1 looks like a smoothed version of that of the Huber-estimator.) 

11A112/A(A), which equals K*(A, F) by Theorem 2. 

Theorem 6. The optimal V-robust M-estimators coincide with the 
estimators listed in Theorem 5.  

Proof. From Lemma 2 it follows that for each k in (2, K*(A, F)) there 
is a unique b in (0,11A11) for which K*(+,,, F) = k. Let us now show that +,, 
is optimal V-robust. Take any + in J I  satisfying V( +, F) < V( +,,, F). Then 
y * ( + ,  F) > y*(+,,, F) because +,, is optimal B-robust. From Theorem 1 it 
follows that  K * ( + ,  F )  2 1 + y * ( + ,  F ) 2 / V ( + ,  F )  > 1 + 
Y*(+,,, F ) ~ / v ( + , , ,  F ) .  The latter expression equals K*(+,,, F )  by Theorem 
2; hence K * ( + ,  F) > K*(+ , , ,  F). This proves that +,, is optimal V-robust. 
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-2 t 
Figure 3. Change-of-variance function of the Huber-estimator with b = 1.5 evaluated at the 
standard normal distribution. 

Now take another function x minimizing V($,  F) subject to K * ( $ ,  F) s k. 
But then V ( x ,  F )  = V ( + b r  F )  and Y * ( x ,  F )  i, [ ( K * ( x ,  F )  - 1)V(x, F)]'l2 
5 [(k - l ) v ( + b ,  F ) ] ' / ~  = c, so x is equivalent to $ b  by Theorem 5 .  
Theorem 4 implies that no solution can exist for any k c 2, and Theorem 2 
entails that K * ( + ,  F) is finite if and only if + is bounded. The rest of the 
proof is analogous to that of Theorem 5. 

When the Huber-estimators $ J x )  = [ X I ! ( ,  are considered at the stan- 
dard normal distribution, one obtains the following expressions for the 
quantities described above: 

B = B ( $ , )  = 2'P(b) - 1, 

V = V( +,, 'P) = A / B 2 ,  

e = e( +,, 'P) = B ~ / A ,  

A* = A*( +,,, 'P) = 1/B, 



Table 1. Huh-Estimators at F = 0 
~~ 

b A B V e y+ K +  A+ 

0.0 0.00000000 0.00000000 1.5708 0.6366 1.2533 2.oooO 00 

0.1 0.00946861 0.07965567 1.4923 0.6701 1.2554 2.0561 12.5540 
0.2 0.03576156 0.15851942 1.4232 0.7027 1.2617 2.1185 6.3084 
0.3 0.07576610 0.23582284 1.3624 0.7340 1.2721 2.1879 4.2405 
0.4 0.12649241 0.31084348 1.3091 0.7639 1.2868 2.2649 3.2171 
0.5 0.18512837 0.38292492 1.2625 0.7921 1.3057 2.3504 2.6115 
0.6 0.24908649 0.45149376 1.2219 0.8184 1.3289 2.4453 2.2149 
0.7 0.31604157 0.51607270 1.1866 0.8427 1.3564 2.5504 1.9377 
0.8 0.38395763 0.57628920 1.1561 0.8650 1.3882 2.6669 1.7352 
0.9 0.45110370 0.63187975 1.1298 0.8851 1.4243 2.7956 1.5826 
1.0 0.51605855 0.68268949 1.1073 0.9031 1.4948 2.9378 1.4648 
1.1 0.577704% 0.72866788 1.0880 0.9191 1.5096 3.0945 1.3724 
1.2 0.63521478 0.76986066 1.0718 0.9330 1.5587 3.2669 1.2989 
1.3 0.68802633 0.80639903 1.0580 0.9451 1.6121 3.4563 1.2401 
1.4 0.73581588 0.83848668 1.0466 0.9555 1.6697 3.6637 1.1926 
1.5 0.77846522 0.86638560 1.0371 0.9642 1.7313 3.8903 1.1542 
1.6 0.81602712 0.89040142 1.0293 0.9716 1.7969 4.1372 1.1231 
1.7 0.84869059 0.91086907 1.0229 0.9776 1.8663 4.4052 1.0979 
1.8 0.87674726 0.92813936 1.0178 0.9825 1.9394 4.6955 1.0774 
1.9 0.90056035 0.94256688 1.0137 0.9865 2.0158 5.0086 1.0609 
2.0 0.92053693 0.95449974 1.0104 0.9897 2.0953 5.3453 1.0477 
2.1 0.93710425 0.96427116 1.0078 0.9922 2.1778 5.7060 1.0371 
2.2 0.95069027 0.97219310 1.0059 0.9942 2.2629 6.0910 1.0286 
2.3 0.96170849 0.97855178 1.0043 0.9957 2.3504 6.5006 1.0219 
2.4 0.97054680 0.98360493 1.0032 0.9968 2.4400 6.9348 1.0167 
2.5 0.97755998 0.98758067 1.0023 0.9977 2.5314 7.3935 1.0126 
2.6 0.98306545 0.99067762 1.0017 0.9983 2.6245 7.8764 1.0094 
2.7 0.98734148 0.99306605 1.0012 0.9988 2.7189 8.3835 1.0070 
2.8 0.99062765 0.99488974 1.0008 0.9992 2.8144 8.9142 1.0051 
2.9 0.99312667 0.99626837 1.OOO6 0.9994 2.9109 9.4682 1.0037 
3.0 0.99500728 0.99730020 1.OOO4 0.9996 3.0081 10.0452 1.0027 
4.0 0.99987950 0.99993666 1.oooO 1.oooO 4.0003 17.0019 1.OOO1 
5.0 0.99999889 0.99999943 1.oooO 1.oooO 5.oooO 26.oooO 1.oooO 
Qo 1.00000000 1.00000000 1.oooo l.m 00 00 l.m 
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where A* is the local-shift sensitivity as defined in Subsection 2.1~. These 
numbers are listed in Table 1 for b ranging from 0.1 to 5.0. Also the limits 
for b 10 (median) and for b t 00 (arithmetic mean) are included. (See also 
Fig. 5 of Section 1.3.) 

2.S. M-Estimators for Scale 

Let us now generalize the CVF to M-estimators of scale (see Subsection 
2.3a). The model is given by %= IR, 0 = { u > 01, and F J x )  = F ( x / u ) .  
The (fixed) model distribution F satisfies (Fl) and (F2) as in Subsection 
2.5a. An M-estimator of u is given by 

n 

C x(Xi /Sn)  = 0 (2.5.17) 
i - 1  

and corresponds to the functional S given by 

/ X ( X / S ( G ) )  d G ( x )  = 0. (2.5.18) 

Under certain regularity conditions, &(S, - a)  is asymptotically normal 
with asymptotic variance 

(2.5.19) 

The class \k' consists of all functions x satisfying: 

(i) x is well-defined and continuous on R \ C(x) ,  where C(x) is 
finite. In each point of C ( x )  there exist finite left and right limits of 
x which are different. Also x ( - x )  = x ( x )  if { - x ,  x }  C W \ C ( x ) ,  
and there exists d > 0 such that x ( x )  I 0 on (0, d )  and x ( x )  2 0 
on (d, 00). 

(ii) The set D ( x )  of points in which x is continuous but in which x' is 
not defiiied or not continuous is finite. 

(iii) j x d F  = 0 and / x 2 d F  < 00. 

(iv) 0 < / x x ' ( x ) d F ( x )  = / ( x A ( x )  - l ) x ( x ) d F ( x )  < 00. 

The condition j x  dF = 0 reflects Fisher-consistency (2.1.3). Let 

A , ( x )  = / x 2 d F  and B , ( x )  = / x x ' ( x )  d F ( x ) ,  (2.5.20) 
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so IF(x; x ,  F) = x(x) /B,(x) .  Applying Cauchy-Schwarz to (B1(x))2 and 
making use of (2.3.19) we see that the asymptotic variance satisfies V,(x, F) 
= A1(x) / (BI(x) )2  2 l/J(F) (Cram&-Rao). Two functions x1 and x2  are 
said to be equivalent when C ( x l )  = C ( x 2 )  and x l ( x )  = rx2 (x )  for all x 
not in this set, where r > 0. Consider any distribution G which has a 
symmetric density g and satisfies jxdG = 0, 0 < jx2dG < 00, and 0 < 
jxx’(x)dG(x)  < 00. Then (2.5.11) is replaced by 

so we define the change-of-variance function by 

(2.5 -22) 

which is symmetric and may contain delta functions as in Definition 1. 
Again 

/CVF(x; x ,  F) dF(x)  = 0 

for all x in 
Definition 2. 

The change-of-variance sensitivity K*(x, F) is defined as in 

Example 5. The maximum likelihood estimator is given by x M L E ( x )  = 
x h ( x )  - 1. At F- CP this yields xMLE(x)  = x 2  - 1, SO A1(xMLE) = 
B1(xMLE) = J ( $ )  = 2; hence 

CVF(x; x M L E , @ )  = :(x‘ - 6x2 + 3). (2.5.23) 

This function is displayed in Figure 4. The variance of the estimator 
decreases somewhat when contamination is placed in the regions where the 
CVF is negative, that is, when the contaminating x’s have absolute values 
roughly between 1 and 2. Contamination elsewhere will increase the vari- 
ance of the estimator, although the effect of “inliers” (points near zero) is 
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-2 t- 
Figure 4. Change-of-variance function of the standard deviation at F = a. 

relatively harmless when compared to the effect of “gross outliers” (points 
with large 1x1) where the CVF is of the order of x4. Therefore, tc*(xMLE, a) 

On the other hand, for the (standardized) MAD (Example 4 in Subsec- 
= 00. 

tion 2.3a) we obtain A1(xmD) = 1, BI(xMD) = 4q+(q), and 

(2.5.24) 

where q = @-’(:); hence K*  = 2. 

Theorem 7. For all x in ql, I/-robustness implies B-robustness. In fact, 
Y*(X, F )  s [(K*(X, F )  - W,(X, F)1”2. 

Proof: Suppose that K*(x, F) is finite and that there exists some xo for 
which IIF(xo, x, F)\ > [(K* - l)VI(x, F)]’f l .  W.1.o.g. put xo 4 D ( x )  and 
x o  > 0. It follows that Ix (xo) l  > b, where this time b := ((K* - l ) ~ i ~ ( x ) ] ~ / ~ .  
If x’(x0) s 0, then 1 + x2(xo)/A1(x) - 2x’(xo)/B1(x) > 1 + b2/A1(x) 
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= K * ,  a contradiction. Therefore, x'(xo) > 0. Case A: Assume that x ( x o )  
> 0. There exists E > 0 such that ~ ' ( t )  > 0 for all t in [x,, x ,  + E),  so 
x ( x )  > x ( x o )  for all x in (xo,xo + E ] .  As in Theorem 1, it follows that 
x ( x )  > x(xo)  > b for all x > x,, x B C ( x )  because only upward jumps of 
x are allowed for positive x. As C ( x )  U D ( x )  is finite, we may assume that 
[x,, + M) n ( C ( x )  u D ( x ) )  is empty. It holds that 1 + x2(x) /A1(x)  - 
2xx'(x)/B,(x) 5 K * ;  hence x*(x )  - 2xx'(x)A1(x)/B,(x) s b2 for all x 
2 x,. Therefore x ' ( x ) / [ x2 (x )  - b2] 2 d/x,  where this time d := 

Bl ( x  ) /2  A I( x 1. Putting 

R ( x )  := - - c0th-l ( 6")) and P ( x ) : = d l n ( x )  
b 

it follows that R'(x) 2 P'(x) for all x 2 x,; hence R ( x )  - R ( x , )  2 P ( x )  
- P(x,), and thus coth-'(X(x)/b) I; b[P(x,) - R(x,) - d ln(x)]. How- 
ever, the left member is positive because x ( x )  > b and the right member 
tends to - 00 for x -+ M, a contradiction. Case B: Assume x ( x o )  c 0. 
There exists E > 0 such that ~ ' ( t )  > 0 for all r in ( x ,  - E,x,], so x ( x )  < 
x ( x o )  for all x in [ x ,  - E ,  x,). As in case A we show that x ( x )  c x ( x o )  c 
(- b )  for all 0 < x < xo, x B C ( x )  because only upward jumps of x are 
allowed for positive x. Because C ( x )  u D ( x )  is finite, we may assume that 
(0, x,] n ( C ( x )  U D ( x ) )  is empty. As in case A, R'(x) 2 P'(x) for all x in 
(0, x,]; hence R(x , )  - R ( x )  2 P(x,) - P(x),  and thus coth-'(X(x)/b) 2 
b[P(x,) - R(x,) - d ln(x)]. However, the left member is negative because 
x ( x )  < ( -b) ,  and the right member tends to +a for x 10, which is a 
contradiction. Therefore, the desired inequality is proved in both cases. 0 

Theorem 8. If x E \k' is nondecreasing for x 2 0, then V-robustness 
and B-robustness are equivalent. In fact, K*(x,  F )  = 1 + y * ( x ,  F)* /  
VdX, F). 

Proof: Analogous to Theorem 2. 0 

Theorem 9. The (standardized) median deviation is the most B-robust 
estimator in"'. For all x in*' we have y * ( x ,  F )  2 1/[4F-'(a)f(F-'(t))], 
and equality holds if and only if x is equivalent to xmD. 
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for all t > 0. The last factor may be calculated by replacing j by 21; + 2jp0, 
yielding 

/ l x A ( x )  - t A ( t ) [  dF(x) = ( t A ( t )  - 1)(4F(r) - 3) + 41f(t). 

In order to find its minimum we differentiate with respect to t ,  yielding 
( tA( t ) ) ' (4F( t )  - 3) which is zero if and only if t = F-' ( i ) ,  negative 
for smaller t ,  and positive for larger t. The minimal value therefore 

1 / [ 4 F - ' ( i ) f ( F - ' ( $ ) ) ]  = y*(xMAD, F ) ,  and as in Theorem 3 one shows 
0 

equals 4F-1(i)f(F-1(iN; hence Y*(X, F )  = suP,,,\,(,,lX(x)l/B,(X) 2 

that equality holds if and only if x is equivalent to xMAD. 

Theorem 10. The (standardized) median deviation is also the most 
V-robust estimator in 9'. For all x in \k' we have K*(x, F) 2 2, and 
equality holds if and only if x is equivalent to xMAD. 

Prooj: Analogous to Theorem 4. 0 

Let us now turn to the problem of optimal robustness. For each b > 0, 
there exists a unique constant a such that 

satisfies /xbdF = 0 and therefore belongs to \kl. The mapping b 3 

y*(xb, F )  is an increasing bijection from (0,00) onto (y*(xMAD, F ) ,  bo), 
and b 3 K * ( x ~ ,  F) is an increasing bijection from (0,~) onto ( 2 , ~ ) .  

Theorem 11. The only optimal B-robust estimators in 9' are (up to 
equivalence) given by { xMD, x,, (0 < b < 00)). They also coincide with 
the optimal V-robust estimators. 

Prooj: Analogous to Theorems 5 and 6, making use of the fact that the 
MLE is never B-robust because x A ( x )  - 1 is unbounded as A'(x) > 0 for 

0 all x by condition (F2). 

The mappings xb  are shown in Figure 2 of Section 2.4 for different 
values of 6.  Note that the truncation from above and below in (2.5.25) has 
been caused by bounding the CVF only from above! 
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*2.5f. Further Topics 

An M-Estimator Is Chamtenzed by Its CVF 

It is obvious from (2.5.9) that a location M-estimator is characterized by its 
influence function, up to equivalence (in the sense of Subsection 2.5a): 

Lemma 3. Let q1 and q2 belong to \k. If IF(x; +1, F) and W x ;  $2, F) 
are identical, then Jll and +2 are equivalent. 

Rousseeuw (1983a) showed that an M-estimator is also characterized by 
the local behavior of its asymptotic variance at F: 

Theorem 12 Let +1 and q2 belong to 9. If CVF(x;+, ,F)  and 
CVF(x; ttZ, F )  are identical, then +1 and t,bZ are equivalent. 

Proof: Put C := C(+l) = C(J/2)  and D := D ( J / l )  = 0(q2) .  It holds 
that CVF(x; Jll, F )  = CVF(x; +z, F )  for all x in R \ (C U D) and that 
+l(ci + ) - q1(ci - ) = &(ci + ) - q 2 ( c i  - ) for all ci in C. We may sup- 
pose w.1.o.g. that 

B(+l) = B ( + 2 ) ,  

A ( $ , )  ZG 44,) .  

so it remains to prove +1 = +2. Suppose w.1.o.g. that 

Now assume that q1 Z +2. Then there exists xo in [0, 00)\ C such that 
ICI2(xO) > +l(xo). (Otherwise, J12 5 on [0, 00) \ C, and in some point we 
must have strict inequality as G1 + +2; but then B ( q 2 )  = 2/f0,m)A+2 dF < 
B(+,) ,  a contradiction.) Suppose w.1.o.g. that xo 4 D. It is impossible that 

Thus there exists E > 0 such that +b2 > +1 on [xo,  xo + e). By means of a 
reasoning analogous to part of the proof of Theorem 1, it follows that 

and 
qZ are continuously differentiable and satisfy q2(x) > +l(x) on 
[ K, a), where it also holds that ( it2)’(x)/A( GI)  - 2( ICl2)’(x)/B( +1) 

B(+ , ) .  Putting a := B(+1)/(2A(+1)) > 0 and observing that [ ( + z ) 2 ( x )  - 
(+l)z(x)] > 0 we find 

(+2)‘(x0) s ( 4 Q ( x 0 ) ,  because then C W x , ;  q 2 , F )  > CVF(xo; JI1, 0. 

4 4 x 1  ’ +1(x) for all x E [xo,  m)\ c. 
There exists a finite K 2 xo such that (C u D) c (- K, K), so 

5 (+d2(x)/4+2) - 2(+2)‘(X)/B(+Z) = (+l)z(x)/N+l) - 2(+1)’(X)/ 
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For all y 2 K, we define 

2 a. 

On [K, 00) the mapping R is well defined, strictly negative, and continu- 
ously differentiable with derivative [(+2)’(x) - (+l)’(x)]/(+z(x) - +1(x))2 
2 a. Hence, R(x) - R ( K )  2 a(x - K), so ax s aK - R ( K )  c 00 for all 
x 2 K, which is clearly impossible. 

Remark 4. It follows that if 0 < ARE,I,S2(F) < 00 and 
(6’/at)[ARESl,+’2((1 - r)F + rG)],,, = 0 for all “nice” G as in (2.5.11), 
then the CVF‘s are identical and It1 and Itz must be equivalent. This result 
can be applied when the ARE of two location M-estimators equals a 
constant 0 c k < 00 on some (infinitesimal or other) “neighborhood” of F, 
in which case equivalence follows, so k = 1. 

Some Generalizations 

In connection with the change-of-variance function, it is also possible to 
deal with asymmetric contamination. The asymptotic variance of a location 
M-estimator at some asymmetric distribution is still given by the expected 
square of its influence function. We put = (1 - t)F + tG, where G is not 
necessarily symmetric, and obtain 

(2.5.26) 
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Clearly, $$' and +" are skew symmetric because $ is symmetric, so the 
last term vanishes and (2.5.26) reduces to (2.5.11), yielding the same CVF 
and changeof-variance sensitivity as before. This means that it is allowed to 
replace the equation 

(2.5.27) 

(which followed Definition 1 of Subsection 2.5a) by the equation 

In this form the CVF will be generalized to regression (see Subsection 6.3~). 

It is also possible to define the CVF for other types of estimators. For 
this purpose one extends (2.5.11), where the asymptotic variance is given by 
the expected square of the influence function at the contaminated distribu- 
tion. Unfortunately, the resulting expressions am often rather complicated. 
For instance, Ronchetti (1979) computed a variant of the CVF for R-esti- 
mators. Moreover, one cannot simply translate the results for M-estimators 
to other cases. Indeed, one might hope that an G or R-estimator which has 
the same IF at F as some M-estimator, would also possess the same CVF at 
F. This is not the case because for L and R-estimators the shape of the IF 
depends on the underlying distribution (see Remark 2 in Subsection 2.3b 
and Remark 3 in Subsection 2.3c), which clearly modifies the asymptotic 
variance at contaminated distributions. Of course, the median (which is an 
M-, L, and R-estimator) always yields (2.5.13), and the mean (which is also 
an Lestimator) sti l l  gives (2.5.12), as does the normal scofes estimator 
(Example 8 in Subsection 2.3~). However, for the Hodges-Lehmann estima- 
tor we obtain 

= 4 - 8 6 + ( ~ )  (2.5.29) 

so its changeof-variance sensitivity equals K* = 4. If we now construct the 
location M-estimator with the same influence function at @ as the 



2.5. THE CHANGE-OF-VARIANCE FUNCTION 147 

Hodges-Lehmann estimator, then we obtain + ( x )  = @(x) - 4, which yields 
a CVF different from (2.5.29). Ronchetti and Yen (1985) extended Theorem 
4 and a weaker form of Theorem 6 to R-estimators, yielding the median and 
the truncated normal scores estimator given by (2.4.16). 

Alternative Definitions 

We shall now discuss two notions that are comparable to the change-of-vari- 
ance sensitivity K * .  The first is Hampel's original suggestion, going back to 
1972. He proposed to calculate the supremum of the CVF as in Definition 2, 
but without the standardization by l /V(  4, F). Therefore, this sensitivity 
equals 

Because x* is directly proportional to K*, it is clear that Theorems 1 and 2 
can be translated immediately. Unfortunately, the same is not true for 
Theorems 4 and 6. Indeed, in Figure 5 the sensitivity x* of the Huber- 
estimators +b is plotted against b. It is clear that the median (corresponding 
to b = 0) is no longer most robust in the sense of x*  (although it was most 
robust in the sense of K*), because its sensitivity x*  is not even minimal in 
this small family of estimators. Moreover, if the Huber-estimators were 
optimal robust. in this sense, then the graph of x* would be strictly 
increasing because V(#b, @) is strictly decreasing. 

- - - 
- I l l l l l l r l l r l l l l l l l l I I -  

0 0.25 0.50 0.75 1.00 1.25 
Figure 5. x*(J.,,, a) as a function of h. 
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A similar graph can be drawn for the most V-robust and the optimal 
V-robust estimators of Subsections 2.6b and 2.6~. Therefore, the “median- 
type hyperbolic tangent estimator” is no longer most robust in the sense of 
x * ,  and the “ tanh-estimators” are no longer optimal robust [one only has to 
plot x * ( x r S k )  as a function of k, for a fixed value of r ] .  

The second notion is more promising. It has often turned out to be more 
convenient to work with the inverse of V(T, F) than with V(T, F) itself. 
For example, when developing his minimax asymptotic variance theory, 
Huber (1964, Section 8) preferred the utility function V ( g ,  F) - ’  over the 
loss function V( +, F) because of its useful convexity properties. Moreover, 
V(T, F ) - ’  is nicely bounded between 0 and J ( F )  by Cramkr-Rao. The 
asymptotic efficacy of T at F is defined as 

E ( T ,  F )  := V ( T ,  F)? (2.5.31) 

This name comes from the one-dimensional testing problem (see Subsection 
3.2b); the asymptotic efficacy of tests goes back to Pitman (Noether, 1955) 
and generalizes (2.5.31). Now we can introduce the effcacy influence func- 
tion ( E I F )  of estimators by differentiation of E(T, F): 

-[E(T,(l  a - t ) F +  tG)],-o = /EIF(x;T,F)dG(x) (2.5.32) 
at 

so the EIF is simply proportional to the CVF: 

E I F ( ~ ;  T, F )  = - E ( T ,  F ) ~ c v F ( ~ ;  T, F ) .  (2.5.33) 

One defines the corresponding sensitivity q* as the supremum of 
{ - EIF(x; T, F)) in the sense of Definition 2; hence 

q*(T, F) = E ( T ,  F)K*(T, F). (2.5.34) 

The EIF and q* were discovered in 1978 by Rousseeuw and Ronchetti in 
connection with their work on robust testing. The advantage of this ap- 
proach lies in its broad applicability, covering estimators and tests at the 
same time. 

Let us now consider location M-estimators with + E ‘k, and investigate 
what happens to our previous results. Theorems 1 and 2 can be translated 
immediately, as + is EIF-robust if and only if it is V-robust (2.5.34). 
Now b + q*( +b,  F) is a strictly increasing continuous bijection from 

(0, IlAlI) onto (q*(+,,,,, F ) ,  q*(A, 0) because both E(+*,  F )  and 
K*(  +*, F) are increasing continuous bijections (Rousseeuw, 1981b). To- 
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gether with much other empirical evidence, this seems to indicate that 

q*(JImed, F) = 8f2(0) (2.5.35) 

is the minimal value of q* in 9, which would mean that the median is the 
most EIF-robust M-estimator in 9. Unfortunately, no proof of this conjec- 
ture is available. (However, a simple partial result holds. In the class 
9' = { JI E 9; E ( # ,  F) 2 E(JImd, F)) of M-estimators that are at least as 
efficient as the median, which in practice is a reasonable restriction, we have 
q*( JI, F) 2 2E( JImd, F) = 8f2(0) by Theorem 4, and equality holds if and 
only if J, is equivalent to JImcd.) It is also conjectured that the most V-robust 
estimators of the next section (Theorem 3 in Subsection 2.6b) are at the 
same time most EIF-robust. 

On the other hand, it is easy to prove that the Huber-estimators $6 ,  

which are optimal V-robust by Theorem 6, are also optimal EIF-robust. 
Indeed, +,, maximizes E ( $ ,  F) among all JI satisfying q*(JI, F) s 
kE( qb, F). (To see this, take any JI in 9 which satisfies this side condition. 
It follows that E( JI, F) s E( $6 ,  F), because otherwise K*( JI, F) > k by 
Theorem 6, and then r]*( 9, F) = K*( J I ,  F ) E (  J I ,  F )  > kE( $6 ,  F).) Analo- 
gously, one shows that the optimal V-robust estimators of the next section 
(Theorem 6 in Subsection 2.6~) are at the same time optimal EIF-robust. 

The disadvantages of the notions x *  and q* discussed in this subsection 
justify our choice of the change-of-variance sensitivity K* as the most 
convenient measure for describing the local robustness of the asymptotic 
variance of estimators. This notion K* can also easily be generalized to tests 
(see Section 3.5). 

2.6. REDESCENDING M-ESTIMATORS 

2.6a. Introduction 

In the previous section, we have investigated the local behavior of location 
M-estimators by means of the influence function (B-robustness) and the 
change-of-variance function (V-robustness). In the present section we re- 
main in the same framework, but we restrict consideration to location 
M-estimators which are able to reject extreme outliers entirely, which 
implies that their +function vanishes outside some central region. This 
means that we shall focus our attention to the subclass 

'k, := { 1 ~ ,  E 9; #(x )  = 0 for all 1x1 2 r )  (2.6 .l) 
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of the class 4f introduced in Subsection 29a, where 0 < r < 00 is a fixed 
constant. This is equivalent to putting an upper bound p*(+) I; r on the 
rejection point p* (2.1.15), which means that all observations lying farther 
away than r are discarded (or “rejected”). Such M-estimators are said to be 
redescending, but one has to be careful with this name because some authors 
also use it when the +function merely tends to zero for 1x1 4 00 (see, e.g., 
Holland and Welsch, 1977). Most M-estimators that have been mentioned 
in earlier Sections are not descending, except for the Huber-type skipped 
mean (Example 1 in Subsection 2.5a). Let us now give some examples with 
continuous +functions: 

Example 1. The M-estimators corresponding to 

where 0 < a s b < r < 00 are sometimes called “hampels” because they 
were introduced by F. Hampel in the Princeton Robustness Study (Andrews 
et al., 1972, Sections 2C3, 7A1, and 7C2), where they were very successful. 
The so-called two-part redescending M-estimators correspond to +a,a, , for 
0 < a < r < 00, whereas we speak of three-part redescending M-estimators 
(see Fig. 1) when 0 < a < b < r < 00. 

+ 
X 

Figure 1. Shape of the *-function (and the influence function) of Hampel’s three-part 
redescending M-estimator. 
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Figure 2. Andrew’s sine function. 

Example 2. The use of th.e sinefuncfion (see Fig. 2) was advocated by 
Andrews (Andrews et al., 1972): 

IC, sin (a) ( x sin( f ) 1, - w a  , wa 1 ( x * (2.6.3) 

Example 3. Some very smooth +-function, the biweighr (or “bisquare”) 
shown in Figure 3, was proposed by J. Tukey and has become increasingly 
popular (Beaton and Tukey, 1974): 

IC,bi(rj(x) = x ( r 2  - ~ ~ ) ~ 1 [ - r , r I ( x ) .  (2.6.4) 

Surprisingly enough, certain redescending M-estimators are relatively 
old. The estimator of Smith (going back to 1888) turns out to be an 

Figure 3. Tukey’s biweight. 
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M-estimator, with 

(Stigler, 1980, p. 218). In the same paper, Stigler even mentions the 
suggestion of Daniel Bernoulli (in 1769) to use 

Remark 1. Although redescending M-estimators were very successful in 
the Princeton Robustness Study, some people still avoid them because of 
computational problems. Indeed, the solution of Z7-lJ,(xl - T,) = 0 is not 
unique because the left member will vanish for all far-away values of T,. 
However, there are several ways out of this: One can either (1) take the 
global minimum of C;-’,,p(x, - T,); (2) select the solution of C,?,,J/(x, - 
T,) =: 0 nearest to the sample median: or (3) use Newton’s method, starting 
with the median. As the “ uniqueness problem” is really caused by the bad 
behavior of iterative algorithms, the simplest solution is to compute only a 
one-step M-estimator as described in Subsection 2.3% starting from the 
median. This estimator has breakdown point 50% and the same IF and CVF 
as the fully iterated M-estimator (at least when J, is odd and F is 
symmetric), while at the same time the uniqueness problem does not occur 
and the finite-sample behavior is very good (Andrews et al., 1972). 

A second problem often cited in connection with redescending M-estima- 
tors is their sensitivity to a wrong scale. In most practical situations the scale 
is unknown, so T, is defined through 

x i  - 
i - 1  

and for one-step M-estimators by 

where the initial estimate of location Tio) is the median of the observations 
x,, . . . , x,. When the scale estimate S, is way off, this might lead to wrong 
results because then some outliers might no longer be rejected. However, 
this can easily be avoided by using 

S, = 1.483MAD( xi) = 1.483 med, { Ixi  - med,( xj)l } , 



2.6. REDESCENDING M-ESTIMATORS 153 

which can be calculated immediately from the data, and does not have to be 
computed simultaneously with T,. This S, has a 50% breakdown point, and 
is very easy to use. Moreover, M-estimators with this auxiliary scale 
estimate give very good finite-sample results (Andrews et al., 1972, p. 239). 

One other problem can occur with one-step M-estimators: for certain 
functions 4 and certain samples it may happen that the denominator 
Z;-,,,v([xi - T,"l]/Sn) becomes zero. However, this can easily be avoided 
by replacing this denominator by n/V(z)  d @  ( z ) .  Another solution is to 
switch to a one-step W-estimator (see Subsection 2.3d): 

C;-',x,w([xi - med(xj>]/[l.483MAD(xi)]) 
Z;-',w( [ x i  - med( xi)]/[1.483MAD(xi)]) 

w, = 

where the nonnegative weight function w is related to $ through w ( u )  = 
$ ( u ) / u .  This computation is very simple, and does not lead to problems 
because the denominator cannot become zero. (It suffices to make sure that 
w ( u )  is strictly positive for 0 5; IuI 5; 0.68 because then at least half of the 
data give a strictly positive contribution to the denominator.) This approach 
avoids all the problems that were mentioned for redescenders. 

In this section, we shall investigate what happens to the robustness 
concepts of the previous section if we restrict ourselves to the class 'k, of 
redescending +functions with rejection point at most equal to r. Theorem 1 
in Subsection 2.5b becomes useless since each 4 in 9, is already B-robust by 
the Weierstrass theorem, as the piecewise continuous mapping 4 must be 
bounded on [ - r ,  r]. Theorem 2 in Subsection 2.Sb becomes meaningless 
since 'k, does not contain any monotone mappings. On the other hand, there 
exist elements of 'k, which are not V-robust, such as the Huber-type skipped 
mean, the CVF of which contains delta functions with positive sign. 

The lower bounds for y* and K*  as given by Theorems 3 and 4 in 
Subsection 2 . 5 ~  remain valid, but they can no longer be reached because the 
median is not redescending. Indeed, in Subsection 2.6b exact bounds will be 
given for this case, and it will turn out that the most B-robust and the most 
V-robust estimators are no longer the same. 

Moreover, the problems of optimal robustness will have to be tackled 
anew, because the mappings + b  of Subsection 2.5d do not belong to 'k, 
either. These investigations will be carried out in Subsection 2.6c, where it 
will be seen that the optimal B-robust and the optimal V-robust estimators 
in 'k, are also different. 
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The results of this section were taken from Rousseeuw's (1981b) Ph.D. 
thesis. Some parts already appeared in Rousseeuw (1981~; 1982a) and 
Hampel et al. (1981). 

2.6b. Most Robust Estimators 

We first look for the most B-robust estimator in 'k,. Inspired by Theorem 3 
in Subsection 2Sc, we introduce 

(2.6.5) 

(see Fig. 4). We call this estimator a skipped median, because observations 
farther away than r are skipped. [Here "skipped" refers to the Huber-type 
skipped mean, and not to Tukey's skipping procedures (Andrews et al., 
1972).] We have = 2F(r)  - 1 and B(J,md(,)) = 2[f (0)  - f ( r ) ] .  
For not too small values of r ,  it appears that + m c d f r )  becomes an acceptable 
alternative to the median. 

J, m d  r )  ( x 1 := sign(x - r ,  r ]  ( x 1 

Theorem 1. The skipped median is the most B-robust estimator in 'kr. 
For all + in 'k, we have y* (+ ,  F) 2 1/{2[f(0) - f ( r ) ] ) ,  and equality holds 
if and only if 4 is equivalent to J,-,(,,. 

Prooj: The proof is an adaptation of Theorem 3 in Subsection 2Sc, 
0 where the real line is replaced by [ - r ,  r 1. 

Unfortunately, the downward jumps of +mdtr) at r and - r  imply that 
K * ( J , ~ , ) ,  F) = 00. Therefore, the most I/-robust and the most B-robust 
estimators can no longer be the same. 

Figure 4. Skipped median. 



2.6. REDESCENDING M-ESFIMATORS 155 

For brevity, we introduce 

(2.6.6) 

which is an increasing continuous bijection of ( 0 , ~ )  onto (0, J(F) ) .  At 
F = @ we obtain 

K ( r )  = 2 @ ( r )  - 1 - 2 4 4 .  

Theorem 2. There exist constants K ,  and B, such that 

x,(x> := ( K ,  - 1)”2tanh[ )B,(K, - ~ ) ‘ / ~ ( r  - ~xl)]sign(x)l~_,,,,(x) 

belongs to ‘k, and satisfies A(x, )  = 1 and B ( x , )  = B,. Moreover, 
K * ( x , ,  F )  = K, > 2F(r) / (2F(r)  - 1) > 2 and 0 < l/Y(x,, F) = B,? < 
K ( r )  < J( F ) .  

Proof. The constant 0 < r < 00 is fixed. For each pair of positive 
constants ( K ,  B) we introduce the notation 

s , , ~ ( x )  := ( K  - l)’/*tanh[:B(K - l)ln(r - Ixl)] 

xsign(x)l,-r, rl (x)* 

We must prove that there exists a pair of values K and B such that 
A(q , ,  ,) = 1 and B(q, , , )  = B. These equations are equivalent to 

and 

B[l  +(K - 1)(2F(r) - 1)]/ 

( ( K  - 1)”2tanh[ ~ B ( K  - l)lpr)) = 4f(O). (B) 

1. We start by “solving” (A): we prove that for each K > 
2 F ( r ) / ( 2 F ( r )  - 1) there exists a value B E ( 0 , ~ )  such that 
A(? , , , )  = 1. Let K > 2 F ( r ) / ( 2 F ( r )  - 1) be fixed. Now the left 
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member of (A) is strictly increasing and continuous in B. For B 10 it 
tends to zero, and for B t 00 it tends t& ( K  - 1)(2F(r) - 1 )  > 1. The 
mean value theorem yields a unique solution B of (A), which we 
denote by B ( K ) .  By elementary but involved arguments, we can 
verify that B ( K )  is strictly decreasing and continuous in K .  When 
~ 1 2 F ( r X 2 F ( r )  - 1) it holds that B ( K ) ~ ~ o ,  and B(K)(K - 1)l/* 
tends to zero when K 10. 

2. If we now substitute B = B ( K )  in equation ( B ) ,  we only have to 
“solve” this equation in the single variable K .  We first investigate 
what happens if K ~ C O .  Using the first part of the proof, the left 
member of ( B )  then tends to 2(2F(r) - l)/r using L‘Hbpital’s rule, 
Now we know that (F( r )  - ) ) / r  = [ F( r )  - F(O)]/[r - 01 = f( 4) < 
f(0) where 0 < 4 c r ,  so 2(2F(r) - l ) / r  c 4f(O). We conclude that 
for K t 00 the left member of ( B )  becomes strictly smaller than the 
right one, We now investigate what happens for K 12F(r) / (2F(r)  - 
1). Because then B ( K )  t 00 (part l), clearly the left member of ( B )  
tends to infinity, thereby becoming strictly larger than the right 
member. We conclude the existence of a solution K ,  which we denote 
by K,, and we also put B, := B(K,) .  

3. This solution x r  belongs to 9, with C(x, )=  (0) and D ( x r ) =  
{ -r, r}. By construction, K ,  > 2F(r) / (2F(r)  - 1) > 2. To prove 

Table 1. Vlluesof IC, and 4 at F =  Q, 

r a, B, e Y* 

2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
7.0 
8.0 
10.0 
00 

4.457305 
3.330328 
2.796040 
2.505102 
2.33 1507 
2.221654 
2.149604 
2.101379 
2.068765 
2.031553 
2.b14392 
2.002953 
2.000000 

0.509855 
0.604034 
0.668619 
0.711310 
0.739426 
0.758161 
0.770809 
0.779423 
0.785313 
0.792091 
0.795236 
0.797340 
0.797885 

0.2600 2.6946 
0.3649 2.0688 
0.4471 1.7491 
0.5060 1.5694 
0.5468 1.4610 
0.5748 1.3922 
0.5941 1.3471 
0.6075 1.3168 
0.6167 1.2964 
0.6274 1.2731 
0.6324 1.2623 
0.6358 1.2552 
0.6366 1.2533 
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K*(x,, F) = K,, note that CVF(x; x,, F ) / V ( x , ,  F) = K, for 0 < 1x1 
c r .  For more details of this proof, see Rousseeuw (1981b). 0 

In Table 1 some values of K, and B, can be found for F = @. Note that 
the asymptotic efficiency e equals B,? because A ( x , )  = 1 = J ( @ ) .  Unique- 
ness of K, and B, will follow from Theorem 3. Looking at Table 1, it 
appears that the estimator corresponding to X ,  yields an acceptable alterna- 
tive to the median (corresponding to r = 00) provided r is not too small. 
Apart from a finite y *  and p* it also possesses a finite K * ,  so x ,  is “more 
robust” than xrned(,). In fact, Theorem 3 states that x r  is most V-robust in 
q,, a property shared by the median in 9. Moreover, C ( x r )  = (0) = 

C( $&) and in both cases the jump is upward, so both estimators have the 
same behavior at the center. Because of all this, we call the estimator 
determined by x ,  a median-type hyperboric tangent estimator (see Fig. 5) .  

Remark 2. The constants K, and B, of Table 1 were computed in the 
following way. Consider 

x r ( x = artafiI P r  ( r - I x I )I sign(x 111 - r .  rl ( X  9 

where a, := (K, - 1)1/2 and 8, := ~B,(K, - 1)lI2. The constants K, and B, 
are defined implicitly through the equations A(x, )  = 1 and B ( x , )  = B,, 
which are equivalent to 1x3 d @  = 1 and B,(1 + a,2(2@(r) - 1)) = 4+(0)(a, 
tanh(r&)). From the given value of r ,  the starting values 2 @ ( r ) / ( 2 @ ( r )  - 1) 
for K, and K ( r ) 1 / 2  for B, are computed. At each step we obtain new 
values by 

Brnew := (4+(0)artanh(r~r)/(l+ a : t 2 @ ( r )  - l))]c,,d, 

K r  n- ’= Kold + A K r  9 

Figure 5. Median-type tanh-estimator. 
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where AK, = 1 - /x:& dCP is computed by means of Romberg integration. 
The iteration continues till both B, and K ,  have increments smaller than 
10-lo, converging quite rapidly. Then y* is calculated by y*  = x,(O + ) /B ,  - (a,/B,)tanh(&), whereas always A* = 00. 

Theorem 3. The median-type tanh-estimator is the most V-robust esti- 
mator in 9,. For all 4 in 'k, we have K*(+ ,  F) 2 K,, and equality holds if 
and only if + is equivalent to x,. 

The proof of this result is rather technical and can be found in 
Rousseeuw (1981b, 1982a). 

2.6~. Optimal Robust Estimators 

In connection with optimal B-robustness in q we worked with the map- 
pings +b (2.5.16), which unfortunately do not belong to 9,. To repair this, 
we define 

(2.6.7) 

for all 0 < r < a0 and 0 < b < h(r). This means that +,,b = $blI-r,rl, so 
at F 5 CP we could say that +,,b determines a skipped Huber estimator (see 
Fig. 6a). If we let b tend to A(r), then the horizontal parts disappear and 
we obtain 

(2.6.8) 

which corresponds to the (Huber-type) skipped mean [given by +*(,)(_x) = 
xl[-r,rJ(x)] at F = @ (see Fig. 6b). We easily verify that A($J = B(+,) = 
K ( r )  by (2.6.6), so V($,, F) = l/K(r) and +*($,, F) = A ( r ) / K ( r )  < 00. 
Lemma 1 of subsection 2.5d can be translated immediately: 

Lemma 1. The mapping b + y*(+,,b, F) is an increasing continuous 
bijection from (0, A(r ) )  onto ( Y * ( + ~ ~ ) ,  0, Y*($,, F ) ) .  

Analogously, b 4 V(+,,b,  F) is a decreasing continuous bijection from 
(0, A( t)) onto (V( $r, F), V( $tlllicd(,), F)) (Rousseeuw, 1981b). Therefore, the 
+,.b bridge the gap between +msd(,) (which in qr plays the role of the 
median) and $, [which possesses the smallest V(+ ,  F) in q,, as B2(+) 9 
K ( r ) A ( + )  for all + in 'k, by Cauchy-Schwan]. 
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(b) 

Figure 6. Optimal B-robust redescending M-estimators: (a) skipped Huber-estimator and 
( h )  skipped mean. 

Theorem 4. The only optimal B-robust estimators in 'k, are (up to 
equivalence) given by { $med(r)t $,,JO < b < M r ) ) ,  4,). 
Proof. The proof mimics that of Theorem 5 of Subsection 2.5d, making 

0 use of Theorem 1 and keeping in mind that y*(  $,, F) is always finite. 

Remark 3. There are some variants of this result when also the local-shift 
sensitivity A* (2.1.14) is considered. In the sense of A*, the two-part 
redescending M-estimators (Example I) with u = r/2 are most robust 
(Collins, 1976, Theorem 3.2). When there are simultaneous upper bounds on 
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y *  and A*, then the problem of optimal robustness at F = Q, yields the 
three-part redescending M-estimators (Example l), the redescending parts 
of which are not steeper than the ascending part (Collins, 1976, Remark 

Unfortunately, all +functions of Theorem 4 possess downward jumps at 
r and -r, hence they all have infinite change-of-variance sensitivities. 
Therefore, the optimal V-robust and the optimal B-robust estimators can no 
longer be the same. 

3.7). 

Theorem 5 (Existence of tanh-estimators). For each k > K, there exist 
A, B, and p such that 

X&) := A(x) 0 5  1x1 SP 

:= ( A ( k  - l))’/’tanh[$((k - 1)B2/A)’l2(r - Ix()]sign(x) 

p I 1x1 5 r 

:= 0 r 5 1x1, (2.6.9) 

where 0 < p < r satisfies 

A ( p )  = ( A ( k  - l))”’tanh[~((k - l)B’/A)’/’(r - p ) ]  (2.6.10) 

belongs to ‘k, and satisfies A ( x r , & )  = A, B ( x , , ~ )  = B, and K * ( x , , & ,  F )  = k. 
Moreover, 0 < A < B < K( r )  < J(  F )  < 00 and V( Gr,  F )  < V ( X ~ , ~ ,  F )  -z 
V(Xp F ) .  

Prooj: Let k > K, be fixed. The problem is equivalent to the existence 
of constants s > B, and p E (0, r )  such that the mapping ( s , p  defined by 

E‘,,, ( x  1 = A(x)(k - l)’/*tanh[i(k - 1) l f l s ( r  - p ) ] / A ( p )  

0s 1x1 -i;P 

= ( k  - l)’/’tanh[+(k - l)”*s(r - Ixl)]sign(x) 
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satisfies the equations 

and 

It is clear that such a solution I,,, would be continuous, and continuously 
differentiable on W \ { - r ,  -p ,  p ,  r } .  (In order to return to the original 
problem, we calculate A := (A( )/((k - l)’/’tanh[$(k - l)’/’s(r - 
p ) ] } ) ~ ,  B := s~ and X r , k  :=  if'.) 

1. We start by “solving” (A’ )  by showing that for each s 2 B, there 
exists some p E (0, r )  satisfying (A’). Let s 2: B, be fixed. Now /€:,,dF is 
continuous and strictly decreasing in p ,  tending to zero for p t r. Moreover, 
limpio/[:,p dF > / x :  dF = 1. Therefore there exists a unique value of 
p E (0, r) satisfying (A’), which we denote by p ( s ) .  We can verify that p ( s )  
is a strictly increasing continuous function of s. For s = B, we define 

2. We now substitute p = p ( s )  in (B’ ) ,  so we are left with the task of 
solving the resulting equation in s. Now /A( , , p ( s )  dF is continuous in s; we 
shall first investigate what happens for s = B,, so p = po. For brevity we 
denote (k - l)’/’tanh[$(k - 1)’I2Br(r - p o ) ] / A ( p , )  by a. We see that 
/ i - r , , l ( ~ r  - aA) ’dF= 1 + a2K(r> - 2aB(X,) and that / [ - r , r ] ( t B , , p o  - 
aA)’dF = 1 + a2K(r )  - 2aB(tB,*po) .  We know that (B, ,po(x)  = a A ( x )  
on [0, pol, and because k > K ,  wecan verify that x,(x) < IB, ,po(x)  < a A ( x )  
on ( p o ,  r ) .  It follows that / r - r , r l ( ~ ,  - aAI2dF > j I - , , , , ( t B , , p o  - 
and therefore B ( x , )  < B((B, ,po) .  Using B ( x , )  = B, (see Theorem 2), we 
see that for s = B, the right member of ( B ’ )  is strictly smaller than the left 
one. When s t 00, the left member of (B’) remains bounded from above by 
(k - 1)’12K( r ) / A (  pa) < 00, so the right member of ( B ‘ )  becomes strictly 
larger than the left one. Therefore there must exist a solution s 2 B, of 
/ A t s , p f , )  dF = s, hence & p f r )  satisfies both (A’) and (B’ ) .  Returning to the 
original problem, x r , &  := Is,,(slfi satisfies A(x , ,& )  = A and B ( x r S k )  = B. 

3. The solution X , , k  belongs to CJr, with C(X,,k) = + and D ( x , , ~ )  = 

{ - r ,  - p , p , r } .  We note that I X , , ~ ( X ) ~  = lA(x)l for 0 5 1x1 < p  and 

/(-r,,llAl Ix,,&l dF = B. Again using these inequalities we further obtain 
B = / ~ - , , r~ lA l  I x , , ~ ~  dF -C /~-, , , l lA12dF = K ( r )  < J ( F ) .  By means of the 

Po := P(B,)  E (0, r ) .  

that Ix,,Ax)l < lMx) l  for P < 1x1 r ,  so A = /[-r,rl lX,,&12dF< 
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Figure 7. shape of the +function (and the influence function) of a lanh-estimator, for F = CP. 

The estimators determined by these x ,, are called tanh-estimators. They 
go back to Hampel in 1972, who conjectured them to be optimal in some 
sense. Indeed, in Theorem 6 it will be shown that they are optimal V-robust, 
also entailing uniqueness of A, B, and p. Now, why is Theorem 5 
necessary? When looking for the optimal V-robust estimators, we first 
remark that the central part of x , , ~  has to be proportional to A in order to 
achieve a high asymptotic efficiency at the model. It also becomes clear that 
CVF ( x ;  & k ,  F ) / V ( x , , & ,  F) = k has to be satisfied on the redescending 
parts of x , , ~ .  (Therefore xr,& may not redescend too steeply, or else -x; ,& 
would become too large, which is not allowed because - x i ,  occufs in the 
CVF.) From this differential equation we obtain (2.6.9) with the hyperbolic 
tangent, where (2.6.10) makes this function continuous. However, the con- 
stants A and B in these expressions also have to equal / x ; ,&dF and 
/ x i ,  dF, and it becomes necessary to show that such values A, B, and p do 
exist. 

At F = Q we can replace h ( x )  by x in (2.6.9) and A ( p )  by p in 
(2.6.10), obtaining Figure 7. The corresponding change-of-variance function 
is given in Figure 8. For this case, Table 2 gives a list of constants A, B, and 
p corresponding to some values of r and k. We selected the entries of the 
table on the basis of r, k, y*, A* (2.1.13), and the asymptotic efficiency 
e = l / V ( ~ ~ , ~ , 4 )  at the model. Indeed, our values of r lie in the range 
commonly used, and we want k = K* not too large (at most five, say), y* 
and A* not too large (say, not much larger than two), and at the same time a 
high value of e. Of course, there is some arbitrariness in the choice of 
reasonable bounds of y* ,  K * ,  and A*, depending on the amount of 
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Y 
Figure 8. Change-of-variance function of a tanh-estimator. 

Table 2. Hyperbolic Tangent Estimators for F = Q 
~~~ ~ ~ 

r k  A B P e Y* A* 

3.0 4.0 0.493810 0.628945 1.096215 0.8011 1.7429 1.5900 
4.5 0.604251 0.713572 1.304307 0.8427 1.8279 1.7500 
5.0 0.680593 0.769313 1.470089 0.8696 1.9109 2.oooO 

4.0 4.0 0.725616 0.824330 1.435830 0.9365 1.7418 1.5000 
4.5 0.804598 0.877210 1.634416 0.9564 1.8632 1.7500 
5.0 0.857044 0.911135 1.803134 0.9686 1.9790 2.oooO 

5.0 4.0 0.782111 0.867443 1.523457 0.9621 1.7563 1.5000 
4.5 0.849105 0.910228 1.715952 0.9758 1.8852 1.7500 
5.0 0.893243 0.937508 1.882458 0.9840 2.0079 2.oooO 

6.0 4.0 0.793552 0.875862 1.541383 0.9667 1.7598 1.5000 
4.5 0.857058 0.915911 1.730683 0.9788 1.8896 1.7500 
5.0 0.899024 0.941556 1.895246 0.9861 2.0129 2.oooO 

contamination one might expect. It seems that r = 4.0, k = 4.5 are fair 
default values. 

Remark 4. The constants A ,  B, and p of Table 2 were computed 
iteratively. The starting values for A ,  B, and p were K ( r )  = 2@(r) - 1 - 
2r+(r), 2@(r) - 1, and r/2, respectively. A new value of p is found by 
applying Newton-Raphson to (2.6.10), and new values of A and B are 
found by Anew = j ( ~ : , ~ ) ~ , ~ d @  and BnCw = / ( ~ ; , ~ ) ~ , ~ d @  using Romberg 
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integration. The iteration continued until a precision of 10-lo was reached, 
converging rapidly. Finally, also e = B’/A, y* = p / B ,  and A* =I 

max{l/B, (k - 1)/2} are listed. 

Theorem 6 (Optimality of tanh-estimators). The only optimal V-robust 
estimators in ‘k, are (up to equivalence) given by ( x r ,  Xr,k(k > XI ) ) .  

Proof: Let k > K ,  be fixed. We now have to show that the mapping X r , &  
minimizes V($, F) among all $ E ‘k, which satisfy K*($) s k. 

1. It is assumed that K*($) s k < 00, hence for all ci in C($) the 
“jump” $(ci + ) - $(ci - ) has to be positive. This implies that $ is 
continuous at r and -r, where $ ( r )  = $( -r) = 0. Because multiplication 
of $ with any positive constant changes nothing, it suffices to prove that 
xr ,& minimizes A ( $ )  among all $ E q, which are subject to 

C W x ;  $ 9  ww, F) 5 k for all x E R \ [W) u N$)l (0 
and 

For all $ E ‘k, satisfying (D) one verifies that jI-r,rl(A - 9)’ dF = j ( 4 ,  
- $)‘dF = K ( r )  - 2B(x,,&) + A ( $ ) ,  so we are left with the task of mini- 

2. Suppose x,,& is not optimal. Then there exists a mapping +* E ‘k, 
mizing /i-,,rj(A - 4)’dF. 

satisfying (C), (D), and 

Therefore /I-,,rl(A - $*)‘dF < jI-,,,,(A - x,,&)’dF, so there is a point 

We may assume xo $4 D($*). Also xo 3. r, because +*(r) = 0 = x J r ) .  
Let xo 2 0 w.1.o.g. It follows that xo E (p, r), and because x,,& is strictly 
decreasing on (p, r)  we know that A ( x o )  > x,,&(x0), hence JI*(xo) > 
x ~ , ~ ( x ~ )  > 0. Define x1 (= sup{x; xo < x and $* (y )  > x, ,&(y)  for all 
y E (xo,  xl)\C(JI*)). Because JI* and x , , ~  are continuous at xo we have 
xo < x,; on the other hand x1 s r by definition of ‘k;. Because at points of 
C( +*) only upward “jumps” are allowed, we have x1 4 C( JI*) and there- 
fore $*(xl) - x , , J x l ) .  Also, for all y E (xo,xl)\C(+*) we see that 

xo E t-r, ~ I \ C ( + * )  such that (A(x0)  - +*(xO))’ < (A(x0) - Xr,k(xo))’. 

JI*(Y)  > x,.&(Y) > 0, and thus (+ * ) * (Y )  > ( x r , k ) ’ ( Y ) .  
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3. Now suppose that for all x E ( xo,  x l )  \ [ C( $*) U D( $*)I we would 
have ( X r , k ) ' ( X )  s ( $ * ) ' ( x ) .  Denote by { y l , .  . . , ym)  the intersection 
(xo, x l )  n [C($*) U D($*)]  where x o  < y1 < - - - < ym < x l .  In each point 
Yi We have ($* - x r , k X y i  - = $*(yi - - X r , k ( y i )  5 $*(yi + - 
x r , k ( y i )  ($* - x r , k X Y i  + 1. m e  mapping ($' - x , , d  is continuously 
differentiable in between these points, hence 

($* - X r , k ) ( X O )  I; ($* - x r . k ) ( y i  -1 ($* - X r , k ) ( y l  +) 5 ' * *  

s ( $ * - x r , k ) ( y m - ) s  ( $ * - x r , k ) ( y m + ) s  ( $ * - X r , k ) ( X 1 ) *  

But then ($* - X r , k ) ( X 1 )  z ($* - x y , k ) ( x O )  > 0, in contradiction to 
$*(x , )  = X , , k ( X l ) .  This proves the exlstence of a point x2 E (xo,x l ) \  
[C($*) u D($*)] satisfying ( $ * ) ' ( x z )  < ( X r , k ) ' ( X Z )  and also (by part 2 of 
the proof) (JI*)~(x,) > ( x , , k ) ' ( X z ) .  Combining everything, it follows that 

CVF(x2, #*, F ) / V ( $ * ,  F )  ' CVF(x2, X r , k ,  F ) / v ( x r , k ,  F ,  IIc k 

contradicting (C). Therefore X r , k  is optimal. 
4. Any other solution is equivalent to X r , k .  suppose another solution 6 

exists. W.1.o.g. we may put ~(; t ' )= B ( X , , k )  and therefore also A($)  = 
A(X,,$ because both are optimal. As in parts 2 and 3, no point xo E (p, r )  
\C($) can exist such that i ( x o )  > X r , k ( X o ) ,  hence 

( A ( x )  - 2 ( A ( x )  - X r . k ( x ) ) '  for P < I x l  < r ,  $ c(6)* 

By p u t  - - x r . k ) 2 d F =  / [ - r , r l ( &  - $)2dF, hence / ( ~ , r ) ( ~  - 
x , , ~ ) ~ ~ F  = / o , t , ( A  - $) 'dF+ /,,,,,(A - $)2dF.  This implies that $ = 
x r , k  on (p, r)\C(i) ,  hence /(oJ,(A - 6) 'dF-  0 from which it follows 
that also + - X r , k  on (o,~)\c(JI>. Finally, c($) = + and 6 = X r , k  every- 
where. (More details can be found in Rousseeuw, 1981b.) 0 

Remark 5. This last situation completes the picture. Theorems 5 and 6 
of Subsection 2.5d (optimal robustness in J I )  depended on the upper 
extremes y*(A, F) and K*(A, F) being finite or infinite. In Theorem 4 we 
saw that y *( $r,  F) was always finite regardless of F, so $, is itself optimal 
B-robust. In Theorem 6, K*($ , ,  F) is always infinite, so 4, is never 
V-robust. 

Remark 6. We further note that optimal B- and V-robustness in 'k, lead 
to markedly different estimators, which was not the case in JI. Indeed, the 
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+functions of Theorem 1 (most B-robust) and Theorem 4 (optimal B-robust) 
have abrupt downward jumps at r and - r ,  indicating “hard” outlier 
rejection, whereas those of Theorem 3 (most V-robust) and Theorem 6 
(optimal V-robust) all redescend in a smooth way. 

Not only do tanh-estimators possess a finite rejection point p* and a 
finite change-of-variance sensitivity K * ,  they also have other characteristics 
that indicate a high degree of robustness. In the first place, they are 
qualitatively robust (Section 2.2), and their breakdown point E* equals the 
maximal value $. Furthermore, they have a low gross-error sensitivity y* 
and a finite local-shift sensitivity A*, contrary to t$r which is a limiting case 
of our estimators. [This can be seen as follows: If k 4 00, then p tends to r 
and the tanh-part in (2.6.9) becomes very steep and causes in the limit a 
discontinuity at r ,  and thus also an infinite A*. This indicates that the 
resulting estimator is very sensitive to the local behavior of the underlying 
distribution in the neighborhood of r and - r ,  whereas tanh-estimators 
reject “smoothly”.] In addition to all these advantages, tanh-estimators with 
well-chosen constants are quite efficient, as indicated by their asymptotic 
efficiency e in Table 2. 

Tanh-estimators are refinements of Hampel’s three-part redescending 
M-estimators (Example 1). Like the latter, they should be combined with a 
robust scale estimate (preferably the median absolute deviation MAD) to 
ensure equivariance in the frequently occurring case where scale is a 
nuisance parameter. 

Let us now compare tanh-estimators with some of the well-known 
redescending location M-estimators. We “standardize” the competitors as 
follows: They have to belong to ‘k, with r = 4, and their gross-error 
sensitivities at @ must be equal. (Let us put y* 5 1.6749, which is the value 
for the biweight for r = 4.) The estimators under study are the following: 
sine (Example 2 with a = 1.142), biweight (Example 3 with r = 4), three-part 
redescending (Example 1 with a = 1.31, b = 2.039, r = 4), Huber-Collins 
[formula (2.7.5) with p = 1.277, x1 = 1,344, r = 41, and tanh-estimator 
( r  5 4, k = 3.732, p =: 1.312, A = 0.667, B = 0.783). Table 3 lists the 
asymptotic efficiencies of these estimators at the normal model, as well as 
their asymptotic variances under different distributions. (The expression 
5%3N denotes the distribution 0.95@(x) + 0.05@(x/3), and 1, is the Stu- 
dent distribution with 3 degrees of freedom.) 

In turns out that the five redescending estimators in the table have a 
similar behavior. The first four estimators possess asymptotic efficiencies 
close to 91% whereas one gains about 1% with the tanh-estimator, and the 
comparison of the asymptotic variances also seems slightly favorable for the 
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Table 3. Comparison of Some Redescending M-Estimators" 

Asymptotic Variances 

Estimator e 5%3N lOWlON t j  25%3N Cauchy 

Sine (Andrews) 0.9093 1.1991 1.2691 1.5769 1.7687 2.2688 
Biweight (Tukey) 0.9100 1.1978 1.2683 1.5708 1.7645 2.2593 
Huber-Collins 0.9107 1.1966 1.2689 1.5581 1.7583 2.2591 
Three-part (Hampel) 0.9119 1.1954 1.2662 1.5783 1.7603 2.3306 
Tanh-estimator 0.9205 1.1866 1.2590 1.5625 1.7579 2.2977 

Huber-estimator 0.9563 1.1649 1.4385 1.5663 1.7877 2.7890 
Scaled logistic MLE 0.9344 1.1872 1.4624 1.5380 1.7989 2.6390 

"The estimators under study are the following: sine, $ ( x )  = sin(x/u) for 1x1 < QU and 
zero otherwise, with u - 1.142; biweight, + ( x )  - x(r2  - x 2 ) 2  for 1x1 < r and zero 
otherwise, with r = 4; Huber-Collins, p = 1.277, x1 = 1.344, r = 4; three-part rede- 
scending, J, bends at 1.31, 2.039, 4; tanh-estimator, r = 4, k = 3.732, p = 1.312, 
A = 0.667. E - 0.783; Huber-estimator; 4 bends at b - 1.4088; and scaled logistic 
MLE, J , ( x )  - [exp(x/u) - l]/[exp(x/u) + 11 with u - 1.036. All estimators satisfy 
Y *  1.6749 at the standard normal distribution, where also the asymptotic efficiency e 
is evaluated. The abbreviation 583N stands for the distribution 0.95@( x) + 0.05@(~/3) 
and t ,  is the Student distribution with 3 degrees of freedom. 

latter estimator. For smaller values of r these differences will become larger, 
and vice versa. 

For comparison, Table 3 also contains two M-estimators with monotone 
+. In order to make them comparable, their tuning constants are also chosen 
to attain y *  = 1.6749 exactly. The first is the Huber-estimator with bending 
constant b = 1.4088. The second is the so-called "scaled logistic MLE 
corresponding to +(x) = [exp(x/u) - l]/exp(x/a) + 11, which is the max- 
imum likelihood estimator of location at the logistic distribution F ( x )  = 

1/{1 + exp(-x/a)}, where the constant a is put equal to 1.036 in order to 
attain the same value of y*. Because no finite rejection point was imposed, 
these estimators can achieve 1 to 3% more efficiency at the normal. They 
also do rather well at relatively short-tailed distributions like 5%3N, t,, and 
25%3N. However, their variance goes up considerably at distributions which 
produce larger outliers: At 104glON they lose 15% efficiency with respect to 
the redescenders, and at the Cauchy distribution even 20%. At such distribu- 
tions they suffer from the defect that they can never reject an outlier, no 
matter how far away. 
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'k 

B 

(bias) 
IF, y* 

V 
(variance) 
m , K *  

Table 4. A sebematic Summary of B-Robustness nnd V-Robushess Results 
in the Framework of M-Estimation of Location 

Robust 
[finite 

sensitivity] 

V-robust im- 
plies B-robust 
(Theorern l), 

equivalentfor 
monotone + 
- - - - -  

(ThWlZIIl2) 

Most Robust 

[minimal 
sensitivity] 

Median 
(Theorem 3) 

Median 
(Theorem 4) 

B 
(bias) 
IF, Y* 

~ ~~ ~~ 

Optimal Robust 
[sensitivity s k, 

minimize V(+, F)] 

+-,, +b, sometimes 
MLE (Theorem 5)  

at @: Huber-estimator 

' +-,, &h, sometimes 
MLE (Theorem 6) 

at @: Huber-estimator 

Section 2.5 

Robust 
[finite 

sensitivity] 

All + in 'k, 
are B-robust 
(Weierstrass) 

Huber-type 
skipped mean: 
not V-robust 

Most Robust Optimal Robust 
[minimal [sensitivity s k, 

sensitivity] minimize V(+, F)] 

Skipped + d ( r ) ,  +r.hr 4 r  

median (Theorem 4); at (0: 

(Theorem 1) skipped Huber-estimator 

Median-type X r 9 X r . k  

tanh-estimator tanh-estimator 
(Theorems 2 and 3) (Theorems 5 and 6) 

2.6d. Schematic Summary of Sections 2.5 and 26 

Table 4 shows a schematic summary of the results of Sections 2.5 and 2.6. 

*2.6e. Redescending M-Estimators for Scale 

M-estimators for scale were studied in Subsection 2.3a, and their CVF was 
introduced in Subsection 2.5e. Let us now restrict consideration to rede- 
scending M-estimators for scale, that is, to members of the class 
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where 0 < r < 00 is fixed and \k' is as in Subsection 2.5e. We shall 
construct optimal V-robust estimators in \k:. 

Suppose that for some positive k there exist constants A,, B,, p, and a 
such that the mapping 

A r , k ( x )  := X A ( X )  - 1 + a 0 I 1x1 s p  

:= ( A , (  k - 1))'12tanh[ f(( k - l)B~/A,)l/Z(ln( r )  - ln(lxl))] 

p I 1x1 I r 

:= 0 r I 1x1 (2.6.11) 

with 

pA(p) - 1 + a = ( A , ( k  - l))'/*tanh[t((k - l)B~/Al)"21n(r/p)] 

(2.6.12) 

Satisfies j R , k d F  = 0, Al(gr ,k)  = A,, B l ( g r , k )  = B ,  > 0, and 1 + ( a  - 
1)2/A, I k. It follows that 0 < p < r and that 0 < a < 1 ( a  > 0 because 
otherwise / j j , , d F  c / ( x A ( x )  - 1)dF = 0, and a < 1 because otherwise 
A r , &  would be nonnegative; hence In,,, dF > 0). The function A r , k  is 
continuous (see Fig. 9), and belongs to q,!. 

Let us calculate the change-of-variance sensitivity of g r , k .  The CVF of 
this estimator is displayed in Figure 10. On (- r ,  - p )  and (p, r )  it holds 
that CVF(x; A r , k ,  F ) / V ( g r , k ,  F )  = k;  actually, by means of this equation 
we found the above expression. For 1x1 > r it holds that 
CVF(x; R r e k ,  F ) / V ( z r , k ,  F )  = 1 c k because 1 + ( a  - 1)2/A1 s k. Using 
the fact that x A ( x )  - 1 + a is monotone for x 2 0, positive in p, and 
negative in 0, we can define the number d in (0, p) by means of d A ( d )  - 1 
+ a = 0. On [ -d, d ]  it holds that CvF(X; A r , k ,  F ) / v ( R r , k ,  f') I 1 + 

Figure 9. Optimal redescending M-estimator of scale, for F = CP. 
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Figure 10. Change-of-variance function of an optimal descending M-estimator of scale. 

( x A ( x )  - 1 + u)~/A, s 1 + (a - 1)'/A1 s k. [The condition 1 + (a - 
I ) ~ / A ,  s k is also necessary, because otherwise K*(g,.kt F) 2 

( - p ,  - d ]  we verify that CVF(x; g r , k ,  F)/V(gr ,k,  F) s 1 + ( p A ( p )  - 1 
+ U ) ~ / A ,  s 1 + Al(k  - l)/Al = k, making use of the fact that the square 
of a hyperbolic tangent is always smaller than 1. We conclude that 

CVF(0; g r , k ,  F)/V(gr,k, F) = 1 + (0  - 112/A1 ' k.1 On [d ,  P) and 

K*(gr ,k ,  F) k. 

Theorem 7. The mapping i r , k ,  satisfying the above conditions, is 
optimal V-robust in 9:. [It minimizes V,(x,  F )  among all x in 9; which 
satisfy K * ( x ,  F) s k, and every other solution is equivalent to it.] 

Proof. We show that g r , k  minimizes A l ( x )  subject to x E ck,', B , ( x )  = 
B1(gr,k), and K * ( x ,  F) S k. It holds that 

/ [ x A ( x )  - 1 + u - x ( x ) ] ' d F ( x )  

so it suffices to minimize the left member of this equality. The rest of the 
0 proof is analogous to Theorem 6. 
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Table 5. Optimal V-Robust Redescending M-Estimators of Scale for F = (I, 

r k A ,  4 P a e y* A* 

3.0 6.0 0.167554 0.319908 1.079721 0.486660 0.3054 2.0395 6.7502 
7.0 0.281931 0.465252 1.249943 0.393619 0.3839 2.0547 5.3732 
8.0 0.391789 0.590050 1.381465 0.329294 0.4443 2.0977 4.6825 

4.0 6.0 0.453990 0.709875 1.405979 0.293372 0.5550 1.7893 3.9612 
7.0 0.620910 0.885645 1.560177 0.227110 0.6316 1.8758 3.5233 
8.0 0.765560 1.026474 1.684394 0.181935 0.6882 1.9670 3.2819 

5.0 6.0 0.637109 0.926499 1.549797 0.220007 0.6737 1.7505 3.3455 
7.0 0.812012 1.095522 1.694232 0.1676% 0.7390 1.8604 3.0930 
8.0 0.957789 1.227069 1.812263 0.132274 0.7860 1.9694 2.9538 

6.0 6.0 0.739162 1.038695 1.620538 0.187503 0.7298 1.7461 3.1203 
7.0 0.909846 1.196082 1.757414 0.142829 0.7862 1.8655 2.9386 
8.0 1.049618 1.317061 1.870063 0.112557 0.8263 1.9815 2.8398 

At F = 0, (2.6.11) and (2.6.12) are simplified because A(x) = x. Table 5 
gives some values of the defining constants (which are unique by Theorem 
71, as well as the asymptotic efficiency e = 1/(2v1(jir,k,@)) = B : / ~ A ,  
[because J ( @ )  = 21, y *  = ( p 2  - 1 + n)/B, ,  and A*. Note that the values 
of e are usually smaller than those of Table 2, which is a typical phenome- 
non-for example, compare e = 0.637 of the median with e = 0.367 of the 
median deviation. The algorithm we used was a modification of the one 
described in Remark 4, but at each step also the value of a was adjusted by 
means of u- := [ n  - /gr,k d4)],. 

Remark 7. Note that the expression of j i r , k ( ~ )  for p I; 1x1 5 r is very 
similar to that of our tanh-estimator of location (2.6.9). (This is not so 
surprising, because. one can transform a scale problem into a location 
problem by means of the transformation y = In(lx1). However, since the 
direct approach is straightforward, we shall not pursue this line of thought 
any further.) A simpler expression for these parts of gr,k is 

where /3 equals { ( (k  - l)B;/Al)'fl. 



172 2. ONE-DIMENSIONAL ESTIMATORS 

2.7. RELATION WITH HUBER’S MINIMAX APPROACH 

The foundations of modern robustness theory were laid by P. Huber in his 
1964 paper. H e  introduced M-estimators, providing a flexible framework 
for the study of robust estimation of location (see Subsection 2.3a). Further- 
more, he determined the M-estimators that are optimal in a minimax sense. 
For this purpose he considered the gross-error model, a kind of “neighbor- 
hood” of the symmetric model distribution F. It is defined by 

Pe := { (1 - E )  F + E H ;  H is a symmetric distribution}, (2.7.1) 

where 0 < E < 1 is fixed. (Later he also considered other neighborhoods, 
such as those based on total variation distance.) The asymptotic variance of 
an M-estimator defined by some function JI at a distribution G of Pe is 
given by V(+ ,  G) as in (2.3.13). Huber’s idea was to minimize the maximal 
asymptotic variance over Pe, that is, to find the M-estimator JI, satisfying 

sup V(+,,G)=min sup V ( + , G ) .  (2.7.2) 
G € 9 ,  G € P C  

This is achieved by finding the least favorable distribution F,, that is, the 
distribution minimizing the Fisher information J ( C )  over all G E Pe. Then 
JI, = - F,”/F,’ is the maximum likelihood estimator for this least favorable 
distribution. 

At F = @, this minimax problem yields the Huber-estimator 

(see Example 2 of Subsection 2.3a). The value 6 corresponds to the amount 
E of gross-error contamination by means of the equation 

2@(6) - 1 + 2+(6)/6 = 1/(1 - E ) .  

The least favorable distribution F, has the density fo(x) = (1 - 
a)(2n)-’/*exp(-p(x)), where p(x) = / , ~ , ( r > d r .  

Huber’s work for M-estimators was extended to L-estimators and R- 
estimators (see Subsections 2.3b and 2.3~) by Jaeckel(l971). The problem of 
calculating sup V( JI, G) for various types of +functions and neighborhoods 
was studied by Collins (1976, 1977) and Collins and Portnoy (1981). We 
shall not describe the minimax approach any further here, but refer the 
interested reader to Huber’s (1981) book instead. 
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The minimax variance approach and the influence function approach 
have existed next to each other for quite some time. Because the Huber- 
estimator was the initial outcome of both methodologies (Huber, 1964; 
Hampel, 1968), it was tacitly assumed by many statisticians that minimax 
variance and (in our terminology) optimal B-robustness were related in 
some way. However, this is not the right link. The actual connections (which 
were clarified by Hampel and Rousseeuw) will be described in this section. 
Indeed, Sections 2.5 and 2.6 contain many hints that it is really the 
change-of-variance sensitivity K * (  +, F )  which is related to sup( V( +, G); G 
E Pe} as indicated by its intuitive interpretation, by similar results like 
Remark 2 of Subsection 2Sa, and by the fact that for redescenders the 
Huber-Collins minimax variance estimators correspond to optimal V-robust 
estimators, while being very different from the optimal B-robust estimators 
which involve “hard” rejection. 

Let us make this argumentation more precise. It turns out that it is 
possible to calculate a good approximation of sup{ V( I), G); G E ge} by 
means of the change-of-variance sensitivity IC*: 

sup ~ ( + , ~ ) = . e x p ( s u p ~ l n ~ ( + , ( l  - s ) ~ + e ~ ) ] )  
C€Pc  H 

Table 1 illustrates the quality of this approximation at the standard normal 
distribution F = CP. The estimators under study are the following. For the 

Table 1. Approximation of sup V( T, G) 

E =  1% E = 5% E - 10% 
Estimator sup (2.7.3) sup (2.7.3) sup (2.7.3) 

Median 1.603 1.603 1.741 1.736 1.939 1.919 
Hodges-Lehmann 1.090 1.090 1.286 1.279 1.596 1.562 
Huber ( b  5 1.4) 1.086 1.086 1.256 1.257 1.507 1.510 
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median we have V(+,@) = 1.571 and K* = 2. The Hodges-Lehmann 
estimator (Example 8 of Subsection 2.3~) is not an M-estimator, but it can 
be verified that V(T,@) = 1.047 and K* 4. The latter estimator is com- 
pared to the Huber-estimator with b = 1.4 which has the same asymptotic 
variance at F = 9, but possesses K*  = 3.6637 (see Table 1 of Subsection 
2.5d). Some entries of the present table come from Huber (1964, Table 1; 
1981, exhibit 6.6.2). 

Especially for small e, the approximation (2.7.3) is excellent. Therefore, 
we can apply it to Huber’s minimization problem 

minimize sup V ( + , G )  
+ GePe 

yielding 

minimize ~ ( + , ~ ) e x p ( e - ~ * ( + , ~ ) ) .  (2.7.4) 
$ 

But any solution 4 of the latter problem has to minimize V( +, F) subject to 
an upper bound K*(+, F) s k := K*($, F)! This means that $ is oprimul 
V-robusr at F (see Subsection 2.5d). Therefore, it is no coincidence that the 
Huber-estimator, introduced as the solution to the minimax problem (2.7.2), 
also turns out to be optimal V-robust (Rousseeuw, 198la). [Of course, the 
Huber-estimator is also optimal B-robust, but this is due to the strong 
relation (Theorem 2 of Section 2.5) between y*  and K *  for monotone 
+-functions.] 

Let us now investigate this connection for redescending M-estimators 
(see Section 2.6). In 1972, Huber considered the minimax problem for 
+-functions vanishing outside of [ - r, r ]  (see Huber, 1977~). The latter idea 
was rediscovered and treated extensively by Collins (1976). The mapping 
+Hc which minimizes sup{ V( JI, G); G E Pe} in this class can be written as 

= O  r I, 1x1, (2.7.5) 

where p and x1 satisfy A( p) = x,tanh[fx,(r - p)]. For a table of values of 
p and x1 at F = @, see Collins (1976, p. 79). These estimators are very 
similar to our tanh-estimators x ~ , ~  (2.6.9) which we found as solutions to 
the problem of optimal I/-robustness. (It is true that their constants are not 
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identical, but in practice the difference between these estimators is very 
small.) On the other hand, the Huber-Collins estimator (2.7.5) differs a lot 
from the optimal B-robust estimator (2.6.7), for which K*  = 00 and 
sup{ V( +, G); G E Pe} = 00 (because its +function has downward discon- 
tinuities corresponding to “hard” rejection). This shows that the minimax 
variance criterion corresponds to optimal V-robustness and not to optimal 
B-robustness. 

Huber also considered the minimax bias problem (1981, Section 4.2). 
Here, the problem is to 

minimize sup IT( G) - T( F) I, (2.7.6) 
+ G € d t  

where T is the functional underlying the estimator and safe is the asymmet- 
ric &-contamination model ((1 - e ) F  + E H ;  H is any distribution}. Making 
use of 

sup IT@) - T ( F ) I  = suplT((1 - E)F+ EH) - T ( F ) I  
G -4, H 

IF(x; +, F ) d H ( x )  
H 

= E SUP I IF( X ;  + , F )  I 
X 

= & * Y*($, F ) ,  (2.7.7) 

this corresponds to 

minimize E y *( +, F )  + (2.7.8) 

which determines the most B-robust estimator (see Subsection 2.5~). Indeed, 
(2.7.6) and (2.7.8) yield the same estimator, namely the median. 

Table 2 shows the corresponding notions of the full neighborhood 
approach on the left and those of our approach on the right. 

Let us now look at another way, independently discovered by Huber, to 
visualize the connections between the various robustness notions. For this 
purpose, make a plot of the maximal asymptotic bias sup( ( T ( F )  - 
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I$ minimizes sup [ V( +, G) - V( +, F)] 
G E 9 ,  

Table 2. Related Cancepts 

4 minimizes K*(+, F) 

A. Bias 

sup IT( G) - T( F) I is finite 
G E d e  

minimax variance - 4 minimizes V(+, F) subject to 
sup [ V(+, G) - V(+, F)] 5 constant 

G € 9 *  

4 minimizes sup IT( G) - T( F )  I 

minimax bias 
G Ed. 

subject to K * ( + ,  F) s k 

optimal V-robust 

4 minimizes V(+, F) subject to 

sup IT( G) - T( F) I 5 constant 
G E d e  

B. Variance 

y*(J, F) is finite 

B-robust 

most B-robust 

4 minimizes V(+, F) 

subject to y*(+, F) 5 c 

optimal B-robwt 

sup ~ ( 3 ,  G )  is finite 
G € 9 =  

* sup [ V ( + , G )  - V(+, F)] is finite 
G €9, 

K * ( + ,  F) is finite 

V-robust 

I I most V-robust 

4 minimizes sup V ( + , G )  I 4 minimizes v(+, F) 
G € 9 *  

T( G)l ; G E de} as a function of the fraction e of contamination. The value 
of e for which this function becomes infinite (i.e., its uerricul mymprore) is 
the (gross-error) breakdown point e*. (When the estimator is so bad that 
E* = 0, as in the case of the arithmetic mean, the whole function collapses, 
so we assume that e* > 0 as in Fig. 1.) If the function is continuous at e = 0 
the estimator is “qualitatively robust” in the sense that the maximum 
possible asymptotic bias goes to zero as the fraction of contamination goes 
to zero. For well-behaved estimators, the gross-error sensitivity y* of the 
estimator equals the slope of this function at e = 0 by (2.7.7). 
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Tangent: approximation (2.7.7) 
Slope = r*(T, F) 
/ 

e 

177 

Continuity at zero 

Figure 1. Plot of sup( IT(G) - T( F)I; C E d * )  as a function of e. 

This representation describes the robustness notions as elementary 
calculus properties of a function of one argument, namely its continuity, 
differentiability, and vertical asymptote. It also visualizes very neatly why 
the breakdown point e*. is needed to complement the influence function: 
The breakdown point tells us up to which distance the “linear approxima- 
tion” provided by the influence function is likely to be of value. Indeed, for 

Tangent: approximation (2.7.3) 
stope = K *  (T, F) 

____) 
0 e*. e 

Figure 2. Plot of in sup( V( T, G ) ;  G E 9,)as a function of e. 
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E 2 E* the approximation (2.7.7) clearly fails. A reasonable rule of thumb is 
to use (2.7.7) only up to half the breakdown point, that is, for amounts of 
contamination E 5 ~*/2 .  

The same kind of thing can also be done for the asymptotic variance, by 
plotting sup( V(T, G); G E Pe} on a logarithmic scale (as in Fig. 2) versus 
the amount of contamination E. The value of E for which this function 
becomes infinite is called the (asymptotic) oariunce breakdown point (Huber, 
1981, Sections 1.4 and 6.6) and denoted by e* * .  The slope of the function at 
E = 0 can be recognized as the change-of-variance sensitivity K * ,  because of 
(2.7.3). Again, the variance breakdown point tells us up to which amount of 
contamination the approximation (2.7.3) can be used. 

In Subsection 1.3e, y* and K* are combined to study the mean-squared 
error of an estimator. 

EXERCISES AND PROBLEMS 

Subsection 2.la 

1. The a-trimmed mean (0 < a c f) of a sample xl,. . . , x, is defined as 
follows. Let [an] denote the integer part of an. One removes the [an] 
smallest observations and the [an] largest observations, and takes the 
mean of the remaining ones. Show that such estimators are asymptoti- 
cally functionals, that is, find a functional T such that (2.1.1) holds. 
What is T(F,), when F, denotes the empirical distribution of the 
sample xl,. . . , x,,? 

2. What is the relation between consistency and Fisher consistency 
(implications, counterexamples)? 

Subsection 2.lb 

3. (Short) Show that in all “reasonable” cases the asymptotic variance of 
an estimator can be obtained from (2.1.8). 

Subsection 2.ld 

4. Derive the influence function of the standard deviation and the vari- 
ance. What is the relationship between both? What are y*, A*, and p*? 

5. (Extensive) Derive-heuristically-the IF for a maximum likelihood 
estimator of location. Consider the special cases of the normal distri- 
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bution, logistic, and Cauchy. Compare the shapes of the three curves: 
Are they bounded or not? Monotone? What do they tend to for 
x + co? What are y * ,  A*, and p*? 

6. Compute the IF for the a-trimmed mean, defined in Exercise 1. What 
are y *, A*, and p*? What happens if we let a tend to i? 

7. The a-Winsonzed mean (0 < a < 4) of a sample xi,.  . . , x ,  is defined 
as follows. First, order the sample, obtaining xl: , 5 x a t n  5 * * - - < 
x,:,, Then replace the [an] = h smallest observations by x,,+~:,, 
hence counting this value ( h  + 1) times. Analogously, replace the h 
largest observations by X , - h : , .  Then compute the arithmetic mean of 
this “modified” sample. Find the IF of this estimator, and compare it 
to that of the a-trimmed mean (Exercise 6). Also compare y * and A*. 

8. Compute the (discrete) influence function of the maximum likelihood 
estimator of the “success” parameter p in the binomial model 
{ B ( N ,  PI; P E (0,1)). 

Subsection 2.le 

9. 

10. 

11. 

Construct the empirical IF for the estimators 20% and H / L  at the 
Cushny and Peebles data, as in Figure 3. Are these functions bounded 
or unbounded? Also compare the empirical IF of 20% with the 
asymptotic IF of Exercise 6. 

The “shorth” is defined as the mean of the shortest half of the sample. 
To be precise, let h - [n/2] + 1. Then consider all “half-samples” 
{ x i :  ,, . . . , x j + h - l :  “} consisting of h subsequent ordered observations, 
and take the arithmetic mean of the half-sample with shortest length 
x ~ + , , - ~ : ,  - x i :“ .  Construct the empirical IF and some stylized sensi- 
tivity curves for this estimator. Try to derive its asymptotic IF. What 
happens? Relate this to the behavior of the stylized sensitivity curves 
for n + 00. 

Construct the empirical IF also for the Bickel-Hodges estimator, 
defined as median, (x i : ”  + ~ , + ~ - ~ : , ) / 2 .  Plot some stylized sensitivity 
curves for increasing n. Can the asymptotic IF be computed? 

Subsection 2.2a 

12. Consider the Cushny and Peebles data listed in the beginning of the 
chapter, but without the last value 4.6. Compute the estimates x, lo%, 
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13. 

14. 

15. 

16. 
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20%, and 50% (and perhaps also H / L )  for this sample of nine points. 
Then add one outlier with value 10.0 to the sample, and recompute the 
estimates for this data set with ten points. Repeat this with two outliers 
at 10.0, with three, and so on, until there are nine outliers. Then make 
a plot of the results, with the number of outliers (from 0 to 9) on the 
horizontal axis, and the estimate on the vertical axis. This shows the 
evolution of the estimators with increasing amounts of contamination. 
Which estimator is most resistant? 

Compute the asymptotic (gross-error) breakdown point E* and the 
finite-sample breakdown point E,* for the median and the a-trimmed 
mean. 

Compute (heuristically) e* and e: for the Hodges-Lehmann estimator 
and the Bickel-Hodges estimator. 

Compute e* and E: for the standard deviation, the interquartile range, 
and the median absolute deviation from the median, defined as MAD 
= med,( Ixi - med,(xj)l}. At what kind of distributions is the inter- 
quartile range equal to twice the MAD? 

Show that for location-invariant estimators always E* s $. Find the 
corresponding upper bound on the finite-sample breakdown point E,*, 

both in the case where n is odd or n is even. 

Subsection 2.2b 

17. 

18. 

19. 

20. 

Why is ordinary continuity of T,,(xl, ..., x,,) as a function of the 
observations xl,. . . , x ,  not suitable for a robustness concept? 

Give an example of a distribution at which the median is qualitatively 
robust, but where its IF does not exist. 

Give an example of a distribution at which the median is not even 
qualitatively robust. 

Consider again the maximum likelihood estimator at the Poisson 
model, treated in Subsection 2.ld. Is it qualitatively robust? What is its 
breakdown point? 

Subsection 2.3a 

21. Compare the behavior of the MLE of location for the normal, logistic, 
and Cauchy distribution. 
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22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

Derive the IF of the MLE of location for Student &distributions. What 
happens when the number of degrees of freedom tends to infinity? 

For which distributions is the mean deviation (l/n)Z~-llxil the MLE 
for scale? 

(Extensive) For which distributions is the median deviation medijxil 
the MLE for scale? (Solution in Hampel, 1974, p. 389,) 

The gamma distributions are defined on the positive half-line with 
densities f (x)  = [uPr(p) ] - ’xP-‘er .p( -x /u)  with u > 0 and p > 0, 
where u is a scale parameter and p characterizes the shape of the 
distribution. Derive the IF of the MLE for the scale parameter, 
keeping p fixed. 

Do the same for the shape parameter of this distribution, keeping u 
fixed. 

Give an example of a maximum likelihood estimator of location which 
cannot be written in the form (2.3.3). 

Show that M-estimators of location with finite rejection point cannot 
be written as MLE for any model distribution. 

Compute the Huber estimator with b = 1.5 for the Cushny and 
Peebles data by trial and error, starting from the median and using 
1.483MAD as initial scale estimate. Also compute the corresponding 
one-step M-estimator. 

Which functional corresponds to one-step M-estimators? Derive its 
influence function when 9 is odd and F is symmetric. (Assume that 
the scale parameter is known in advance, and put it equal to 1.) 

Subsection 2.3b 

31. 

32. 

33. 

34. 

Derive the IF of location Lestimators from (2.3.24). 

Make a plot of the IF of Gastwirth’s “quick estimator” at the normal, 
and compare it to that of the median. 

Show that location L-estimators with finite rejection point p* at the 
standard normal distribution will contain negative weights. What 
happens to p* when the same estimator is used at another distribution? 

Show that the highest breakdown point of scale Lestimators is 25% 
taking into account both explosion (S 4 ca) and implosion (S + 0) 
of the estimators. 
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Subsection 232 

35. Derive the IF of &estimators from (2.3.34). 

36. Derive the asymptotic variance of the Hodges-Lehmann estimator at 
the logistic distribution by means of its IF. 

Subsection 2 3  

37. 

38. 

39. 

40. 

41. 

42. 

(Short) Which A-estimator corresponds to the +function of the arith- 
metic mean? 

(Short) Derive the IF of a P-estimator from (2.3.42). 

(Short) Use (2.1.12) to find the most efficient P-estimator at a given 
model distribution F. 

(Short) Which scale statistic is necessary to obtain the arithmetic mean 
as an S-estimator? Which one for the median? 

Describe the S-estimator defined by s ( t l , . .  . , r") = med,( IrJ) when n 
is odd (related to Exercise 10). What is its finite-sample breakdown 
point? 

Apply both the w-estimator and the W-estimator corresponding to the 
Huber-estimator with b = 1.5 to the Cushny and Peebles data. (Start 
from the median, and use 1.483MAD as your preliminary scale esti- 
mate.) 

Subsection 2.4b 

43. 

44. 

45. 

The logistic model with unknown scale parameter o is given by 
F'(x) = 1/(1 + exp[ -x/a]). Compute the MLE and its IF, and 
compare it to that of the standard deviation. Apply Theorem 1 to 
obtain an optimal B-robust estimator. 

The Cauchy model with unknown scale parameter u is given by 
f J x )  = o-'( r[ l  + ( x / ~ ) ~ ] } - ' .  Compute the IF of the MLE, and the 
corresponding y*. Is it still necessary to apply Theorem 1 in order to 
convert the MLE into a B-robust estimator? 

Apply Theorem 1 to find a robust variant of the MLE for the scale 
parameter u of gamma distributions (Exercise 25), keeping the shape 
parameter fixed. 



EXERCISES AND PROBLEMS 183 

46. (Extensive) Apply Theorem 1 to the Poisson example of Subsection 
2.ld. Sketch the IF of the resulting optimal B-robust estimator when b 
is large and when b is small. 

47. (Extensive) Apply Tlwrem 1 to the binomial distributions with un- 
known success parameter. 

Subsection 2.5a 

48. 

49. 

50. 

Compute the CVF of the location M-estimator corresponding to 

Consider the “scaled logistic MLE” corresponding to $(x) = 
[exp(x/a) - l]/[exp(x/a) + 11 where a is some positive constant. 
Draw the CVF of this location M-estimator for some value of a. What 
happens if a oo? What happens if a 5. O? 

Compute the CVF of the Huber-type skipped mean, and make a plot. 
Is it possible to see the delta functions as limits of something more 
natural? (Construct a sequence of continuous +-functions converging 
to +a(*,, and investigate their CVF.) 

+ ( X I  = @ ( X I  - 4. 

Subsection 2.51, 

51. Construct an M-estimator with continuous +-function which is B- 
robust but not V-robust. 

Subsection 2 . 5 ~  

52. Give the formula of the asymptotic variance of the median at a 
contaminated distribution (1 - E)F + EG, where 0 < E < and G is 
symmetric around zero. What happens if g(0) = f ( O ) ,  so at zero the 
contaminated density looks like f ?  How large is the effect when g is 
more spread out than f, so g(0) < f ( O ) ?  How large is the effect when g 
is more concentrated than f ,  so g(0) > f (O)? Try to interpret the CVF 
of the median from this behavior. 

Subsection 2 . 9  

53. Plot the CVF of a Huber-estimator with rather large bending constant 
b. What happens if b 7 oo? Conversely, investigate what happens if 
b 40. 
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Subsection 2 . 5  

54. Plot the CVF of the (standardized) MAD, and compare it to that of 
the median (Fig. 2). 

55. Consider the (standardized) mean deviation @ ( l / r ~ ) E ~ - ~  [xi(, cor- 
responding to x ( x )  = 1x1 - m. (Here, the constants m = 
1.2533 and = 0.79788 enter only to ensure Fisher consistency.) 
Plot its CVF at F = CP, and compare its general shape to that of the 
standard deviation (Fig. 4). What happens now for 1x1 4 oo? Is the 
mean deviation therefore more robust or less robust than the standard 
deviation, from the point of view of the CVF? 

Subsection 2.5f 

56. 

57. 

58. 

Derive Eq. (2.5.29), the CVF (at F = C P )  of the Hodges-Lehmann 
( H / L )  estimator. Compare it to the CVF (at F = 4)) of the MLE for 
the logistic distribution, which has the same IF at the logistic as the 
H / L  estimator (see Fig. 1). Are they identical? Also compare it to the 
CVF at F = CP of #(x) = CP(x) - $ (Exercise 48), which has the same 
IF at the normal as H / L .  

What does the plot of K * (  #,,, C P )  look like, as compared to Figure 5? 
(You can make use of theoretical results and/or Table 1.) Do the same 
for the plot of q*( qb, a). 
(Research) Is the median most EIF-robust? 

Subsection 2.6a 

59. 

60. 

61. 

62. 

Plot the CVF of a three-part redescending M-estimator and a bi- 
weight, both with the same constant r .  Compare them from the point 
of view of shape and continuity. 

Why does a one-step M-estimator have the same CVF as its fully 
iterated version? Use the fact that 4 is odd and that the CVF is 
constructed from symmetric contaminated distributions in (2.5.11). 

Compute the empirical IF of a one-step “sine” estimator with a = 1.5 
and MAD scaling for the Cushny and Peebles data, as in Figure 3 of 
Section 2.1. Compare it with the influence function (Fig. 2 of Section 
2.6). 

Is the maximum likelihood estimator of location corresponding to the 
Cauchy distribution also a redescending M-estimator by our defini- 
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tion? Compute its CVF at F = @ and compare its shape to that of 
either the biweight or the sine. 

Subsection 2.6b 

63. Is it possible to compute one-step M-estimators when the +function 
consists of constant parts, as in the case of the median and the skipped 
median? Could this be repaired by replacing the expression 
( l / t ~ ) Z : - ~ + ’ ( ( x ~  - K(’))/S,) by a fixed value? Which value would you 
choose in order to have the same IF at normal distributions as the 
original M-estimator? 

64. Compute the CVF of the skipped median at F = 0. What is K*?  

65. Compute the CVF of the median-type tanh-estimator at F = @. Does 
the delta function cause us trouble? What happens (roughly) to the 
asymptotic variance if “contamination” occurs right there? 

Subsection 2.6~ 

66. 

67. 

68. 

69. 

Compute the empirical IF of the one-step tanh-estimator with r = 5 ,  
k = 4 and MAD scaling for the Cushny and Peebles data, as in Figure 
3 of Section 2.1. Compare it with the influence function (Fig. 7 of 
Section 2.6). 

Derive the expression of A* for tanh-estimators, and verify it with the 
first two entries of A* in Table 2. 

(Short) Table 3 contains M-estimators with redescending and with 
bounded monotone +, but as yet none with unbounded +. Compute 
the asymptotic variance of the arithmetic mean, corresponding to 
+(x) = x ,  at the distributions of Table 3. (This can easily be done, 
even by hand, because the asymptotic variance of 2 simply equals the 
variance of the underlying distribution.) Add this line to the table, and 
compare it to the previous lines. 

Compute (approximately) the change-of-variance sensitivities of the 
estimators in Table 3, and compare them to the entries of the table. 

Subsection 2.612 

70. Find the expression of y*  and A* for the optimal V-robust redescend- 
ing M-estimator of scale, and use them to verify some entries of 
Table 5.  
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Section 2.7 

e 

sup 
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.01 .02 .05 .10 .15 .20 .25 .30 .40 .SO 

.0126 .0256 .066 .139 .222 .318 .430 .567 .968 00 

71. 

72. 

73. 

74. 

75. 

76. 

e 

sup 

0.01 0.02 0.05 0.10 0.15 0.20 0.25 0.30 0.40 0.50 

1.60 1.64 1.74 1.94 2.17 2.45 2.79 3.21 4.36 6.28 
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Section 2.7 

71. Approximate the maximal asymptotic variance of the Huber-estimator 
with b = 1.0 in gross-error neighborhoods around F = $ with e = 
0.01, 0.05, and 0.1. The exact values are 1.140, 1.284, and 1.495 
(Huber, 1964). Use Table 1 of Subsection 2.5d. 

72. What is the maximal asymptotic variance of the arithmetic mean in a 
gross-error neighborhood around F = $? What do you obtain with 
the approximation (2.7.3)? 

73. Compute the approximate maximal asymptotic variance over gross-
error neighborhoods around F - $ with e = 5%, 10%, and 25%, for 
the tanh-estimator in Table 3 of Subsection 2.6c. [Hint: the numbers 
necessary for applying (2.7.3) can be computed from A, B, and k.) 
Are the entries of that table for 5%3N, 10%10N, and 25%3N indeed 
below their approximate upper bounds? 

74. Show that the Huber-Collins estimator is never completely identical to 
the tanh-estimator. {Hint: the redescending part of ^H C satisfies a 
differential equation ^HCC*) ~ 2 ^ H C ( * ) S constant.) Which differen-
tial equation does the redescending part of >pr k satisfy? Can the 
coefficients of both equations be the same? (Use the fact that A < B 
by Theorem 5 of Subsection 2.6c). 

75. Construct the complete diagram of Figure 1 (linear approximation 
included) for the median at F = 4>, making use of the following values 
of sup{ | T(G) - T(Q)\ ; G G J / ( ) taken from (Huber, 1981, p. 104): 

e 

sup 

.01 

.0126 

.02 

.0256 

.05 

.066 

.10 

.139 

.15 

.222 

.20 

.318 

.25 

.430 

.30 

.567 

.40 

.968 

.50 

00 

76. Do the same for Figure 2, making use of the following values of 
sup{V(T,G); G<=0>t) taken from (Huber, 1981, p. 105): 

e 10.01 0.02 0.05 0.10 0.15 0.20 0.25 0.30 0.40 0.50 

sup 1.60 1.64 1.74 1.94 2.17 2.45 2.79 3.21 4.36 6.28 

Note that e** > e* for this estimator, as well as for many other 
estimators (at least when variance is only considered for neighbor-
hoods constructed with symmetric contamination, otherwise e** de-
creases). 
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One-Dimensional Tests 

3.1. INTRODUCrlON 

Although the word “robustness” was first used in statistics by G.E.P. Box 
(1953) in connection with tests, there is far less literature on robust testing 
than on robust estimation. Until recently, most theoretical work centered 
around the case of a simple alternative. In 1965, P. Huber invented the 
censored likelihood ratio test by robustifying the Neyman-Pearson lemma 
(Huber, 1965, 1968; Huber and Strassen, 1973). This work led to an 
approach using shrinking neighborhoods (Huber-Carol, 1970; Rieder, 1978, 
1980, 1981). Rieder (1982) also proposed an extension of the notion of 
qualitative robustness to rank tests. 
This chapter contains the work of Rousseeuw and Ronchetti (1979,1981) 

and some related material. In Section 3.2, the influence function of Chapter 
2 is adapted to non-Fisher-consistent functionals in order to investigate the 
local robustness of test statistics. This extension inherits many useful 
properties, including some on asymptotic efficiency. Functionals in two 
variables, arising from two-sample tests, are also treated. A relation with the 
stability of level and power and a connection with Hodges-Lehmann-type 
shift estimators are given. In Section 3.3, the theory is illustrated by one- 
and two-sample rank tests. In Section 3.4, the optimal B-robust tests are 
determined (Rousseeuw, 1979,1982b; Ronchetti, 1979). The change-of-vari- 
ance function of Section 2.5 is generalized to tests in Section 3.5. Recently, 
two related approaches have appeared (Lambert, 1981; Eplett, 1980), which 
are compared to our work in Section 3.6. Finally, it is shown in Section 3.7 
that the case of a simple alternative can also be treated by means of the 
influence function. 
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One way to investigate the robustness of a test is to study the stability of 
its level and power under small changes of the model distribution. As an 
example, consider tests for comparing variances, the framework in which 
Box (1953) coined the term “robustness.” 

First, suppose there are only two samples, consisting of the observations 
XI, X,, . . . , X,,, and Y,, Y,, . . . , Y,. The classical assumption is that the Xi 
and the 5 are normally distributed. Denote their unknown variances by u,” 
and u,?. The null hypothesis states that u,’ = u;, and the alternative 
hypothesis is simply u,” # u,?. The classical F-test proceeds as follows: One 
computes the sample variances s,’ and s;, and rejects the null hypothesis if 
the test statistic T = s,’/s: satisfies either T > c or T < l/c, where c > 1 is 
some critical value determined by means of the F-distribution and the 
nominal level. 

Now suppose there are k samples, with k > 2, and that one wants to test 
the null hypothesis that all variances are equal (u: = u$ = - - - = u i )  
against the alternative that not all variances are equal. Then one uses the 
Bartlett test, which generalizes the F-test, in the following way. One 
computes all sample variances s:, si, . . . , s i ,  and calculates the test statistic 
F by 

arithmetic mean of s:, . . . , s i  

geometric mean of s:, . . . , sj ’ 
F =  

The null hypothesis is then rejected if > Z, where Z is some critical value 
determined under the assumption that all samples follow a normal distribu- 
tion. 

Let us now look at the actual level of this test under different distribu- 
tions (assuming that the samples are large). That is, suppose that all 

Table 1. Actual Level (in Luge Samples) of the 
Bartlett Test When the Observations Come from a 
Slightly NonMHlnd DisMbution” 

Actual Level 

Distribution k = 2 k - 5  k = 10 

Normal 5.0% 5.0% 5.0% 

ho 11 .O% 17.6% 25.7% 
I7 16.6% 31.5%. 48.9% 

~ ~~ 

@From Box. 1953. 
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observations come from t,, the Student distribution with 7 degrees of 
freedom, whereas the critical value E was derived under the assumption of 
normality. The actual level is then the probability that > f when in reality 
all variances are equal. As t ,  is very similar to the normal distribution, one 
would expect that the actual level would be close to the nominal one (say, 
5%). However, Table 1 shows that the differences may be dramatic: A 
statistician who believes to be using the 5% level might actually be working 
with a level of 48.9%! For small samples, this example was investigated by 
Rivest (1984). In the present chapter, also the power of tests will be studied. 

3.2. THE INFLUENCE FUNCTION FOR TESTS 

We start our robustness investigation by introducing the influence function 
for tests as defined by Rousseeuw and Ronchetti (1979, 1981). The first 
subsection describes the background and gives the basic definition, both in 
the one-sample and the two-sample case. In Subsection 3.2b it is shown how 
the IF may be used for computing asymptotic efficiencies of tests. Subsec- 
tion 3 . 2 ~  contains the important relation between the IF and the stability of 
level and power, and subsection 3.2d gives a connection with shift estima- 
tors. 

3.2a Definition of the Influence Function 

The One-Sample Case 

For one-sample tests, we work in the same framework as for one-dimen- 
sional estimators. That is, we suppose we have one-dimensional observa- 
tions X,, . . . , X,, which are independent and identically distributed (i.i.d.). 
The observations belong to some sample space I, which is a subset of the 
real line R (often 3 simply equals R itself, so the observations may take on 
any value). The (fixed) parametric model is a family of probability distribu- 
tions F, on the sample space, where the unknown parameter 8 belongs to 
some parameter space 8 which is an open convex subset of R. One then 
wants to test the null hypothesis 

by means of a test statistic T,,( XI,. . . , X,,). When the alternative hypothesis 
is one-sided, for example, 

H,: e > e, 
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(or H I :  8 < O0), one compares T, with a critical value h , ( a )  depending on 
the level a, and applies a rule like 

reject H, if and only if T, > h,( a ) .  

In the two-sided case 

H , :  e z e,, 
the rule becomes 

reject Ho if and only if T, < hk( a )  or T, > he( a). 

We call the set { T, < hk(a) or T, > h;(a)}  the critical region of the test. 
We identify the sample X,, . . . , X, with its empirical distribution G,, 

ignoring the sequence of the observations, so T,( X, ,  . . . , X,,) = T,(G,). As 
in Chapter 2, we consider statistics which are functionals or can asymptoti- 
cally be replaced by functionals. This means that we assume that there exists 
a functional T: domain (T) + R (where the domain of T is the collection 
of all distributions on X for which T is defined) such that 

Tn(xl ,...,X,, ) + T(G) 
n - r m  

in probability when the observations are i.i.d. according to the true distribu- 
tion G in domain ( T ) .  Note that G does not have to belong to the 
parametric model { F,; 8 E e } ,  and in most applications will deviate 
slightly from it. (In practice, one often does not work with T, but with 
n1/2Tn or nT,, as is the case for rank statistics. This factor is not relevant, 
however.) 

The ordinary influence function for functionals T was introduced in 
Chapter 2. It is most useful in connection with Fisher-consistent estimators, 
that is, when it is required that 

T( F,) = 8 for all 8 in 0. 

Since test statistics are usually not Fisher consistent, we modify the defini- 
tion of the influence function to become more useful in this context. Let the 
mapping 6,: 0 -, R be defined by [ , ( 8 )  := E,[T,], and put [(e) := T(F,). 
We assume that: 

(i) &(S) converges to t ( 8 )  for all 8. 
(ii) 6 is strictly monotone with a nonvanishing derivative, so that 6 - l  

exists. 
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Define U( G) as <-I( T( C)); this functional gives the parameter value 
which the true underlying distribution G would have if it belonged to the 
model. This U is clearly Fisher consistent, since V(&)  = [-'(T( F')) = 8 
for all 8. We now consider Hampel's influence function of this new 
functional U. Denote by Ax the probability measure which puts mass 1 in 
the point x. 

Definition 1. The test influence function of T at F is defined as 

U ( ( 1  - t ) &  + t A , )  - U(F8) 
= lim (3.2.1) 

r 10 t 

in those x where it exists. 

It may seem strange that the IF is defined on the test statistic, and not on 
things like level and power. However, we shall see in Subsection 3 . 2 ~  that 
these influences are proportional to IFIe,,. 

Remark 1. The influence function represents the influence of an outlier 
in the sample on the value of the (standardized) test statistic, and hence on 
the decision (acceptance or rejection of H,)  which is based on this value. Its 
interpretation is therefore quite analogous to that of Hampel's influence 
function (and it is also subject to the same type of regularity conditions). It 
seems justified to transfer the robustness measures y * ,  A*, and p* of 
Subsection 2.lc to this case; for example, we put 

A bounded influence function thus indicates a finite gross-error sensitivity. 

Remark 2. Generally, U is hard to write down explicitly. However, the 
test influence function can be constructed easily, since 

by (3.2.1) and (ii). 
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Remark 3. We say that two functionals T’ and T Z  are equivalent if 
T’(G)  = h(T2(G))  for all G, where h is a strictly monotone mapping with a 
nonvanishing derivative. In this case, T’ and T Z  determine the same 
statistical test; but then they also yield the same influence function, because 
u’ = u2. 

For Fisher-consistent estimators, Definition 1 coincides with Definition 1 
of Section 2.1 since in this case t ( 8 )  = T(Fd) = 8 for all 8, so U = T. 
Therefore, the new definition generalizes the old one. 

From now on, we shall always calculate the IF,,, at the null hypothesis 
(put 8 = 8, and denote F := FQ for simplicity. 

The Two-Sample Case 

Suppose we have two samples XI ,..., X, and Yl,. . . , Y,,. Often, one as- 
sumes that the distributions G and F underlying these samples satisfy a 
relation of the type G(x) = F(x - 8 )  for all x (“location” or “shift” 
model). The null hypothesis states 

H,: e = e,, 

where 8, is usually taken to be zero, and the alternative hypothesis may be 
one-sided or two-sided. For testing Ho we can use a statistic 
Tm,,,(Xl,. . . , X,; Y,, . . . , Y,) which has to be compared to some critical 

In order to do asymptotics, we suppose that m and n depend on the total 
sample size N = m + n, and that both tend to infinity as N + 00, with 
lim,,,rn/N = X where 0 < X < 1. Now assume the existence of a func- 
tional T such that Tm,,,(Xl,. . . , X,; Y,, . . . , Y,) tends to T(H’,  H 2 )  in 
probability when N + 00 and the observations are i.i.d. according to H’ 
and H2.  

Suppose T,,, is invariant with respect to an identical shift of both 
samples, that is, 

value@). 

T,,,(Xl - u ,..., X, - U ;  Yl - u ,..., Y,, - U )  

= T , , , ( X l , .  . . , X,,,; Y,,  . . . , Y,,) for all a. 

We want to calculate IF,,,, in a pair (G, F) with G(x) = F ( x  - 8). In this 
case, the distributions underlying both samples have the same (known) 
shape, so the expected value of T,,, only depends on the shift parameter 8; 
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we may therefore denote it by 

I m ,  n (8) := E, I Tm, n I 
We assume that I,,,, "( S) tends to [( S), defined in the same way as the value 
of T. We say that T is Fisher consistent when & 6 )  = 6 for all 8. Again we 
suppose (ii) holds, and we define U(H', H 2 )  := [-'(T(H', H 2 ) )  for all H' 
and H 2 .  

A fundamental difference to one-sample statistics arises: Outliers may 
occur in the first sample, in the second, and in both. Thus there are a priori 
also three different influence functions (which are, however, usually strongly 
linked, as we shall see in the next subsection). Let Gf,, = (1 - t ) G  + rA, 
and 4., = (1 - t ) F  + tA,. 

Definition 2. Under the above assumptions, we define 

U(GI,,, c,,) - U(G9 F )  
IF,,,, (x ,  y ;  T ,  G, F )  = lim 

I 1 0  t 

in all points where the limits exist. 

Note that IF,mt(x, y;  T, G, F) is a surface in a three-dimensional space. 
The interpretation and remarks of the one-sample case remain valid; for 
instance, for the calculation we use 

and so on. We now also have a definition for the influence function of a 
Fisher-consistent two-sample estimator, for which 5 ( 8 )  = 8 ,  so the de- 
nominator of (3.2.4) becomes 1. 

We usually calculate the influence function at the null hypothesis (put 
8 = 6, so F = C) and use the notations IFlesl,~(x; T, F), IF,,,,,,(y; T, F), 

The case of a parameter of relative scale [G(x) = F(x/d) with So = 11 
and IFlesl(x, y ;  T, 0. 

can be treated analogously. 
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3.2b. Properties of the Influence Function 

me One-Sample Case 

Property 1. Under the assumptions of 3.2% we have 

Pruofi This follows from the same property for estimators and (3.2.3). 
0 

With estimators, an important role is played by (2.1.8): 

 IF(^; T ,  F ) ~ ~ F ( X )  = Y(T, F ) ,  (3.2.5) 

where V(T, F) is the asymptotic variance of the sequence T,,. This equality 
also holds for non-Fisher-consistent sequences, but it has little relevance in 
this case since one needs Fisher consistency for the Cram&-Rao inequality 
(2.1.11). Therefore, V(T, F) gives insufficient information for efficiency 
considerations in the case of tests. With this in mind, we shall extend (3.2.5) 
to test statistics in terms of the test influence function. 

We need Pitman’s theorem as it can be found in Noether (1955) with the 
mi = 1, 6, = ). Put F := Fe,. The asymptotic (Pitman) eflcacy E of T at F 
is defined as 

E(T,  F )  = lim [ r : (eo ) ] ’ / (nv~ , (T , , ) ) .  (3.2.6) 

This quantity is very useful. For instance, Pitman’s theorem states that the 
asymptotic relative efficiency of two tests can be computed as the ratio of 
their efficacies: 

ARE1.2 = E(T1, F) /E(T , ,  F ) -  (3.2.7) 

Also the asymptotic power can be expressed by means of the efficacy. The 
asymptotic power is defined as the limit (for n -B 00) of the power of the 
test at the alternative 0, =: 8, + An-lfl, and can be computed as 

/3 = 1 - @(Al-= - A&) (3.2.8) 

where E is the asymptotic efficacy E(T, F) and A is some positive constant. 

n-roo 
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Property 2. Under the assumptions of Subsection 3.2a and (3.2.5) we 
have jIFIes,(x; T, F ) 2 d F ( x )  = E(T, F ) - ' .  

Proob We have IFIes,(x; T, F )  = (a/ar)[T(F,,,)l,,o/E"(eo) by (3.2.3). 
Combining / ( (a /ar) [T(F, , , ) ] , ,o }z  d F ( x )  = V(T, F) with V(T, F) = 
limn+mnVarF(K), we obtain jIFlSt(x; T, F)'dF(x) = V(T, F)/[<'(80)]2 

0 = lim,,,nVar,(T,)/[~~(B,)]2 = E(T,  F ) - ' .  

Now one can also reformulate (3.2.7) and (3.2.8) in terms of the IF,,,,. 

Remark 4. Applying (3.2.6) to a Fisher-consistent sequence of estima- 
tors, we see that E(T, F) equals V(T, F)-', so (3.2.7) still holds. Since 
Definition 1 applies to such sequences and yields the estimator influence 
function, Property 2 is true in general. 

The Fisher information J ( F )  is given by (2.1.9), and we denote the 
density of Fe by fe. 

Property 3 (Asymptotic Cram&-Rao Inequality). Under the assump- 
tions of Subsection 3.2a and (3.2.5), we have /IFtes,(x; T, F ) 2 d F ( x )  2 
J( F)- ' .  The statistics T, are asymptotically efficient (meaning that equality 
holds) if and only if IFIa,(x; T, F) is proportional to ( a/a8)[lnfe(x)jeo. 

Proof: This follows from (2.1.11) and (2.1.12) because U is Fisher 
consis tent. 0 

One defines the (absolute) asymptotic efficiency e of T at F as 

e = E ( T ,  F ) / J ( F ) .  (3.2.9) 

By means of Property 3 one can find the classically optimal procedures, 
which have e = 1. In Section 3.4, optimal B-robust tests will be developed. 

The Two-Sample Case 

Property 4. Under the assumptions of Subsection 3.2a, it holds that 

lIFIca,.l(x; 7-9 F )  = pIes1,2(Y; T,  F )  dF(Y)  

= IJIF&, y ;  T ,  F )  @ ( y )  = 0. 

We now investigate how IF,,,,, IFtes,,2, and IF,, are related. 
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Prooj Apply the chain rule to Definition 2. 0 

From now on, we shall always assume condition (S) 

holds. It reflects a certain symmetry of T, namely “treating both samples in 
the same way,” so IFkst(x, x; T, F) = 0 for all x. [For a counterexample, 
rewrite (3.3.7) with two estimators S,,, and S; which have a different 
influence function.] 

When we calculate the first-order terms in the von Mises expansion of T, 
we obtain the following approximations (where F,‘ and F,‘ are the em- 
pirical distributions of the samples): 

so when TN( F,‘, F,’) is approximated adequately by T( FJ, F:) we obtain 

1 a 
varF,F(TN) = GVarF( 5 iT(4,x, F ) l  f -O] 

Let us now impose condition (A), which states that asymptotically this 
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approximation becomes exact: 

Property 6. Under the assumptions of Subsection 3.2a, (A), and (S) we 
obtain 

and 

//IFtwl(x, y ; T ,  F ) 2 d F ( x )  d F ( y )  = 2X(l - X)E-' .  

Proof. Because of Property 5 and (S) we only have to prove the first 
equality. Let us calculate the asymptotic variance V(T,  F) of 
TN( XI,. . . , A',,,; Y,, . . . , Y,) by means of (A) and (S): 

V( T ,  F )  = lim N Var,, ,( T,) 
N - + W  

so /(il/at>[T(F,,,,  F ) ] , , 0 } 2 d F ( x )  = h(1 - X)V(T, F), and using (3.2.4) 
0 the rest of the proof follows as in Property 2. 

Now e can be defined as 

e = E / [ ~ ( I  - X ) J ( F ) ] .  (3.2.10) 

The equation e = [J(F)/IFl,sl,l(x; T, F)*  dF(x)]-' thus holds for one- and 
two-sample estimators and tests. (In the one-sample case, IF,est,l coincides 
with IFtest.) This property will be used when determining the optimal 
B-robust tests in Section 3.4. 
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3.2. Relation with Level and Power 

We now examine the influence of contamination on the level and on the 
power of a test. Let S be a one-sample test of level a for 8 = 8, against 
8 > So, defined by a sequence of test statistics T, which converges to the 
functional T. We consider the standardized statistics U, = '( T,) which 
converge to U = [ - l (T ) .  The critical values k, (a)  for U, are given by 

In order to define the asymptotic power of such a test, one usually 
constructs a sequence of alternatives 8, =: do + An-'/2 where A > 0 
(Noether, 1955). Let us now assume that these alternatives are con- 
taminated. When @, tends to @,, the contamination must tend to zero 
equally fast, or its effect will soon dominate everything else and give 
divergence. [The same idea was used by Huber-Carol, 1970 and Rider, 
1978.1 Therefore we put t, = rn-'I2 and define the contaminated distribu- 
tion 

Fb,{un 2 kn(a))  = a. 

F:t,x = (1 - tn)FoI + t n A x  

for the power, and 

for the level. By means of the quantities 

and 

we can introduce a level influence function (LIF) by 

(3.2.11) 

and a power influence function (PIF) by 

The interpretation is clear: If the observations are contaminated by 
outliers, this influences the probability that the test rejects the null hypothe- 
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sis. For instance, the true distribution can become part of the alternative 
instead of the null hypothesis, because of this contamination. (This can 
happen also for rank tests, notwithstanding the fact that such tests have a 
constant level in their original framework. Actually, one-sample rank tests 
maintain their level among symrnerric distributions, whereas F;l,x and 
Fk,,, are asymmetric. And two-sample rank tests only maintain their level 
when the distributions underlying both samples have exactly the same 
shape, which is no longer true in the presence of contamination.) 

By means of the asymptotic normality 

we can evaluate these influence functions, obtaining 

LIF(X; s, F )  = @ + ( A ~ - ~ ) I F ~ ~ & ;  T, F )  (3.2.13) 

and 

PIF(X; s, F, A )  = @+( - A @ ) I F ~ ~ ~ ~ ( x ;  T ,  F ) ,  (3.2.14) 

where + is the standard normal density, A l - u  is the (1 - a) quantile of the 
standard normal, and E = E(T,  F). Therefore, both the LIF and the PIF 
are directly proportional to the IF. 

With two-sample tests, we use (F;l,x, F;,,.") for the power, and 
(F,4,,,, F,41,y) for the level, obtaining 

LIF(X, y ;  s, F )  = ~ ~ + ( A ~ - ~ ) I F ~ ~ ~ ~ ( x ,  Y ;  T ,  F )  

PIF(X, y ;  s, F, A )  = @+( A~-,, - A@)IF~~&, Y ;  T ,  F ) .  

(3.2.15) 

and 

(3.2.16) 

For one-sample rank tests, we can apply Corollary 5.1 of Rieder (1981) 
to compute the maximal asymptotic level and the minimal asymptotic 
power in the case of a fraction E of asymmetric gross errors, yielding (in our 
notation) 

amax = 1 - @(A,-, - & f i y z S l ) ,  

(3.2.17) 
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Normal 4 IFt,, (x; T.9) 

I 
-3 -2 -1 

-3 - 

Figure 1. Influence function of the sign test, the Wilcoxon test, and the normal scores test, at 
F-9. 

Also in this case, one can construct an influence function version. Formula 
(2.7.7) told us how to use the influence function of an estimator to 
approximate the maximal bias over an asymmetric gross-error neighborhood 
de. In exactly the same way, we can approximate am= and DAn by 
extrapolating (3.2.13) and (3.2.14), yielding 

am- = a + E G + ( A ~ - ~ ) Y z ~ ~ ,  

DA” - P - ~ f i + ( A l - , ,  - A@)YLs(, (3.2.18) 

where B is the asymptotic power (3.2.8) at the model. Note that these 
approximations are linear in E. 

Let us compare (3.2.17) and (3.2.18) at the standard normal F = 0, with 
nominal level a = 5%. We shall show in the next section that the sign test 
satisfies 

(3.2.19) 

so y&(T, 0 )  = 1/[2+(0)] = = 1.2533 by (3.2.2) and E(T,  0 )  = 
[/IFtat(x; T, d@(x)]-’ = [2+(0)12 = 2/lr = 0.6366 by Property 2. 
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Table 1. Maximal Asymptotic Level and Minimal Asymptotic Power of the Sign 
Test" 

~ 

Level A - 0.5 A 5 3.0 

E %ax (3.2.18) Bmin (3.2.18) Bmin (3.2-18) 

0.00 0.0500 0.0500 0.1067 0.1067 0.7731 0.7731 
0.01 0.0510 0.0510 0.1048 0.1049 0.7707 0.7701 
0.05 0.0553 0.0551 0.0975 0.0975 0.7577 0.7580 
0.10 0.0612 0.0603 0.0914 0.0883 0.7419 0.7430 

uComparison between asymptotic minimax and influence function extrapolation. 

Table 1 contains a,, and bdn of this test, together with the extrapolation 
(3.2.18) which appears to be quite good. 

For the one-sample Wilcoxon test it holds that 

(3.2.20) 

which yields y&,(T, CP) = 1.772, E(T, a) 1: 0.955, and the resulting maxi- 
mal level and minimal power in Table 2. 

Note that the level of the sign test is more stable than that of the 
Wilcoxon test. The latter test has a better power in the uncontaminated 

Table 2. Maximal Asymptotic Level and Minimal Asymptotic Power of the 
Wilcoxon Test 

Power 

Level A = 0.5 A - 3.0 
E *max (3.2.18) Bmin (3.2.18) Bmin (3.2.18) 

0.00 0.0500 0.0500 0.1238 0.1238 0.9009 0.9009 
0.01 0.0518 0.0518 0.1 203 0.1203 0.8979 0.8979 
0.05 0.0595 0.0589 0.1069 0.1061 0.8849 0.8858 
0.10 0.0705 0.0679 0.0918 0.0884 0.8673 0.8707 
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case, but loses power more rapidly for increasing E. (Indeed, at A = 0.5 the 
power of the Wilcoxon and the sign test become the same for E = 0.1, and 
for larger E the Wilcoxon power falls below that of the sign test.) Therefore, 
the sign test is to be preferred over the Wilcoxon test when the amount of 
contamination is moderately large. This resembles the choice between the 
median and the Hodges-Lehmann ( H / L )  estimator: H/L has a lower 
asymptotic variance at the normal and when the amount of contamination e 
is small, but the median is to be preferred for larger E and is more efficient 
than H/L at long-tailed distributions. 

On the other hand, tests with y&, = 00 (like the normal scores test) are 
always dangerous, because (3.2.17) yields amax = 1 and Pmin = 0 for any 
fraction E > 0 of contamination! This resembles the position of the arith- 
metic mean in estimation theory, because its maximal asymptotic variance is 
infinite in any gross-error neighborhood. 

Remark. By means of so-called small-sample asymptotic techniques 
(Daniels, 1954; Hampel, 1973b, Field and Hampel, 1983), one can find good 
approximations to the distribution of U, and use them to compute another 
level and power influence function. These can be viewed as finite-sample 
improvements of LIF and PIF and can be used to approximate the actual 
level and power of a test over a gross-error model. Numerical calculations 
show the great accuracy of these approximations down to very small sample 
sizes. Details are provided by Field and Ronchetti (1985). More on small 
sample asymptotics can be found in Section 8.5. 

3.U. Connection with Shift Estimators 

Suppose the model is F B ( x )  = F ( x  - 8) with 8, = 0; we make the same 
assumptions concerning T, and T as for Definition 1. Denote the transla- 
tion of a distribution G by b as G6(x) = C(x - b). Assume that T(G,) is 
strictly increasing and continuous in b (for all G in a certain domain 
depending on the form of T) and that a (necessarily unique) solution of the 
equation T(G,) = T ( F )  exists. 

Definition 3. We define the “shift estimate of location” D ( G )  as the 
unique solution of T(G(-DJ = T ( F ) .  

Assume that D is the limit of its finite-sample versions 

D,((Xi})= tinf(d;Tn((Xi- d } )  < h , ( a ) }  

+fsup{d;T,((Xj- d } )  > h n ( a ) } .  
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[The scale case with F,(x) = F ( x / B )  and 0, = 1 can be treated analo- 
gously, as well as the two-sample problem.] 

For example, from one-sample location rank statistics T, we find some 
R-estimators, as they were first discovered by Hodges and Lehmann (1963). 
[In Subsection 2 .4~  we constructed them from two-sample tests, whereas 
they are formulated from a one-sample rank test approach by Hettmans- 
perger and Utts (1977)]. The idea is to construct estimators from tests with 
good properties. This approach is not limited to location- for instance, one 
may obtain estimators of the ratio of scale parameters in the two-sample 
problem by inverting scale rank statistics. 

Restricting ourselves for simplicity to the one-sample location case, we 
prove the following property: 

Property 7. Under the assumptions of Definitions 1 and 3, 
IFlesl(x; T, F) = IF(x; D, F) for all x.  

Proof. From Definition 3 it follows that for all x and f 

with Fosx = F and Dosx = 0. Hence 

Using the chain rule, we find 

Now U ( 4 -  )) = - Dr,x because L’ is Fisher consistent, and therefore this 
equation becgmes IFlest(x; T, F) - IF(x; D, F) = 0, which ends the proof. 

0 

Properties 2 and 7, together with Pitman’s theorem, entail Theorem 6 of 
Hodges and Lehmann (1963) which derives the asymptotic efficiency of the 
Hodges-Lehmann estimator from that of the Wilcoxon rank test. This is 
particularly important because the asymptotic efficiency of the Wilcoxon 
rank test is rather high (Hodges and Lehmann 1956). 



204 3. ONE-DIMENSIONAL TESTS 

33. CLASSES0FT"S 

33a The One-Sample Case 

The estimators T, of the types M, L, and R (Section 2.4) correspond to 
Fisher-consistent functionals. However, these statistics can be used just as 
well for testing 8 = 8, against some one-sided or two-sided alternative; in 
practice one would be inclined to work with 

S,, = 6 ( T n  - 8,) (type I) (3.3.1) 

because of the asymptotic normality S(SJ + M(0, V(T, Fe,)) at the null 
hypothesis. The advantage of (3.3.1) lies in the fact that it suffices to compile 
tables for the exact critical values up to a certain N, after which the 
asymptotics take over. In this way we construct tests of the types M, L, and 
R, having the same IF as the estimators from which they are derived. Some 
examples of classical M-tests include the r-test for location ( + ( x ,  8) = x - 
8) and the X*-test for scale ( + ( x , 8 )  = (x /8 ) '  - 1) which will be robus- 
tified in the next section. M-tests of type I have the additional advantage 
that even the (very robust) redescending +-functions of Section 2.6 can be 
used. 

It is also possible to construct another type of M-test (Ronchetti, 1979; 
Sen, 1982) by means of 

Weak 

where + satisfies /$dFe0 = 0 and /+'dFe, < 00. From /+dFBo = 0 it 
follows that T, = (1/ 6 ) S n  -, 0 (a.e.) at the null hypothesis, by means of 
the.Kolmogorov theorem. However, in general, T, is not Fisher consistent. 

Also making  US^ of /J,' dFe, < 00, we see that Y ( S , , )  -+ M(0, /$2 dFeo) at 
the null hypothesis by the central limit theorem. Now t ( 8 )  = T(F0) 5 

/+ dFe, so t'(8,) - (i?/i?e)[/+ dFe]eo. When t'(8,) # 0, we obtain 

weak 

which is equal to (2.3.8) for the corresponding M-estimator. Therefore, 
M-tests of the types I and I1 have the same asymptotic behavior at the null 
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hypothesis. [In Ithe special case of testing against a simple alternative, tests 
given by (3.3.2) were already treated by H. Rieder, 1978, who denoted # by 
"IC" without actually defining an influence function. Note that this func- 
tion is determined only up to a factor.] The disadvantage of (3.3.2) lies in 
the fact that redescending # cannot be used in this framework, since the 
null hypothesis would be accepted when all observations belong to a distant 
alternative. 

One-sample rank tests are known only for the location problem (Hajek 
and Sidak, 1967). Put F'(x) = F(x - 6), where 6, = 0 and F is symmetric 
with a positive absolutely continuous density f. Starting from the sample 
X,, . . . , X,,, we denote by Rf  the rank of [ X J .  The test statistics are 

T,, = - a:(R,+)sign(Xi) (3.3.4) 
i - 1  

(in practice one often uses nT,), where the scores a:(i )  are nondecreasing 
and only defined up to a positive factor. Suppose there is a score-generating 
function ++: [0,1] -, R which is square integrable and nondecreasing; 
score-generating means that limn -. J;{ a:(1 + [ un]) - ++( u ) } ~  du = 0, 
where [un] is the largest integer which is not larger than un. The ++ of the 
most efficient rank tests are 

In general, the T, of (3.3.4) converge to the functional 

T(G) = /++[G(lxl) - G( - Ixl)]sign(x) dG(x) (3.3.5) 

which is not Fisher consistent. Let us now compute its influence function. 
From Hajek and Sidak (1967, p. 220), we find that 6,,(6) + 

6/&+( u)++( u, f ) du, so "(0) = /,&+( u)Cp+( u, f) du. As for the numerator 
of (3.2.3) we break the integration at zero, perform some partial integra- 
tions, and obtain 

One could also use Property 7; D( G) is determined by 
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Now replace all G by F,x, all D by D,,x, and put the derivative with respect 
to t at 0 of the entire expression equal to zero; then solve the resulting 
equation in (il/ilr)[D,,,],,,, which again yields (3.3.6). 

Examples. The sign test has ++(u) = 1, so IFtes,(x; T, F) = 
sign(x)/2f(O), the IF of the median. The one-sample Wilcoxon test has 
++(u) = u, so its IF is that of the Hodges-Lehmann estimator, which is 
derived from it. The Van der Waerden-Van Eeden and the normal scores 
tests both have ++(u) = @-'(+ + iu), so their influence function equals 
that of the normal scores estimator. At @ the influence function is 
IFtes,(x; T, @) = x ,  so (Property 3) the latter tests are asymptotically effi- 
cient there. The.sign and the Wilcoxon tests have a bounded influence 
function; their efficiencies at the normal distribution, given by Property 2, 
are 2/n z 0.64 and 3/n I 0.95. 

Note that y&, is finite when the scores function ++ is bounded, as is the 
case for the sign and the Wilcoxon tests. Tests with unbounded ++ (like the 
normal scores test) satisfy y&, = 00 which implies that amax = 1 and 
Bmia = 0 by (3.2.17). 

33b. The Two-Sample Case 

We are now in the situation of Definition 2 of Section 3.2, where the model 
is G(x) = F(x - 8) with 8, = 0 or G(x) = F(x/8) with 8, = 1. A Fisher 
consistent statistic can be constructed out of a one-sample M-, L-, or 
R-estimator in a simple way: Apply it to both samples, obtaining 
S,( X,, . . . , X,) and S,( Y,, . . . , Y,) and let 

TN( - * - 9 x,; yl,m - 9 y,) = S,( * .. 9 x,) - S,( yl, - - - , y,) 

(3.3.7) 

in the location case. (Replace subtraction by division in the scale problem.) 
This T N  can serve as an estimator or a test statistic. Clearly, 

IFte,(x, y ;  T, F) = IF(x; S, F )  - IF(y; Sy F). (3.3.8) 

The classical test for location is the z-test, where S is the M-estimator 
with +(x,B) = x - 8, and hence IFmt,Jx; T,@) = x. In the scale model, 
we obtain the F-test with +(x,8) = (x/8)* - 1; hence IFtet,l(x; T,@) 
= :(x2 - 1). This influence function describes the extremely high sensitiv- 
ity of the F-test to outliers. 
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Two-sample rank statistics provide interesting .examples of functionals 
that fail to be Fisher consistent. Let F be symmetric with a positive 
absolutely continuous density f. Location rank tests are based on the ranks 
R i  of Xi in the pooled sample; in Hajek and Sidak (1967) the following test 
statistics are studied: 

1 *  
T N =  - c 

i - 1  
(3.3.9) 

with nondecreasing aN( i ) ,  only defined up to a positive f i n e  transforma- 
tion. Suppose a score-generating function + exists which is odd [meaning 
+(l - u )  = -+(u)] ,  so j + [ F ( x ) ] d F ( x )  = 0. The + of the most efficient 
rank test is given by 

Now T N  corresponds to the functional 

T ( H ’ ,  H2) = I + [ A H ’ ( x )  +(1 - A ) H 2 ( x ) ]  d H ’ ( x )  (3.3.10) 

which is not Fisher consistent. Applying Definition 2 of Section 3.2 one 
obtains, independently of A, 

When using Property 7, one solves 

in ( ~ ? / a t ) [ D , , , ] , - ~ ,  again yielding (3.3.11). 
Since property (S) is satisfied, only IFtest,l must be written down. One- 

sample and two-sample rank tests are said to be “similar” when + + ( u )  
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= +(f + t u ) .  In this case, the following three functions are identical: 

1. The IF,cs,,l of the two-sample rank test. 
2. The IF,,,, of the "similar" one-sample rank test. 
3. The IF of the R-estimator constructed with the same function + (see 

Subsection 2.3~). 

Examples. The median test has + ( u )  = -1 for u c f, + ( u )  = 1 for 
u > $, and is similar to the one-sample sign test of Subsection 3.3a. The 
two-sample Wilcoxon test corresponds to + ( u )  = tl - $ (up to a factor) and 
is similar to its one-sample counterpart. The Van der Waerden and the 
Fisher- Yates-Terry-Hoefding-normal scores tests have +( u )  = @-'( u )  and 
thus they are also similar to their one-sample versions. The results of 
Subsection 3.3a ( e g ,  the values of e )  thus remain valid. 

Two-sample rank tests for scale are based on (3.3.9) with different scores 
a,( i )  corresponding to a score-generating function this time supposed to 
be even ( ~ $ ~ ( 1  - u )  = +l(u)), and nondecreasing for u 2 f. Because +, is 
defined up to a positive affine transformation, we may still assume 
j + l [ F ( y ) ] d F ( y )  = 0. The most efficient +, is now 

From Definition 2 of Subsection 3.2 it follows that 

Examples. The quartile test (see Hajek and Sidak, 1967 for this and 
other tests) satisfies 

Therefore, IF,,,,, equals the IF of the interquartile range estimator (Exam- 
ple 7 in Subsection 2.3b). The Ansari-Bradley and the Mood tests corre- 
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spond to +l(u) = Iu - I - f. and +l(u) = ( u  - 4)’ - A; both have a 
bounded influence function too. The Klotz as well as the Capon-normal 
scores tests correspond to +l(u) = [@-‘(u)] ’  - 1 so their influence func- 
tion at @ equals that of the F-test, which implies that there are asymptoti- 
cally efficient at @. The former tests have (at @) the asymptotic efficiencies 
0.37, 0.61, and 0.76, in accordance with Property 6. By means of Subsection 
3.2d we can define two-sample estimators of scale out of these tests, which 
then have the same influence functions. 

3.4. OPTIMALLY BOUNDING THE GROSS-ERROR SENSITIVITY 

Let us now repeat what we did in Section 2.4, where we selected the 
estimators (called optimal B-robust) which minimize the asymptotic vari- 
ance subject to an upper bound on the gross-error sensitivity. The perfor- 
mance of a test is measured by its asymptotic (Pitman) efficacy E(T, F), 
which is inversely proportional to jIFlal(x; T, F)’dF(x)  in the one-sample 
case (Property 2 of Subsection 3.2b), and inversely proportional to 
j IFlesl,l( x; T, F)’ dF( x) in the two-sample case (Property 6 of Subsection 
3.2b). In the one-sample case, the gross-error sensitivity can simply be 
defined as 

YL(T, F) = SUP lIFtest(x; T, F )  1. (3.4.1) 

In the two-sample case, we see from Property 5 and (S) of Subsection 3.2b 
that IFlest,l determines everything, so we can put 

X 

 st(^, F )  = sup lIFtest.l(x; T, F )  1. (3.4.2) 

Concluding, our aim in both cases is to minimize the expected square of the 
influence function subject to a bound c on the test gross-error sensitivity 
(Rousseeuw, 1979, 1982b; Ronchetti, 1979). By (3.2.8) this is equivalent to 
the principle: 

r 

Find a test which maximizes the asymptotic power, subject to a bound on 
the influence function at the null hypothesis. 

For this purpose we make use of Theorem 1 of Subsection 2.4a, with 
0, = O0 and F := Fe,. If the bound y*  I c were not imposed, then we 
could simply use the Cramtr-Rao inequality (Property 3 of Subsection 
3.2b) which gives us the classically optimal tests (often with y *  = ao). 
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Figure 1. Truncated normal scores function (3.4.4). 

For the onesample tests based on estimators of the type M, L, or R by 
means of (3.3.1) or (3.3.2) there is no problem at all, because they inherit the 
influence function of the original estimator. Therefore, we only have to 
insert the optimal robust solutions of Section 2.4. 

For onesample location rank tests, the IF is given by (3.3.6). Putting 

x(x) := ++(~F(~xI )  - l)sign(x) (3.4.3) 

we recognize formula (2.3.12) with x instead of JI. This enables us to apply 
Theorem 1 of Subsection 2.4a, yielding 2 given by (2.4.8). At the standard 
normal (F = Qr),  the optimal B-robust solution is given by 

4 + ( u )  = min{ @ - I ( +  + iu), b }  (3.4.4) 

which is a truncated version of the normal scoresfunction. For b 10 we obtain 
the sign test, which is most B-robust (meaning that it minimizes y&) by 
Theorem 3 in Subsection 2%. 

For the two-sample statistics constructed from M-, L, or R-estimators 
by means of (3.3.7), which can be used as “shift” estimators or test 
statistics, there is again no problem because IFtat,l equals the IF of the 
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Figure 2. Influence function of the truncated normal scores test with h = 1.5, at P = CD. 

original estimator, so our previous optimality results can be translated 
directly. 

The IF of two-sample rank statistics for location is given by (3.3.11), 
which can be reduced to (2.3.12) by means of 

X W  := + ( F ( x ) ) .  (3.4.5) 

When the skew-symmetric mapping x of (2.4.8) is nondecreasing, the 
mapping 4 ( u )  = g(F- ' (u ) )  is an acceptable scores function which de- 
termines an optimal B-robust test. At F = CP, we obtain 

(3.4.6) 

a truncation of the Van der Waerden scores. For b 4 0 we find the median 
test, which is most B-robust (Theorem 3 in Subsection 2.5~). 

In the case of two-sample rank statistics for scale (3.3.12) we put 
x ( x )  = (P l (F(x ) ) ,  obtaining (2.3.18). If 2 given by (2.4.10) is nondecreasing 
for positive arguments, then &(u)  = A( F-'(u)) determines an optimal 
B-robust solution. At F = CP, this amounts to 

(3.4.7) 

which is a robustification of the Klotz scores function. For b 10 we find the 
quartile test, which is most B-robust by Theorem 9 in Subsection 2.5e. 
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When two-sample estimators of location shift or relative scale are derived 
from two-sample rank statistics as in Subsection 3.2d, one only has to apply 
the optimal robust scores determined above, because the resulting estima- 
tors possess the same influence functions. 

3.5. EXTENDING THE CHANGEOF-VARIANCE FUNCTION 
TO TESTS 

In Subsection 3.2b we saw that the performance of a test is measured by the 
asymptotic efficacy E(T, F) given by (3.2.6). This quantity can be calculated 
using Property 2 of Subsection 3.2b in the one-sample case, and by Property 
6 of the same section in the two-sample case. By means of the asymptotic 
efficacy one can evaluate the asymptotic power (3.2.8), the relative asymp- 
totic efficiency (3.2.7), and the absolute asymptotic efficiency (3.2.9) or 
(3.2.10). 

Let us now investigate the local robustness of the functional E(T, .) at 
F, where T is a functional corresponding to a sequence of test statistics and 
F is a symmetric cdf for which E ( T , F )  exists. The change-of-eficacy 
function (CVF) of T at F is defined by 

(3.5.1) 

for all symmetric G for which this makes sense. In its original form, this 
function was introduced by Rousseeuw and Ronchetti in 1978. Like the 
change-of-variance function (2.5.11) it may contain delta functions, and it is 
also symmetric in x. In the case of a Fisher-consistent estimator it holds 
that E(T, F) = V(T, F)-', so the CVF,, coincides with the CVF in that 
case. Therefore, the CVF,, generalizes the CVF of estimators. Note that 
even in the case of two-sample statistics, the CVF,-, is a function of one 
variable. 

We only worry about large values of the CVF,,, since they point to a 
decrease of E. Therefore, we define the change-of-eficacy sensitivity u*(T, F )  
as +oo if a delta function with positive factor occurs in the CVF,",, and 
otherwise as 

u*(T, F) := sup {CVFtest(x; T, F ) E ( T ,  F)} (3.5.2) 
X 
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where the supremum is taken over those x where CVF,,(x; T,F) is 
continuous. [We use the same notation as for the changsof-variance sensi- 
tivity (Definition 2 of Subsection 2.5a) because they coincide in the case of 
estimators.] When K*(T, F) is finite we say that T is V-robust at F. 

For one-sample or two-sample tests based on M-estimators of location or 
scale by means of (3.3.1), (3.3.2), or (3.3.7) it holds that E(T, F) is 
proportional to V(T, F ) - ’  (there is a factor depending on X in the two-Sam- 
ple case), so 

Therefore, all the examples and results of Sections 2.5 and 2.6 remain valid: 
V-robustness implies B-robustness but not conversely, and the most V-robust 
and optimal V-robust +functions have already been constructed. 

One-sample rank tests (3.3.4) and two-sample rank tests (3.3.9) for 
location are called “similar” when +‘(u) = $I(; + iu). The following 
functions are then identical, at any F: 

1. The IFtest,, of the two-sample rank test. 
2. The IF,,, of the similar one-sample rank test. 
3. The IF, of the corresponding two-sample shift estimator (as in 

Subsection 3.2d). 
4. The I F  of the R-estimator constructed with the same Cp (see Subsec- 

tion 2.3~). 

Therefore, these four procedures have proportional asymptotic efficacies 
by Properties 2 and 6 of Subsection 3.2b, and hence they possess the same 
K *. For example, the Hodges-Lehmann estimator, the onesample Wilcoxon 
test, the two-sample Wilcoxon test and the corresponding two-sample shift 
estimator all satisfy 

(3.5.4) 

[where +(x) is the standard normal density], so K* = 4. For the median, the 
one-sample sign test, and the two-sample median test it holds that 

(3.5.5) 
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so K *  = 2, which is the minimal value by Theorem 4 of Subsection 2.5~. For 
the normal scores estimator, the Van der Waerden-Van W e n ,  and the 
Fisher-Y ates-Terry-Hoeffding tests we find 

CVF,,,(x; T , @ )  = x2  - 1, (3.5.6) 

which we recognize as the CVF of the arithmetic mean, hence K *  = 00. 

The change-of-efficacy sensitivity can be used to approximate the minimal 
asymptotic efficacy when the underlying distribution belongs to a symmetric 
gross-error neighborhood ge of F. Following (2.7.3), we find 

(3.5.7) 

Because the asymptotic power (3.2.8) is monotone in E, this yields an 
approximation to the minimal asymptotic power over a symmetric gross- 
error neighborhood: 

(3.5.8) 

There are two essential differences between this approximation and 
(3.2.17). First, (3.5.8) deals with symmetric contamination, and (3.2.17) with 
asymmetric contamination. Second, (3.5.8) tells us what happens for a 
change in the distribution underlying the observations, affecting both the 
null hypothesis and the alternatives, whereas (3.2.17) applies to outliers in 
the sample. For instance, for two-sample location tests, this aspect becomes 
clearly visible: The CVF,,,, approximation gives us the minimal power when 
the shifted distributions become longer-tailed, so both samples change in the 
same way (in such a situation, the level of rank tests will remain constant), 
whereas the IFtest,l describes what happens if there is an outlier in the first 
sample, which may turn acceptance into rejection or vice versa (therefore, 
such contamination influences both level and power). 
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*3.6. RELATED APPROACHES 

3.6a. Lambert’s Approach 

In this subsection we present the connections between our influence func- 
tion for tests (Rousseeuw and Ronchetti, 1979, 1981) and that of Lambert 
(1981). In order to compare them, we first summarize the basic concepts of 
Bahadur and Pitman efficiency and the notion of P-value. 

Bahadur and Pitman EBciency 

Bahadur (1960) calls the sequence of tests statistics {T,; n 2 1) a standard 
sequence if the following conditions are satisfied: 

( B l )  There exists a continuous cdf F such that for all x: 

lim P#,( T,  < x }  = F ( x ) .  
n- m 

(B2) There exists a constant 0 < a < 00 such that for x --$ 00: 

In(1 - ~ ( x ) )  = - tax2(1  + o(1)). 

(B3) There exists a function b ( 6 )  on 63 \ (6 , )  with 0 < b ( 8 )  < 00, 

such tnat for each 8 # 80: lim,,-,mP8{ ln-*/2T, - b(6)l > x }  = 0 for 
every x 1 0. 

For any such standard sequence, Bahadur shows that 

n-+m 
-2n-’ln(l - F(T, ) )  -, a b ( 6 )  =: c ( B ) ,  forall 6 # 8,. 

He calls c ( 6 )  the approximate slope of the sequence { T,), and 

AREifl,’(B) = c(1)(8)/c‘2)(6) (3.6.1) 

is called the approximate relative eficiency (in the Bahadur sense) of two 
standard sequences {Ti1); n 2 1) and {T:’); n 2 1). The idea behind 
Bahadur’s comparison of tests is to look at the rate of convergence (towards 
0) of the level of the tests. (See also Bahadur, 1971.) 

On the other hand, Pitman considers tests at level a and a sequence of 
alternatives which converges to the hypothesis at a certain rate (typically 
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n-I’*). In this way he obtains a limiting power which is different from 1 (as 
n --* a), which he takes as the basis for his comparison between different 
tests. 

Using the formalism of Noether (1955) we can compute the asymptotic 
Pitman e$’icacy E (3.2.6) which is a monotone increasing function of the 
asymptotic power by (3.2.7), and the Pitman relative eficiency 

ARE$pJ = E1/E2 (3.6.2) 

of two tests with efficacies El and E2. 

Pitman efficiencies coincide, namely 
Wieand (1976, p. 1005) gives a condition under which Bahadur and 

lim ARE$:)( 8) = lim ARE$:,’( a, b ) ,  
e-e,, a d 0  

(3.6.3) 

where a and /3 are the level and the power. Wieand’s condition is satisfied 
in several important cases. 

P- Values 

Let G,(-; 8) be the distribution function of the test statistic T, under Fe. 
Then, the P-value P, is defined as 

P,, := 1 - G,,(T,,; eo). (3.6 .a) 

Lambert and Hall (1982) investigate the asymptotic nonnull distribution of 
P-values and show that P-values are asymptotically lognormal (under the 
alternative), that is 

for all 8 # 8,. This ~ ~ ( 8 )  is the Bahadur halfdope: 

c L ( 0 )  = c(8)/2 = lim (-n-’ln(P,,)) a s .  (Fe). (3.6.5) 
n-r  m 

Compankon with Lambert’s Approach 

Lambert (1981) defines an influence function for the testing problem in 
terms of P-values. Let { P,,; n 2 l} be any sequence of P-values that has a 
slope I?,( H) under the distribution H. Lambert’s influence function of { P,, ) 
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at H is defined by 

= lim (S,( - EL(  H ) ) / t ,  (3.6.6) 
r -0 > 

where we assume that { P,,} has a slope Z L ( H f , x )  at H,,x := (1 - t ) H  + t A x ,  
for every sufficiently small t. 

Note that Lambert’s influence function IF, is not defined at the null 
hypothesis, where the IF,-, of Subsection 3.2a is calculated most often. The 
next proposition shows that IF,,, and IF, are proportional at the alternative 
Fe if the P-value depends on the data only through the test statistic, as is 
usually the case. 

Theorem. If 1Ftes,(x; T, F,) exists, and the Bahadur half-slope I?, de- 
pends on the data only through the test statistic fi.e., S,(H) = d(T(H)) ,  
where d is a differentiable function], then 

Remark 1. This theorem shows that IF,. and IF,,,, are proportional. 
Therefore, they have the same qualitative behavior, as far as boundedness 
and continuity properties are concerned (if d’ is continuous). Note that this 
theorem is a variant of Remark 3 of Subsection 3.2a, because the P-value is 
a “standardized” test statistic. 

Remark 2. From the above theorein we obtain 
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If also jIF,(x; { Pn}, Fe)2dF,(x) = 7 ' (8 )  (Lambert, 1981, p. 651) and 
l i m ~ ~ ~ o j I F ~ t ( x ;  T, FO)'dF,(x) = jIFtest(x; T, Foo)2dFdo(x), the latter ex- 
pression being equal to l/E(T, F,o) by Property 2 of Subsection 3.2b, then 
we can rewrite the asymptotic efficacy E in terms of cL and 7: 

E ( T ,  F#,) = lim ( c ; ( e ) / T ( e ) ) 2 .  (3.6.7) 
e-e, 

3.6b. Eplett's Approach 

In his 1980 paper, Eplett constructs a kind of influence curve for two-Sam- 
ple rank tests. Let us give the main idea of his definition (in our notation). 
In the case of two-sample location rank tests (3.3.9) he calculates the 
derivative of the asymptotic power 

B(T, F )  = 1 - Q(A1-a  - ~{m) (3.6.8) 

which is defined in Noether (1955) for the sequence of alternatives 8, = 
A/ fi (see also Subsection 3.2b). Here, Q, is the standard normal cdf with 
density Q,' = 4, and A1-,, = Q,-'(l - a). We shall call this derivative the 
asymptotic power fiction (APF), given by 

-[B(T,(l a - t ) F +  tG)J,-o= /APF(x;T,F)dG(x). (3.6.9) at 

Applying the chain rule, we immediately find that 

APF(x; T, F) - + + ( A l _ ,  - A { m ) A E ( T , F ) 3 / 2 C V F , , ( ~ ;  T , F )  

(3.6 .lo) 

so the APF is directly proportional to the changesf-efficacy function of 
Section 3.5 (the factors do not depend on x). In order to obtain a more 
simple expression, Eplett then calculates the derivative of 

B(T, F) := [ E ( T ,  F)/(A(l - (3.6.11) 

The resulting function (which is proportional to the APF) he calls the 
influence curve of the two-sample rank test, and throughout the paper it is 
treated as an analogue to the IF of an estimator. However, this function 
equals 

- iCVF,,,(x; T, F)E(T,  F)3'2/(A(1 - (3.6.12) 
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so it corresponds to the CVF,,, and not to the IF,et. The distinction is 
crucial, also in view of the different interpretations of large positive and 
large negative values (see the discussion preceding Definition 2 of Subsec- 
tion 2.5a). 

*3.7. M-TESTS FOR A SIMPLE ALTERNATIVE 

Let us now discuss the case of testing against a simple alternative. That is to 
say, H ,  = {Fee} is the null hypothesis and H I  = { FaI) is the alternative. 
The classical (nonrobust) test for this case is the likelihood ratio test (LRT), 
given by the Neyman-Pearson lemma. It is an M-test of type (3.3.2) with 

so its IF,,, can be computed from (3.3.3). 

robust alternative to the LRT, is also an M-test with 
The censored likelihood ratio test (CLRT), invented by Huber (1965) as a 

where the notation means truncation at k, and k,. Huber found this CLRT 
as the solution of a minimax problem. Let SPj be a neighborhood of Fe,, for 
j = 0,l. Consider the following problem: 

For a given 0 < a < 1 jind a test which maximizes inf( expected 
fraction of rejections at H ;  H E g,}, under the side condition sup 
{ expected fraction of rejections at H ;  H E Po} s a 

(3.7.3) 

The CLRT solves this problem if the gj’s are either e-contamination (2.7.1), 
Prohorov neighborhoods (2.2.1), or total variation neighborhoods. From this 
exact finite-sample minimax result, Huber (1968) derived a corresponding 
approach for location estimators and showed that the Huber estimator is 
minimax in a finite-sample sense (for a normal model). 

Note that the CLRT defined by (3.7.3) is the likelihood ratio test between 
a least favorable pair of distributions Q j  E SPj, j = 0,l. The existence of 
such a least favorable pair can be studied in a general framework using 
2-alternating capacities (Huber and Strassen, 1973; Bednarski, 1980, 1982). 
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It is difficult to determine the maximum level and the minimum power 
(within the neighborhoods) of the censored likelihood ratio test. Asymptotic 
values were given by Huber-Carol(l970) who obtained a nontrivial limiting 
level and power using the technique of shrinking neighborhoods. Rieder 
(1978) then extended this method to construct an asymptotic testing model 
by defining neighborhoods in terms of &-contamination and total variation. 
In subsequent work he derived estimates from tests (Rieder, 1980) and 
studied the robustness properties of rank tests (Rieder, 1981). Rieder's 
asymptotic model was extended by Wang (1981) to the case where there are 
nuisance parameters. 

Let us go into some detail. If the sample size grows in the setup 
introduced above, the power tends to 1 (as long as Po and 8, are disjoint). 
As in Subsection 3.2b, the testing problem must get harder as n grows. Let 
us therefore consider the sequence of problems of testing 8 = 8, against 
t9 = 8, + A / fi, and let the radius of Pn0 and Pn1 (defined as above) 
shrink at the same rate. The sequence of problems is then solved by a 
sequence of M-tests, given by 

which tends to 

(3.7.4) 

This expression is not a +-function of a CLRT any more, but a limiting 
case. Properties 1 and 2 of Subsection 3.2b apply with IFtest(x; +*, 4,) 
given by (3.3.3). The same holds for the LRT, with 

We see that here IF(x; +*, Fe,) is proportional to (a/M)[ln f e (x ) l e ,  so the 
LRT is asymptotically efficient by Property 3 of Subsection 3.2b, but often 
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the gross-error sensitivity y&, of this test is infinite, pointing to a lack of 
robustness. 

Let us now apply Theorem 1 of Section 2.4, where t,b is replaced by +*. 
The optimal B-robust M-test (i.e., the M-test with maximal asymptotic 
power subject to #:,st I; c) is given by 

(3.7.6) 

which corresponds to a censored likelihood ratio test (3.7.4). 

EXERCISES AND PROBLEMS 

Section 3.1 

1. Show that the Bartlett test is a generalization of the F-test by proving 
that they give the same result when k = 2. (Hint: Prove that f 
> $(c’/’ + c-’’’) if and only if T > c or T < l/c.) 

Subsection 3.211 

2. Compute the test influence function (Definition 1) of the z-test in the 
location model M(8,  l), at 8, = 0. Also compute the IF  of the X2-test 
in the scale model X ( O , u ) ,  at uo = 1. Which test is more easily 
affected by outliers? 

3. Compute the test influence function (Definition 2) of the z-test for 
location shift between two samples, at F = @. Compute the IF of the 
F-test for comparing two variances, also at F = @. 

Subsection 3.2b 

4. Verify Property 1 for the test influence functions of Exercise 2. 
Compute the asymptotic efficacy and the absolute asymptotic efficiency 
of these tests (at F = a) by means of their IF,,,,. 

5. Verify Properties 4 and 5 for the test influence functions of Exercise 3, 
and compute the asymptotic efficiency of these tests (at F = @) by 
means of (3.2.10). 
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subsectim 3.k 

6. 

7. 

8. 

9. 

Because y& = 00 for the two-sample F-test, what do you think would 
happen to the maximal asymptotic levels in Table 1 of Section 3.1 if 
asymmetric gross-error contamination were allowed? 

Differentiate the equations of (3.2.17) with respect to E, and make 
first-order Taylor expansions around E = 0 [i.e., g(e) = g(0) + ~g’(0)J 
for both. Do you recognize the resulting expressions? 

Use the values in Tables 1 and 2 to approximate the maximal finite- 
sample level of the sign test and the Wilcoxon test (with nominal level 
5%) when there are 1, 5, or 10 (possibly very asymmetric) outliers in a 
sample of 100 observations. Do the same for the minimal finite-sample 
power at 8 = 0.3, when testing 8 -- 0 at the normal model M(8, l ) .  

Suppose you know that 1Ftat,*(x; T,@) is equal to (3.2.19) for the 
two-sample median test for shift and to (3.2.20) for the two-sample 
Wilcoxon test. What can you say about their asymptotic efficiency, 
maximal level, and minimal power? 

Subsection 3.2d 

10. 

11. 

12. 

Which location estimator is obtained from the one-sample t-test, using 
Definition 3? Which scale estimator is obtained from the one-sample 
X2-test for testing u = uo? Are these functionals Fisher consistent at 
the normal model? Applying Property 7 to both. 

Repeat the reasoning of Subsection 3.2d for two-sample estimators 
D,,,JX1,. . . , X,,,; Yl , .  . . , Y,) of location shift, defined (similar to De- 
finition 3) as the shift for which a two-sample test sees no difference. 
Also do the same for estimators of the ratio of scales ux/u,, based on 
two-sample tests. 

Which two-sample estimators are obtained (using the previous ex- 
ercise) from the r-test for shift and the F-test for comparing two 
variances? Give their IF by means of the analog to Property 7, or 
directly. Note that these IF’S are functions of two variables! 

Subseetion 33a  

13. Show that the functionals (3.3.5) corresponding to rank statistics are 
not Fisher consistent (with a theoretical argument or example). 

14. Derive the influence function (3.3.6) by means of Property 7. 
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Subsection 3.3b 

15. Derive the influence function (3.3.11) by means of the two-sample 
analog to Property 7 (i.e., use the corresponding two-sample shift 
estimator). 

16. (Extensive) Make plots of IFlest,l(x; T, 9) for the quartile, 
Ansari-Bradley, Mood, and Klotz tests of scale. Use the influence 
functions to compute their asymptotic efficiencies at 9. (For the 
second and third test, this leads to nontrivial integrals.) 

Section 3.4 

17. Construct the table with maximal asymptotic level and minimal 
asymptotic power, corresponding to Tables 1 and 2 of Subsection 3.2c, 
for the truncated normal scores test (3.4.4) with b = 1.5. (Hint: The 
necessary constants for computing E and y& can be found in Table 1 
of Subsection 2.5d.) Does the truncated normal scores test behave 
rather like the sign test or like the Wilcoxon test, from this point of 
view? 

18. Plot the robustified Klotz scores (3.4.7) and the corresponding 
IFlesl,l(x; T,@) for a large and a small value of b. Describe what 
happens if b T 00 and if b LO. 

Subsection 3.5 

19. 

20. 

21. 

22. 

Make a plot of the change-of-efficacy function of the Wilcoxon test, 
and compare it to that of the Van der Waerden-Van Eeden test. 

Derive (3.5.7) in analogy with (2.7.3), and use it to obtain (3.5.8). 

Compare the exact minimal asymptotic power with the approximate 
minimal asymptotic power, both given in (3.5.8). for the sign test, 
Wilcoxon test, and the truncated normal scores test with 6 = 1.4, all in 
the case of symmetric gross-error contamination with E = 0.01, 0.05, 
0.10. (Hint: Use the entries of Table 1 of Section 2.7.) What happens 
for the Van der Waerden-Van Eeden test? 

Consider the one-sample Wilcoxon test with nominal level a = 5%. 
What is the minimal asymptotic power of this test for A = 3.0, when 
the underlying distribution F belongs to the symmetric gross-error 
neighborhood with E = 0.10 around F = @? Use this to approximate 
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the minimal finite-sample power at 8 = 0.3, when testing 6 = 0 in case 
there are at most ten (symmetrically located) outliers in a sample of 
100 observations wming from a normal distribution 46,l). What is 
the (asymptotic or finite-sample) maximal level when F belongs to this 
symmetric gross-error neighborhood? 

23. Sketch the graph of -lninfGcpeE(7',G) as a function of e and show 
how it contains K * ,  analogous to Figure 2 of Section 2.7. Draw this 
plot for the sign test, making use of the values in Exercise 76 of 
Chapter 2. 

Subsection 3.6b 

24. Compute the derivative with respect to e (at e - 0) of the approxima- 
tion (3.5.8), and show that it is equal to the infimum of the asymptotic 
power function (3.6.10). 
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Multidimensional Estimators 

4.1. INTRODUCTION 

The goal of this chapter is to show that the basic estimation principle used 
in the onadimensional case-leading to the optimal estimator discussed in 
Section 2.4-applies to more general models with (finite-dimensional) vec- 
tor-valued parameters. As was mentioned in Chapter 1, the resulting general 
estimation method may be viewed as the robustification of the maximum 
likelihood method, and therefore it bears a similar degree of generality. 

After generalizing the concepts of influence function, sensitivities, and 
M-estimators in Section 4.2, we introduce the optimal B-robust estimators 
and give a step-by-step description of their application to specific models. 
Sections 4.4 and 4.5 bring up some general considerations about nuisance 
parameters and invariance structures. The complementary section includes a 
theoretical comment and discusses the problem how M-estimates can be 
computed practically. 

As an example, the problem of estimating a location and a scale 
parameter simultaneously is discussed first. We will also consider a simple 
regression model with particular distributional assumptions and the gamma 
distribution with shape and scale parameter. The most important 
models-general multiple regression and covariance matrix estimation-are 
treated in the subsequent chapters. Stefanski et al. (1984) discuss optimal 
estimators for logistic regression, and Watson (1983) applies the method to 
circular data. 

Testing problems have not been dealt with in this general multivariate 
framework. Other areas of research include the generalization of optimal 
redescending estimators and of the change-of-variance function. For the 
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regression case, some results on these problems will be presented in Chapters 
6 and 7. 

4.2. CONCEPTS 

4.2a. Influence Function 

Let the setup of Section 2.la be generalized to include observations in an 
arbitrary space S and vector-valued parameters, so that €3 c RP, say. 
(Vectors 6 E 0 will be denoted as column vectors.:) Consider functionals T 
defined on a suitable subset of the set of probability measures on X, taking 
values in E3. 

The influence function is defined exactly as in the one-dimensional case: 

Definition 1. The ( p-dimensional) inJIuence function of a functional T 
at a distribution F is given by 

IF(x ;T,F)  := l im((T[( l  - h ) F +  hh,] - T[F])/h} 
h 10 

Under mild regularity conditions, we again obtain 

1 IF( x; T, F )  dF( x)  = 0, (4.2.1) 

where 0 is the p-dimensional null vector. More stringent conditions are 
needed to ensure that T is asymptotically normal with the (variance-) 
covariance matrix 

Now let { be a parametric model with densities fe(x), and denote 
by 

(4.2.3) 
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the vector of likelihood scores, and by 

J(  6 )  := /s ( x, 6 )  s( x, 8 )  dF, ( x ) (4.2.4) 

the Fisher information matrix. 

Theorem 1 (Asymptotic CramCr-Rao inequality). For Fisher-consistent 
estimators (T( F,) = 8 ) ,  

~ V ( T ,  ~ , ) d  2 dTJ(e)-’d for all d E R P  

under suitable regularity conditions (see proof). 

Proof (cf. Subsection 2.lb). Write, for fixed 8, 

where R is a remainder term. Regularity conditions are needed to ensure 
that R ( r )  = o(r) .  Assuming Fisher consistency and differentiating with 
respect to B at 8 = 8, we get 

/ IF(x ;  T,  F ~ ) s ( x , ~ ) ~ ~ F , ( x )  = I, (4.2.5) 

corresponding to (2.1.10’) in the one-dimensional case, if differentiation and 
integration can be interchanged (which needs another weak regularity 
condition). Now, let u(x) := [IF(x; T, F,)’, s(x, The “covariance ma- 
trix” of u, 

is positive semidefinite. Let d E W P  be arbitrary and d := [dT ,  
( -J(8) - ’d)T]T.  Then 

= dTV(T,  F,)d - d 9 ( 6 ) - ’ d .  
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4.2b. Gross-Error Sensitivities 

There are several ways to generalize of the gross-error sensitivity, the most 
direct one being 

Definition 2. The (unstandardized) gross-error sensitivity of an estimator 
(functional) T at a distribution F is 

where 11 - 11 denotes the Euclidean norm. 

In many problems, the parametrization of the model distributions is to 
some extent arbitrary. In multiple regression, for example, the scales of the 
independent variables are most often a matter of arbitrary choice, and the 
scales of the parameters adjust to this choice. It is natural to postulate that a 
measure of robustness of parameter estimators should be invariant to scale 
transformations of individual parameter components at least-but the 
sensitivity defined above is not. Two possible standardizations overcome 
this defect. 

The first one consists in measuring the IF, which is an asymptotic bias, in 
the metric given by the asymptotic covariance matrix of the estimator. 

Definition 3. If V(T, F) exists, the selfstandardizedsensitiviry is defined 
by 

if V(T, F) is nonsingular, else by 00. 

Lemma 1. The squared y; is not less than the dimension of the 
parameter, 

Y,*(T, FI2  2 p .  

Prwj Integrate the inequality y,** 2 IFTV-'IF = trace(V-'IF. IFT) 
with respect to dF. 0 

We shall see later on (Subsection 4.3~) that this bound is sharp. 



4.2. CONCEPTS 229 

Obviously, poor efficiency can be the reason for a low y,* value. We will 
show, however, that it is possible to obtain quite efficient estimators with a 
low self-standardized sensitivity. 

The second standardization is connected with a given model { Fe}e,  
which determines a natural “local metric” for the parameter space through 
the Fisher information: 

Definition 4. If J ( 0 )  exists (for all a) the informution-standardized 
sensitivity is given by 

y , * ( T , F )  := S U ~ { I F ( X ; T , F ) ~ J [ T ( F ) ) I F ( X ; T , F ) )  1/2 . 

y: compares the bias (as measured by the IF) with the scatter of the 
maximum likelihood estimator at the estimated model distribution instead 
of that of T itself at F. 

We now verify the invariance of the standardized sensitivities with 
respect to differentiable one-to-one parameter transformations 8 = p( e) 
with nonsingular Jacobian 

1. ap( l ) (e)/ae( l )  . . . ap(1)( e ) / a e ( p )  

a p y e ) / a w  . - a p ( q  e ) / a e ( p )  

(4.2.6) 

The “transformed model” writes { with := F,. The densities, 
scores, and information matrix transform to 

[ !  
zqe)  := ap(e)/ae := 

i e < X >  = f e ( 4 ,  

S ( ~ , B )  = B(e)-“ .s(x,e) ,  (4.2.7) 

J(@ = B ( e ) - T - J ( e )  . ~ ( e ) - ’ .  

[A-T stands for ( A - l ) T . ]  If T is an estimator of 8, it is natural to examine 
T := P(T)  as an estimator for the transformed parameter. We have 

IF(x; T ,  F) = B(T( F)) * IF(x; T, F), 

V ( T , F )  = B ( T ( F ) )  * V ( T , F )  - B ( T ( F ) ) T .  (4.2.8) 
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The invariance of the standardized sensitivities is easily verified by inserting 
these relations into the definitions. 

Remark 1. For a fixed parameter value 8,, the information-standed 
sensitiuig may be viewed as the unstandarhd sensitivity in an "orthonor- 
malized" parameter system, namely 8 = J'fl(8,) 6, where Jln is any root 
of J, that is, any solution of ( J ' n ) ~ ' / 2  = J. 

Examples for these concepts are given in the next two subsections. 

4%. M-Estimators 

M-estimators for the multiparameter case are defined just as those for a 
single parameter (Subsection 2.3a): 

Definition 5. An M-estimator (functional) is defined through a function 
p :  I X  8 + R as the value T ( F )  E RP minimizing j p ( x ,  t ) d F ( x )  dver t ,  
or through a function 4 :  3?"X 8 R P  as the solution for t of the vector 
equation 

/ + ( x , t ) d F ( x )  = 0 .  

Note that a +function may be left-multiplied by any nonsingular matrix 

For the maximum likelihood estimator, p ( x ,  8) = -In( f ( x ,  O ) } ,  and 

Again, any M-estimator defined by a differentiable p-function corre- 
sponds to an M-estimator defined by a +function, namely by $ ( x , 8 )  = 
a p ( x ,  @)/a@, as long as the latter is defined and unique. But the M-estima- 
tors defined by a +function are now a much wider and thus more flexible 
class, since the $(')(x, 6 )  need not be the partial derivatives of any function 
of 8. We will therefore define M-estimators by +-functions in what follows. 

not depending on x .  

+ e ,  6 )  = s ( x ,  8).  

The influence function is derived like Q. (2.3.5), 

IF(x;  T, F) = M(+, F)-'rCl(x, T ( F ) )  (4.2.9) 

with the p X p matrix M given by 

(4.2.10) 
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The asymptotic covariance matrix reads 

with 

(A basic reference for asymptotic normality of M-estimators is Huber, 1967; 
see also Huber 1981, Chapter 6.) 

If we specialize to a model with scores, Fisher consistency obviously 
implies 

and from (4.2.5) we get 

(4.2.13) 

This last result shows that the influence function for Fisher-consistent 
M-estimators at F, is determined by the # ( . , 8 )  alone, without any refer- 
ence to other 8 values, and without using derivatives of #. As in the 
one-dimensional case, this fact will be extremely useful for the construction 
of M-estimators with prespecified local robustness properties, since the 
+function can be constructed separately for each value of 8. 

In Sections 2.3 and 2.4 some alrernatiue classes of esrimarors are also 
considered. These do not generalize as easily to multivariate models as 
M-estimators do. In any case, let us assume that such an alternative 
estimator T obeys some mild regularity conditions similar to those needed 
in the preceding subsection. Then, the M-estimator defined by #(x, 8) := 
IF(x; T, F,) is asymptotically equivalent to it at the model distributions. For 
local considerations at the model (influence function, sensitivity, asymptotic 
covariance matrix), it therefore suffices to consider M-estimators. Only 
global properties, such as the breakdown point, as well as higher order local 
properties, such as a multiparameter analog to the change-of-variance 
function, will in general be different for a general estimator and the 
asymptotically equivalent M-estimator. 
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4.2d. Example: Location and Scale 

Let the observation space be the real line, that is, 5= R and m = 1, and let 
0 be the half plane, 

0 = ( (:)I. > 0). 

The location-scale model consists of the distributions 

Fp,o = a p  + 4, 

where 2 is distributed according to a symmetric distribution Fo with 
density fo and Y stands for “distribution of”. Note that p and u are not 
necessarily expectation and standard deviation. 

We will restrict our attention to equiuariant estimators: 

, for all a, b E R I a + b * T‘”{ u( X)} 
lbl * T‘2’{ 9( X)} 

T { P ( a  + b X ) }  = 

Then, for any F, symmetric about 0, T(’)(F0) = 0, and, if T(2)(Fo) > 0, the 
first component of the influence function is odd, whereas the second 
component is even. For symmetry reasons, V is diagonal, 

V( T, F,) = diag( V (  T(’), F,), V(  T(*), F,)}  , 

that is, the two components are asymptotically independent. For model 
distributions, we have 

IF(x;T,F,,,) = 0 * IF{(x - ~ l ) / o ; T , F o } ,  

In summary, for symmetric F,, asymptotic results can be obtained for the 
location and scale components independently. This makes things much 
easier than they are in the general case. 

Any equivariant M-estimator may be given by its +-function at 0, := 
(0, just by 
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(cf. Subsection 4.5b). The influence function may be written as 

B,( +p)-l * + f ) ( Z )  

B2( +p)-’ * +6“(2 )  

IF( z ;  T,  F,) = 

with 

where so( z )  is the likelihood scores function at O0, 

The asymptotic covariances vanish for symmetry reasons, and the asymp- 
totic variances equal V(T( j ) ,  F,) = A,( +b’))/B,( +hj))2, where 

Example 1. The famous couple mean x and sample standard deviation 
S are the maximum likelihood estimators for Fo = CP [up to a factor 
( n  - l ) / n  for S2] .  They equal the M-estimator given by 

For Fo = @, we have 

A , ( @  = B l ( 2 )  = 1,  

A 2 ( S )  = B 2 ( S )  = 2, 

) IF(z;T,,,@) = ( ( z 2  - 1)/2 9 

Z 

V(T,,,CP) = . / ( d o ) - ’  = diag(1,f). 

As usual, the maximum likelihood estimator for the normal model has an 
unbounded influence function, and we would like to get a robust variant of 
it. 
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Example 2. In analogy to the Huber estimator for the location problem 
[see (2.3.15) and “Location” in Subsection 2.4b], a natural idea is to “bring 
in” the observations which are too far from the estimated location, where 
the critical distance is some multiple of the estimated scale parameter, and 
to determine these estimates implicitly by the requirement that they should 
be the classical estimators taken from the transformed observations. More 
precisely, this estimator is given by the +,-function 

with 4 = 1. It is easy to see that this results in an underestimation of uz for 
standard normal observations. Therefore, Huber (1981, p. 137; 1964, p. 96) 
sets 

in his “Proposal 2” in order to get Fisher consistency. ( x i  is the Chi-squared 
distribution function with k degrees of freedom.) Figure 1 compares the 
transformations z - + Y ” ( z )  and z - \t:,’,(z). 

Figure 1. The functions #yL and #&. 
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The integrals needed for IF and I/ are 

(Two useful formulas in this connection are 

I lzl i2kd@p(z) = p . ( p  + 2 ) -  * . .  ' [ p  + 2(k - l)] . ~ i + ~ ~ ( b ~ ) ,  

(4.2.14) 

I,,.,,. r h 2  

where (Dp is the p-variate standard normal distribution, and 

x:+2:b2)  = X p 2 )  - 26, *fp(b2)/P, (4.2.15) 

where j' is the density of xf.) 

z = 0: 
The sensitivities are clearly given by the influence vector for z = b or 

Y * ( T ' ' ~ , @ ) ~  = max(ci - b2 + c," . ( b 2  - a) ' ,~ , "  - P 2 )  

with 

for y:: c i  = B1(+b)-2,  c: = B2(+z  - j3)-2; 

for y,* : c," = A ~ ( + :  - /I)-'; 

for y: : c,' = .2 . B ~ ( + :  - P ) - ~ .  

c: = A ~ ( $ , , ) - ' ,  

c i  = B ~ ( + , , ) - ~ ,  

Example 3. Median and median deviation make another instructive 
example of a location and scale estimator pair. They can be defined by 
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0 0.6745 Figure 2. The function I#&. 

where /3 = 0-’(3/4) = 0.6745 is introduced again to obtain Fisher con- 
sistency [cf. (2.3.2O)J. Figure 2 sketches the transformation I - +Fd(z).  
The calculations 

B,(sign) = j l r l  d @ ( z )  = 2cp(O) = 0.798, 

B2( +rd(2)) = 4/3 * cp( /3) = 0.857 

yield IF and the sensitivities 

y,* = 1.71, 7: = 2, y: = 2.07. 

The asymptotic efficiencies become B,(sign)’ = 0.637 for location, and 
0.5 . B2(+Yd(2))2 = 0.368 for scale. 

Remark 2. In many applications, the scale is regarded as a nuisance 
parameter. Many location estimators need a scale value in order to be 
sensibly defined, and this value usually has to be estimated. In Section 4.4, 
we shall discuss more generally how to treat nuisance parameters. 

Example 4. When scale is a nuisance parameter, it makes sense to 
estimate it as robustly as possible, even if quite inefficiently (cf. “Location” 
in Subsection 2.3b). The simplest scale estimator with breakdown point 
e* - $ is the rescaled MAD used in the last example, with the rather poor 
efficiency of 37%. It can be combined with a highly efficient estimator of 
location, l i e  the Huber estimator with high bending point b. 
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Table I. Four Different Estimates of Location and Scale for Three Sets of Data 

Data: 0.0,O.S. 1.0,1.2,1.3,1.3,1.4, 1.8, and 
2.4,4.6 4.6,4.6 24.0,46.0 

Estimator Location Scale Location Scale Location Scale 

Mean and standard 
deviation (Ex. 1) 1.58 1.23 1.80 1.55 7.88 15.21 

Huber's Proposal 2, 
b-2(Ex.3) 1.46 0.95 1.80 1.61 6.10 11.04 

Median and rescaled 
MAD" (Ex. 2) 1.30 0.74 1.30 0.74 1.30 0.74 

Huber estimator, b - 2, 
with rescaled MAD" 
(Ex. 4) 1.41 0.74 1.47 0.74 1.47 0.74 

"Defined by upper median of absolute residuals. 

The values obtained by applying the estimators discussed in the four 
examples to Cushny and Peebles' data (Fig. 1 of Section 2.0) are given in the 
first pair of columns of Table 1. The location value for Huber's Proposal 2, 
with b = 2, is placed halfway between the bulk of the robust estimates 
shown in Figure l b  of Section 2.0 and the nonrobust arithmetic mean. 
When two observations are made into outliers (last two column pairs of 
Table l), Proposal 2 follows the nonrobust classical estimate. In other 
words, it breaks down. This is clear from Huber (1981, Section 6.6), since 
the theoretical breakdown point for 6 = 2 is E* = 0.19. As a side remark, 
note that the scale estimate of Proposal 2 is even higher than the classical 
standard deviation for the second dataset because of the consistency correc- 
tion. In summary, the Huber estimator with MAD scaling is more reliable 
than Proposal 2 if scale is regarded merely as a nuisance parameter. 

Remark 3. We found that the use of artificial, small data set like those 
shown in Table 1 is generally more instructive than Monte Carlo studies for 
exploring robustness properties. 

Remark 4. In this subsection, we have made heavy use of the invariance 
structure of the model and the considered estimators. The implications of 
such structures, which are present in most of the commonly used statistical 
models, will be discussed in a general setup in Section 4.5. 
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4.3. OPTIMAL ESTIMATORS 

4.3a. The Unstandardized Case 

Consider the problem of finding the most efficient estimator under the 
condition that the gross-error sensitivity must not exceed a given bound c. 
For the one-dimensional case, the problem was solved in Section 2.4. In the 
multiparameter case, the term “efficient ” needs clarification. The usual 
partial ordering of variance-covariance matrices, 

U 5; V 0 V - U positive semidefinite, (4.3.1) 

suggests that one should look for an estimator minimizing V in that sense. If 
the sensitivity is not restricted, the maximum likelihood estimator solves the 
problem. However, in the case of a restriction such an estimator does not 
exist, as will become clear later (Subsection 4.6a). On the other hand, if 
instead we measure efficiency by the trace of V, a solution can be found for 
the problem. 

0, shall be a fixed 
parameter value, and F, the corresponding distribution Fee. We restrict our 
attention to the class of “regular” functionals 

More precisely, consider a parametric model 

=:= { TIIF(.; T, F,) exists, (4.2.1 + 5 )  are satisfied, 

and V( T, F,) exists}. 

(Here, existence of V means that the integral J I F  - IFT&, exists. Alterna- 
tively, one could require that T is asymptotically normal with covariance 
matrix V = / IF  - IFrdF,.) Among the estimators with influence function 
bounded by c, that is, within 

q: := {TE%‘ ly ,+ (T ,F*)  s c } ,  

we want to find one that minimizes trace{ V ( - ,  F, ) } .  Since the solution is a 
cornerstone to large parts of the book, we shall discuss this problem in a 
heuristic fashion before giving it a formal treatment. 

If there was no restriction on the sensitivity, it is well known that the 
maximum likelihood estimator TML would solve the problem in general. Its 
influence function is, according to (4.2.9) and (4.2.13), 
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Figure 1. Sketch of the Huber function z - h c ( z ) .  

and is unbounded in many cases. Now, the solution for the one-dimensional 
problem suggests that we construct an M-estimator with a bounded +func- 
tion that is as similar as possible to the #-function #o(x, 6,) := s(x, 6,) of 
T M L  or any matrix multiple of it. In fact, the most meaningful version of the 
+-function defining an M-estimator is its influence function. Let us there- 
fore examine q 0 ( x ,  0,) := IF(x; TML, F,) = J(6,)-1+o(x, 6*) .  A modifica- 
tion of q0( -, 6 ,) is needed where its norm exceeds the bound c. In a first 
step, we can try to “cut down the influence” outside the hypersphere with 
radius c, still modifying it as little as possible. The function that transforms 
each point outside a hypersphere to its nearest point on it and leaves those 
inside alone is called the multidimensional Huber funcrion, 

(see Fig. 1). 
Thus we consider an M-estimator given by a #-function that equals 

h,(&,(x,B,)) at 6 = 6 ,  as a candidate solution. But unfortunately, the 
modification has two undesirable side effects. First, Eq. (4.2.12) for Fisher 
consistency may no longer hold. This defect can be amended by shifting this 
new +-function, and we now consider 

with a,  := jh , (  . . . } dF,(x) .  Second, however, does not coincide with 
the influence function of the respective estimator, since M( +,, F,) # I. This 
means that y*(T+,, F,) may be (and in fact is) greater than c. Remembering 
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that M( $,, F,) = I ,  and that we have not modified 4, a great deal, we can 
still hope that M(+,, F,) - I, and that we have therefore taken a step in 
the right direction. In a second step we might apply the same procedure to 
+,, obtaining 

hc( M(+l,F*)-l+l(X,C*)] - a2 

= hC( M+l, F*)-'(h,[  J(e*)-'rG,(x,B,)] - %)) - a,. 

The reader may convince himself or herself that the inner h,  function might 
modify +, in places where it does no longer seem necessary in order to get 
the influence function below its bound c. It should therefore be dropped. 
This results in 

with suitable A, and 6,. Continuing this way, we can hope to eventually 
obtain a fixed point +,, which indeed defines the estimator for which we 
are looking. In fact, this procedure describes an algorithm for obtaining the 
solution (see Subsection 4.3d, step 4). Examining the way in which the limit 
+, 5: 4: was constructed, the solution can be described more directly by 
the fixed point conditions as follows. 

Consider a fixed 8, and c. Let A be a p X p nonsingular matrix, and let 
a be a vector of dimension p .  Then define 

+;qx) := h , { ~ [ s ( ~ , e , )  - u ] )  

[where h,  is the Huber function given by (4.3.2)]. Find, if possible, A* and 
a* such that 

/ + y ( x )  dF*(x) = 0, (4.3.4) 

and let 

If the construction is possible for all 8,, +: is said to be the +function of 
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the optimal unstandardized B-robust estimator T,". (The superscript u of <" and T,u is a mnemonic for "unstandardized".) Equation (4.3.3) may be 
changed into 

if (4.3.4) is valid. This shows that A* must be symmetric. 
The second equation, (4.3.4), ensures Fisher consistency, while the first 

one makes I): coincide with the influence function of T," by (4.2.9) and 
(4.2.13). Therefore, /lIF(x; T,", F,)ll = Ilh,{. . . } 11 r; c by the definition of 
h,,  and T," will belong to K t  under some regularity conditions. 

These conditions seem difficult to treat in the general context; they should 
be ascertained for each specific model under consideration. Stahel (1981a, 
Sections A43 and B32) nevertheless gets some results for the general case. 
[Under regularity conditions for the model, a solution of (4.3.3) and (4.3.4) 
for fixed 8 extends to a differentiable solution in a neighborhood, and 
T," E Kt.1 Existence and uniqueness of A* and a* will be discussed in 
Subsection 4 . 3 ~ .  Note, however, that asymptotic normality should also be 
ascertained for the optimality property to be meaningful. Yet another 
problem of the kind is-even if the existence of a well-behaved I); may be 
established-whether this leads to well-defined estimated values for given 
samples (or distributions). Even if all these problems have to be treated 
separately for specific models, the optimality question may be answered in 
the general context: 

Theorem 1 (Oprimality of Tp). If 

(i) J(8 , )  exists; 
(ii) A* and a*, defined above, exist; 

(iii) T," E Zr;  
(iv) IF(x; T;, F*) = U #!(x, 0,) for some matrix V ,  

then T," E q:, and it minimizes trace{ V( - F,)} over q:. For all T E q: 
which attain this minimum, we have 

IF(x; T, F,) = +;(X, 0,) a.s.( F , ) .  
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Remark 2. Let us reiterate that the optimulity of the estimator in 
q2 is weaker than the one possessed by the maximum likelihood estimator 
in Y:. ; the latter minimizes the asymptotic variance of the projection d TT 
on all d E R P  simultaneously. (It attains the minimum in the partial 
ordering of V-matrices.) We will come back to this point in the next 
subsection. 

Remark 3. Condition (iv) is a very weak regularity condition. We do not 
know of any (formal) M-estimator with continuous +function where it 
fails. 

Proof (of Theorem 1) (cf. Krasker, 1977, Theorem 4, and, for p = 1, 
Section 2.4.). Let G ( x )  be the influence function of any estimator in q t  
at F,. Then G must satisfy [see (4.2.5) and (4.2.1)] 

/ G ( x ) s ( x , B d T d F * ( x )  = 1, 

/G(x) d F , ( x )  = 0, 

IIG(x) 11 s c for all x ,  

and V(T, F,) equals / G ( x ) G ( x ) ~ ~ F , ( x ) .  In fact, the problem is to find 
the function G that minimizes the trace of the latter integral subject to the 
three given constraints. 

Now, let A and u be a fixed but arbitrary nonsingular matrix and vector, 
respectively. Instead of minimizing trace{ /GGTdF,) ,  we can minimize the 
trace of 

/{  G ( x )  - A [ s ( x , e * )  - .I} { G ( x )  - A [ s ( x , 8 , )  - 4 } T d F * ( x )  

= / G G T d F ,  - A / [ s  - u ] G T d F ,  - / G [ s  - uITdF,AT 

+ A / [ s  - u ] [ s  - UlTdF,AT 
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since the trace is an additive function. [The existence of the integrals follows 
from assumption (i). Note that the extra terms on the right-hand side are 
related to Lagrangian multipliers.] The trace of the left-hand side may be 
written as 

It is obvious that h,{ A[s(x, 0,) - a ] }  minimizes the integrand pointwise, 
hence also the integral, among all G fulfilling the third side condition. But, 
in general, the two first constraints are violated by this G, and we need the 
arbitrariness of A and a to satisfy them. More explicitly, if A = A *  and 
a = a*, this function coincides with +y(x, 0,) and thus satisfies the first two 
constraints by construction of A* and a*. If the conditions (ii) to (iv) hold, 
the matrix U in (iv) is the identity, and the estimator defined by ((I: is in 
q:. Then the above argument shows that JI:(-,8,) is the unique G 
minimizing the criterion under the three side conditions, and the latter are 

0 contained in the definition of 5;. 

43b. The Optimal B-Robust Estimators 

The problem just solved could be reformulated restricting one of the 
standardized sensitivities. The solution is given in Section 4.6a. However, the 
standardization of the sensitivities does not fit together with the use of 
trace(V) as the criterion for optimization; if the influence function is 
measured in the metric given, for example, by the inverse information 
matrix for defining the sensitivity, the same metric should be used for 
measuring the asymptotic mean-squared error, which in the light of Remark 
1 is equivalent to the criterion. Remark 1 of Section 4.2b may help to see 
that for the information-standardized sensitioii'y and the respective criterion, 
the problem essentially coincides with the unstandardized case. For the self- 
standardized sensitivity, the situation is somewhat different, as will be 
explained below. In any case, if the standardization of the sensitivity 
matches the criterion, the optimal estimators have the same form as the 
solution for the unstandardized case just discussed. 

Definition 1 (Optimal B-robust estimators). Let c be given. For nonsin- 
gular p x p matrices A and p-vectors a, let 
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Assume that any one of the equations 

or 

(4.3.5) 

where J1I2 is any differentiable root of J, ( J 1 / 2 ) T -  J112 = J, together with 

has a differentiable solution (A*( e), a*(@). Then the corresponding +-func- 
tion is, in each case, respectively, called the +-function (a) 
+:(x, 0) of the optimal Bu-robust estimator T,", (b) +",x, 0) of the optimal 
B,-robust estimator T,S, or (c) + i ( x , 0 )  of the optimal B,-robust estimator 
Ti. 

The bunch of questions asked before Theorem 1 again arise and will be 
left open, and we just treat optimality questions here. 

Theorem 1 states an optimality for the unstandardized case, and the 
arguments at the beginning of this subsection imply that the optimal 
Bi-robwt estimator c' minimizes 

trace{ JV,)  W,F*)} 

over the class <: c Gr with information-standardized sensitivity not ex- 
ceeding c. 

For the self-standardized case, only a weaker property can be ascertained; 
which in fact holds in all three cases. 

Theorem 2 (Admissibilify). Let +* = +:, or +* = +:, or +* = I):, and 
let T* and 9* (for a fixed 0,) be defined in the corresponding manner. If 

(i) J(  0 ,,) exists. 
(ii) +* exists. 
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(iii) P E Gt 
(iv) IF(x; T*, F,) = Us #*(x, 8 , )  for some matrix U, 

then P E .T*, and there is no estimator T in .F* with smaller asymptotic 
covariance matrix V(T, F,) f V ( P ,  F*), (T* is “admissible” in f*, see 
Subsection 4.6a. The notation A 5 B stands for B - A positive semidefinite 
and A # B.) 

Proofi We first transform to t? = B 6 with B = I for the unstan- 
dardized, B = J1/’(  6 *) for the information-standardized, and 

for the self-standardized case. Then 

IF(x; P,  F, )  = B * B-’ - # * ( ~ , 8 * ) ,  

which shows that $* coincides (in 8, )  with the +function of the unstan- 
dardized optimal estimator for the transformed parameter and therefore 
minimizes trace( B - V(T, F,)  - B T }  over the class of all estimators T with 

In this class, then, there is no estimator with smaller V matrix. [If V, - V2 
is positive semidefinite and nonzero, trace(i3 * V, * BT) > trace( B - V2 * 
BT).  J This proves the unstandardized and information-standardized cases. 
For the self-standardized case, it is intuitively clear that, if it is impossible to 
get a smaller asymptotic covariance matrix without enlargening the raw 
bias, it is also impossible to achieve this without increasing the bias 
“divided” by the covariance. Formally, let T be E xz with V(T, f“)  s 
V(T,S, F*). Then 

v( T,  F*) s v( T:, F*) = I ,  
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Therefore, T E q:, and by the first part of the proof, V@, F+) = 
0 V( c, F+); whence V( T, F,) cannot be smaller than V(Ti, Fa). 

The +functions of the optimal B-robust estimators have, up to equiv- 
alence (see below), a special form which is worth being named. 

Definition 2. A W-estimator is an M-estimator characterized by a 
weight function W: %X 8 -, R and a centering function C: 0 + RP 
through 

+ ( x ,  e) = W ( X ,  8) . Mx, e) - c(e)l. 

In words, the +function of a W-estimator must have (for fixed 0) the 
same direction in R P  as the +function s of the maximum likelihood 
estimator after subtraction of a centering vector, which is used to achieve 
Fisher consistency. 

Although the +functions given in Definition 1 are not of this form, they 
define W-estimators, since they may be replaced by 

A * ( e ) - ' .  + t x , e )  = [ s ( x , e )  - a y e ) ]  

4.3~. Existence and Uniqueness of the Optimal +-Functions 

Now, the questions of the existence and uniqueness of the +functions 
defining the optimal estimators are considered. These problems should not 
be mixed up with the existence and uniqueness of a value of such an 
estimator for a given sample or distribution. 

For the +function of the optimal B,-robust estimator, the existence 
problem has a satisfactory answer. 

Theorem 3 (Existence of $",. If 

F , { s ( x , e , )  E H I  = o 
holds for all ( p - 1)-dimensional hyperplanes H ,  then the Eqs. 4.3.5(b) and 
(4.3.6) have a solution (at least one) if c > fi, and no solution if c < fi. 

Proof. The second assertion follows from Lemma 1 of Subsection 4.2b, 
whereas the first one is a consequence of a theorem by Maronna (1976), 
which we will mention in a slightly generalized form in Subsection 5.3~. This 
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is seen by equating z = S" ." (X ) ,  [w,"(r2)J2 = w,"(r2) = min(l,c2/r2), 
w$ = 1. 0 

Clearly, if there is a solution of (4.3.5(b)) and (4.3.6) for c = fi, it 
defines the most B,-robust estimator. 

As to the uniqueness of +", it is easy to see that A* is determined only up 
to premultiplication by an orthogonal matrix. A* may therefore be required 
to be lower triangular with positive diagonal, for example. 

The uniqueness of such a solution has not been proved yet in the general 
case. Maronna (1976) includes the respective Conjecture, and Krasker and 
Welsch (1982) are able to derive it from Theorem 1 of Maronna (1976) in 
the regression context, since the vector a* vanishes for symmetry reasons. 
For p = 1, Huber (1981, Section 11.1) gives the proof. 

In the unstandardized and information-standardized cases, the uniqueness 
of A* and a* is clear from Theorem 1 and the arguments mentioned at the 
beginning of Subsection 4.3b (if J1I2 is a fixed root of J). As to the 
existence, Bickel (1981, p. 22) shows for scalar 8 (p  = 1) that there is a 
solution as soon as q: is not empty, and Rieder (1983, personal communi- 
cation) extended this result to multidimensional parameters. As a conse- 
quence, there must again be a critical c value above which there is a 
solution, and below which there is none. For the regression case, a lower 
bound for such a critical value is given in Subsection 6.3b. 

4.3d. How to Obtain Optimal Estimators 

In order to facilitate the derivation of optimal estimators in any parametric 
model the reader might come across, a step-by-step description for con- 
srructing the +functions shall be given, which is then illustrated for two 
special models, the I' distribution and a problem of simple regression with 
known carrier distribution and error variance. The most important cases, 
namely multiple regression and the estimation of covariance matrices, are 
treated in the following chapters. 

Note that in this section we treat only how to determine the constants 
(A* and a*) in the formula for +=(*, 8 , )  for an arbitrary, fixed value 6,. 
This is to be distinguished clearly from calculating an estimated value for a 
given sample as discussed in Subsection 4.6b. 

Step I 

Fix the value(s) of 8 for which the +-function of the desired optimal 
estimator should be calculated. 
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If the model under consideration possesses some invariance structure, 
Step 1 reduces the set of parameter values at which the characterizing 
constants for the two standardized estimators must be calculated to a 
lower-dimensional space than p - for the most popular models even to a 
single value 8,. We will discuss such structures in Section 4.5. 

Example 1 (r distribution). Let X denote a random variable with a 
(two-parameter) r distribution, that is, with density proportional to 
( x / t ~ ) ~ - l  exp(-x/u), x 2 0. u is a scale parameter. From our point of 
view, it is convenient to logarithmize scale parameters. For the sake of later 
conventions (Section 4.4), we denote 7 := In(u) as the first parameter 
component. Thus, the density is 

where r is the Gamma function satisfying 

r(u + 1) - u - r(a). 

Note that S= R, 0 = R X { x  > 0). We shall consider an arbitrary 
parameter value (7,,  a#, although we could, for reasons just mentioned, 
specify 7 ,  = 0. This example illustrates the general multiparameter situa- 
tion, even though there are just two components. 

Example 2 (Simple linear regression). Let S= R2, 0 = R ', X( l )  - 
N(0,4), and X(2)  - (8(l) + 8(2). X( ' ) )JX( * )  - 4). Choose 8, = 0 as the 
fixed parameter value. This proves to be sufficient because of the high 
degree of invariance of the model (compare the location-scale case and 
Section 4.5). In order to illustrate this fact, we shall discuss the steps for 
general 8 as well. 

Step 2 

Compute the likelihood scores in 8, and the Fisher information J(8,) .  

Example 1. The scores are 
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where f is the so-called JI or digamma function, f(a) := d ln(r(a)]/da, 
and satisfies 

f( a + I) = F( a )  + a-'.  

From /s( z; 0, a) dFo, ,( z)  = 0 we infer that 

j w  dFo,.(4 = W). 
This leads to 

J ( r , a )  = 

(independent of r ) ,  where 

can be shQwn by partial integration (integrate z"- ' ! )  to satisfy 

2 -  
K,+l = K, + ;I'(a). 

Example 2. The scores are 

and the information equals 

1 0  
~(0) = lo 4] .  

For general 8 and given x ,  let t := ( x " ) ,  
s( x, 8 )  = s( z, 0). It is easy to see that J ( d )  is constant. 

- 8") - 8(2)x(1))T. Then, 

Step 3 

The matrix A* and the vcctor a* to be calculated often allow simplifica- 
tions justified by symmetry considerations. Guess at a special form for A* 
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and a*, if applicable. If you find a solution of this form in Step 4, the guess 
is justified. Rewrite Eqs. (4.3.5) and (4.3.6) for the special problem, using 

W" .~ (X)  := min(l,c/llA[s(x,d*) - ~ ] I I } ,  

k = 1,2, 

in the form 

(a) A-' = M l  for T/ ( A  is symmetric), 

(b) A - ' . A - T =  4 for T," ( A  is lower triangular), (4.3.8) 

(c) A-' = Ml - J - 1 / 2 ( B + )  for T:, 

and 

a = /s(x,B*) * w~.Q(x)dF*(x)/ /w"~'(x)  dF*(X). (4.3.9) 

Example 1. The term s( z, B +) - a may be written as (z - Z(T), In( I) - 
6(a))T, say, which does not involve 7 or a. In (4.3.9), a is replaced by 6, 
while s( z, 6 *) becomes [ z ,  In( z)]? No worthwhile further simplification of 
the equation seems possible. Because we chose 7 rather than u as a 
parameter, the unstandardized case (a) also leads to an estimator which is 
equivariant with respect to scale transformation. 

Example 2. We can guess that a* = 0 and A* = diag(d,, d z ) .  Let 

a ( b 2 )  :=/hb(x)'d@(x) = b2 *[1 - x : ( b 2 ) ]  + x : ( b 2 ) ,  

[Cf. Subsection 4.2d; h b ( x )  is identical to #b(X) used there and earlier, 
since its dimension is 11. Note that V = ( X ( ' ) / 2 ) 2  has a x: distribution. 
The off-diagonal elements of Mk vanish, and the diagonal elements of the 
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matrix equation lead to 

d ,  = [ / 4 u . B ( c ’ / ( d : +  4 u d ; ) } d x ; t u ) ] - 1 ;  

(b) d ,  = [ / A( C’/(d: + 4 u d i ) )  d x : ( u ) ]  -,, 

For general 8, using s ( x , 8 )  = s(z ,O)  as in step 2, it turns out that the Mk 
are identical to those obtained for 8 = 0 (and given A and a). Therefore, 
the equations to be solved are identical for all 8, and thus A* and a* do not 
depend on 8. 

Step 4 

Calculations may done using the above equations for an iterative improve- 
ment, starting from a = 0 and A = J 1 / 2 ( 6 + ) - T  for the optimal B,- and 
B,-robust estimators, and A = J(8 , ) - ’  for the Bu-robust version (since 
these values solve the equations for c = 00). Convergence has not been 
proved, but for the self-standardized case, Maronna’s way of proving 
existence (cf. Subsection 4 . 3 ~ )  gives a strong hint. In the unstandardized 
case, the algorithm coincides with the construction given at the beginning of 
Subsection 4.3a. 

Example 1. The calculation of J involves a numerical integration. Since 
exactness is not needed, one could alternatively use the recurrence relations 
for K, and i’(a) given above together with some values of K, and i‘(a) for 
0 < a I, 1. We did not calculate numerical values for A* and a* in this 
example. Each iteration step needs four numerical integrations of a similar 
nature as those appearing in the next example. 
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Example 2. The starting values for T,” and qi are d, = 1, d, = j, and 
for c = 2.5 one gets d: = 1.689, d: = 0.4651 after seven iterations for T,S, 
and d: = 1.961, d: = 0.2036, after six iterations for T,. 

Solution 

The +function in 8, for the optimal estimator is 

4c(x,8*) [s (x ,~* )  - a * ]  *min{l,c/llA* - [ S ( X , ~ + )  - a*]Il}, 

where A* and a* are the results of Step 4, or any matrix multiple of it, such 
as $J; given in Definition 1. 

Example 2 (continued). For the optimal B,-robust estimator with c = 

2.5, the +-function is 

emin{ 1,2.5/[1.689 - z(2)2 + 0.4651 - dl), - z ( ~ ) ~ ] ~ ’ ~ } .  

For general 8, the +function is P ( x ,  8) = P ( z ,  0), where z is obtained 
from x as before. An identity of this kind holds for general parametric 
models with invariance structures, as Section 4.5 shows. 

Remark 4. The choice of the sensitivity bound c is a matter of the specific 
problem at hand, since it regulates the “degree of robustness” of the 
estimator. The bound may depend differentiably on 8,. A natural choice is 
obtained by requiring a certain asymptotic relative efficiency compared with 
the maximum likelihood estimator at the model distributions. However, 
results for regression suggest that such an approach may lead to using 
estimators with very low robustness. In many applications, it may be wise to 
choose c near its lower bound, which, however, is known only for the 
self-standardized case. Useful guidance in the choice of c depends on the 
specific model, and will therefore be discussed in other places. 

4.4. PARTITIONED PARAMETEkS 

4Aa Introductio~~ h t i o n  and scale 

In many models, the parameter vector splits up in a natural way into a 
“main part” and a “nuisance part.” The interest then focuses on good 
robustness and efficiency properties for the main part. We will again look 
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for the estimator which is most efficient for the main part under a bound on 
the “sensitivity of the main part.” The precise formulation is given in the 
next subsection. 

The best known example is clearly the problem of estimating location 
when scale is unknown. We saw in Section 4.2d that the location component 
of the influence function and asymptotic variance does not depend on the 
scale estimator used, as long as equivariance holds and the model distribu- 
tions are symmetric. The optimality problem for the location part is 
therefore unaffected by the uncertainty about scale; one may just use any 
equivariant scale estimator. 

The last statement suggests that even a nonrobust scale estimator could 
be used. But if this was done in combination with, for example, a Huber 
estimator for the location part, the location component of the combined 
estimator would usually not be qualitatively robust. This can be seen by 
considering contamination with a point mass of fixed weight E > 0 that 
moves to infinity; the scale estimate, and thus the (Huber) location estimate 
will move along with it. (Note that this represents another case of an 
estimator with bounded influence function which is not qualitatively robust.) 

Taking the argument one step further, it is intuitively clear that the 
maximal bias of the location part in a contamination model (with fixed 
E > 0) depends on the maximal (positive) bias of the scale part. Andrews 
et al. (1972, Section 6G) found in their simulation study that the scale 
should be estimated most robustly in order to improve the robustness properties 
for the locution estimator (incurring minimal efficiency losses at the model.) 
Another reason for this guideline is furnished by considerations of break- 
down aspects, as illustrated at the end of Subsection 4.2d. 

The possibility of treating location and scale separately for asymptotic 
properties at the model is a consequence of the symmetry and invariance 
characteristics of the model. While some important models allow for such a 
simplification, the general case looks more complicated, and there is some 
efficiency loss for the main parameter if the nuisance parameter is unknown. 

‘4.4b. Optimal Estimators 

Notation. For any p-dimensional vector a, let 

T 
a(,) := (u(? a@),.  . ., a ( Q y ,  a(2) := ( & + I ) ,  . . . , , ( P ) )  , 

where q < p is a fixed number. For the sake of compatibility of notation 
with testing problems (Chapter 7), B(l) will be the nuisance part of the 
parameter, while 4,) is the main part. The respective partition of matrices 
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will be denoted by 

4. MULTIDIMENSIONAL ESTIMATORS 

The optimulity problem now consists of minimizing the trace of Fa, 
subject to a bound on llIF(2,11. Remarkably enough, this leaves again some 
freedom for the nuisance estimation even in the general case, and that part 
can be optimized simultaneously. 

Definition 1 (Optimal B-robust estimators for partitioned parameters). 
Let c1 and c2 be given. For nonsingular p x p matrices A and p-vectors a 
let 

Assume that any one of the equations 

(4.4.2) 

with lower triangular A, or 

where J1/2(fl) is the upper triangular root of J ( @ ) ,  which is required to be 
differentiable, together with 

has a differentiable solution (A*(@), a*(@)). Then, the corresponding \cI- 
function +::::)*o*(e) is called, in each case, respectively, the +function (a) 
+{;ca of the optimal B[-robust estimator, (b) +&, of the optimal &'-robust 
estimator, or (c) +&, of the optimal B,P-robust estimator. 

A sketch of the transformation z := A(s  - a )  - +;;,:$ might help to see 
how the new construction just adapts the ideas of Section 4.3 to the new 
type of restriction on the influence function (Fig. 1). 
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Theorem 1 (Oprirnulity of the optimal B,P-robust estimator). If the 
conditions of Theorem 1 of Section 4.3 hold for $* = $&,, then the 
optimal B,P-robust estimator minimizes trace{ V,,,,(T, F,)} over all T E 
with IIIF(x; T, F,)(2,11 I; c2 and simultaneously trace{ &(T, F,)) over all 
T E q w i t h  IlIF(x; T, F*)(l,l{ 5 cl. 

Proof. Let c1 = CQ. Then the argument used to prove Theorem 1 of 
Section 4.3 shows that $I$;, minimizes trace(I/(,,)) under ~ ~ I F ( 2 j ~  s c2. Note 
that in (4.4.2(a)), the term - u  in the brackets may be dropped because of 
(4.4.3) [cf. (4.3.3)]. Instead of solving (4.4.2) and (4.4.3) for A and a, we can 
solve for A and d = Aa, and write 

where A ( i ,  := [ A ( i l )  A(i2)]. In this form (4.4.2(a)) (without the - u  term) and 
(4.4.3) decay into two independent systems of equations that determine A ( i )  
and c i ( i ) ,  i = 1 and 2, respectively. The second system is 

and does not contain cl. Therefore IF(x; T:,:?, Fe)(2) = #<rc,(x,8),,, and 
V(T<*;.,, do not depend on c1 either. The same argument holds for 
the other part. 0 
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Remark 1. The optimal Bl-robust estimator treats the main and nui- 
sance parts of the parameter in a symmetric manner. 

Remark 2. Some efficiency for the main parameter is indeed lost if the 
nuisance part has to be estimated, unless A$,, = 0. This can be seen by 
applying the uniqueness part of Theorem 1 of Subsection 4.3a to the 
estimation of the main parameter. 

Remark 3. The efficiency of the main parameter is unaffected by a 
transformation of the nuisance parameter, that is, the optimal estimator for 
the parameter 8 = B 8 with 

has the same 522) as the one for the original parameter. 

The optimal BP-robust estimator is justified by the fact that it coincides 
for each 8 ,  with the optimal B,P-robust one for a locally “orthonormalized” 
parameter system which retains the subspace containing the main parame- 
ter, namely # = J1 /2 (8*)8 .  (Since J1/’ is upper triangular, t7(2) is a function 
of 0(2) only.) It is therefore optimal in a similar sense as the optimal 
B,P-robust estimator. The self-standardized variant may not be justified by 
such an argument, in spite of its name. 

Example. Consider the r distribution as in Example 1 of Subsection 
4.3d. The optimal Bg-robust estimator for the parameter partitioned into 7 

(nuisance) and a (main) is given by 

where t = x/e’ and A and a are a function of a and satisfy 
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Remark 4. The experience with the location-scale problem mentioned 
above suggests that c1 should be chosen as small as possible, while for c2 
Remark 4 of Subsection 4.3d applies. 

*4.5. INVARIANCE 

4.5a. Models Generated by Transformations 

Three of the most important models in statistical data analysis, the 
location-scale, regression, and multivariate normal models, and some less 
important ones share a well-known structure: 

Definition 1 (Transformation model). Let { ae)e68 be a parametrized 
group of transformations a g :  54 3, F, any fixed distribution on 5, and 

Fe = U( a@( Z)) , where Z - F,. 

If 6 H Fe is one-one, we call { Fe) the model generated by F, and the 
transformations a g  (cf. Fraser, 1968, and Barndorff-Nielsen et al., 1982). 

As an example, the normal location-scale model is generated by the 
standard normal distribution and the transformations {ap,@: z * p + azl 

The composition of the transformations a g  induces a group operation 0 
p E BB,a > 0). 

in 0 by the definition 

6 = 6’00’’ - a g ( x )  a g t {  a p t ( x ) ) .  (4.5.1) 

The neutral element of this operation shall be denoted by 4, and the 
inverse by 6-. 

4.5b. Models and Invariance 

Definition 2. A model { Fe}gEe is invariant with respect to a transfor- 
mation a: 3- 3, if, for every 6 E 0, there exists a 8 E 0 with 

x - F , + a ( x ) - F g .  

It  is invariant with respect to a set s? of transformations, if it is invariant 
for every a ES?. The transformation B r-) 8 corresponding to a shall be 
denoted by 5. 
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Clearly, a model generated by a group of transformations is invariant 
with respect to these transformations, since 

- 
a = ae. 4 e = e,m. 

Some models are invariant with respect to a larger group. For example, the 
location-scale model with symmetric F, is also invariant with respect to 
multiplication by a negative factor. 

At the end of Subsection 4.2b, we described the action of parameter 
transformttions on density, scores, and Fisher information (4.2.7). Now, 
these transformations 8 - 8 bear strong connections to the corresponding 
x-transformation a. If X := a(x) and 8 = &(e), 

with X = a;:(x), and 

d(x,B,) = s(x,e,) = s(z,e0) 

with 

The distribution of the scofes with respect to the transformed parameter is 
thus equal to the distribution of the scores under F, in the original 
parameter system. This will help to construct the optimal standardized 
estimators, since they are equivariant with respect to parameter transforma- 
tions. In addition, we get 
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4 .5~ .  Equivariant Estimators 

Definition 3. Let the model { FB) be invariant with respect to the 
transformation a: I-, I. An estimator (functional) T is called equivariant 
with respect to a if 

T { & ( F ) }  = G { T ( F ) } ,  

where 6( F) is the distribution of a( X), X - F. 

The influence function of such an estimator transforms properly: 

I F { ~ ( x ) ; T , & ( F ) }  = [ ~ ~ ( ~ ) / ~ B ] , , , . I F ( x ; T , F ) .  (4.5.2) 

Consider now a model generated by a group of transformations, with 
respect to which T shall be equivariant. Then 

and the standardized gross-error sensitivities are constant over the model 
distributions. 

M-estimators may be given by +-functions with a corresponding equi- 
variance relation. Since 

/+(x,B)dF(x) = 0 0 /+(z,do)dF(x) = 0 

with z := a; ' (x ) ,  the +function 

determines the same M-estimator as +. 
For the optimal B-robust estimators, we get the following nice result: 

Theorem 1 (Equivariance of the optimal B,- and Bi-robust estimators). 
For a model generated by a group of transformations indexed by an open 
Q c RP, the optimal B,- and Bi-robust estimators are equivariant with 
respect to the generating transformations. 

Proof. See remark at the end of the last subsection. A formal proof for 
the information-standardized estimator is as follows: Let A, := A*( e0), 
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a, := a*(8,) be the solutions of (4.3.5(c)) and (4.3.6) for B,, such that 

With the notation used at the end of the last subsection, and z = Z, we get 
S(z,eo) = B' - S(X, e*); J'/2(80) + B-' is a root J'/* (8 , )  of J(8 , )  = B - ~  
- J(8,) - B-'; dF,(z) = dFe,(X), and 

jhc{Ao[B 's(x,~,) - U ~ ] } S ( X , ~ , ) ' ~ F ~ * ( X ) B  = JlD(8*)B. 

Therefore A*(@,)  = AoBTand a*(@,) = B-'a, are the solutionof (4.3.5(c)) 
and (4.3.6) for 8,, and 

#:(&@*) = hc( A * ( 8 * ) [ 4 x , O * )  - a*(6*)1} = h, (A , IS(Z ,~o)  - aol) 

= +%z, 8oL 

which demonstrates the equivariance. Similar considerations apply in the 
self-standardized 0 

Remark 1. In order to obtain the +functions for the optimal B,- of 
Brrobust estimators, it suffices to determine #, = #( - ,go) in view of (4.5.4) 
and the theorem (see Subsection 4.3d, Step 1). This is often simpler than to 
determine +(. ,8) for general 8. What is more, it allows to calculate the 
coefficients A($)  and a(@,) and tabulate or store them; the general +(x, 8) 
can then be obtained from an explicit formula. In the general case, since 
A ( 8 )  and a(8) must be known for all 8, they cannot be stored in any 
reasonable way, but have to be calculated every time they are needed. We 
come back to this point in Subsection 4.6b (Algorithm 4 and Remark 5). 

Examples of these concepts are all models treated in this volume except 
for the I' distribution (Example 1 of Section 4.3d) with respect to the 
parameter a. We therefore omit further instances. 

*4.6. COMPLJIMENTS 

4 . h  Admissible B-Robust Estimators 

In Section 4.3, we stated that there was no estimator which minimizes the 
asymptotic covariance matrix in the strong sense under a bound on any of 
the sensitivities. We therefore minimized'just the trace of V in the unstan- 
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dardized case. Here, we want to explore what other functionals of V we 
could consider for optimization while keeping the bound on one of the 
gross-error sensitivities fixed. 

The partial ordering (4.3.1) of V matrices entails a natural notion of 
admissibility: 

Definition 1. Given a class T of functionals, T E T is called (asymp- 
totically covariance) admissible within F at F if V(T, F) exists and there 
is no functional E .T which dominates it, that is, for which 

V ( F ,  F) $ V ( T ,  F). 

The notion is clearly invariant with respect to regular differentiable 
parameter transformations: If T is admissible within T at F (= F,), then 

= P ( T )  is admissible within y:= { P(T')(T' E Y} at F (= &$. The 
standardized sensitivities lead to invariant classes of estimators, that- is, 

ME:) = (P(T)ITE-TE: 1 =-T: 

(and analogously for Ti). If, therefore, T is admissible (at F,) under such 
a restriction, then T is admissible (at $(,)) under the same restriction. For 
the unstandardized sensitivity, this property holds for transformations with 
orthogonal derivative as( @)/a@ only (compare Subsection 4.2b). 

The following sufficient condition helps to find admissible estimators: 

Lemma 1. Let C be any nonsingular matrix. An estimator minimizing 

trace(C. V(-,F)-CT} 

within 9 is admissible within Y at F. 

The proof is straightforward. 
Extending the idea of Subsection 4.3a, we obtain estimators which indeed 

minimize this criterion under a bound on any one of the sensitivities. The 
construction uses a generalization of the Huber function to an elliptical 
restriction: 

(min-I denotes the argument for which the minimum is attained.) Clearly, 
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Figure 1. The transformation iC,=. 

& c , c ( z )  = z for ~ ~ C 1 z ~ ~  r; c and & , , ( z )  = h, ( z ) .  A sketch of z + h ( z )  in 
two dimensions will be helpful (Fig. 1). Now let 

+ : ; : ( ~ , 6 )  := C - ' h C , , ( C A [ ~ ( ~ , 6 )  - a ] }  (4.6.1 ) 

and determine A and a as in Definition 1 of Subsection 4.3b to get I&, 

+",c, or #c,c. Note that the +-functions of the estimators introduced in that 
definition are a special case, $J; = +),,. 

Theorem 1. The M-estimators defined by t&, I,!&, and pi,c are 
admissible at F, within q t ,  <:, and <:, respectively, if they obey the 
conditions of Theorem 2 in Subsection 4.3b. 

ProoJ: For the unstandardized case, a slight extension of the proof 
of Theorem 1 of Section 4.3 demonstrates that t& minimizes 
trace{ CV( - , F,)CT}  within q t ,  and Lemma 1 may then be applied. From 
this result the admissibility of the estimator based on I,& follows in the 
manner of the proofs of Sections 4.3 and 4.4 when considering the trans- 
formed parameter 8 = J1/2(8*) - 6. The self-standardized case is proved as 
in Theorem 2 of Subsection 4.3b. 0 

Note that & does not minimize trace(&eT} with = C but with 
= CY1/2(6*). Specifically, +:+c with C-' = J1/' (6*)  minimizes 

trace{ V(. , F,)} within q!. 
Stahel (1981a) gives further admissible estimators which may be interpre- 

ted as limits of those presented above. He conjectures that this wider class is 
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“essentially complete” for q:, q t ,  or qi, respectively; that is, to any 
admissible estimator there corresponds a member of the class which has the 
same asymptotic covariance matrix at F,. 

4.6b. Calculation of M-Estimates 

Given a sample (xl, x2,. . . , x,) we have to solve 

ave,{ + ( x i ,  t ) )  = O 

for t .  [ave, is defined as (l/n)E;-J A Newton-Raphson step t + t + At  
uses the derivative matrix ave,{ a + ( x i ,  t ) / &  }. If we approximate the aver- 
age over the sample by the integral I.. . dF, over the tentatively estimated 
distribution we gel 

= ave, {IF( xi; T ,  F,))  

for Fisher-consistent estimators. The last line suggests the name “influence 
algorithm.” Another heuristic argument results from applying (2.1.7) in its 
multidimensional form to G = F, and F = 4. For maximum likelihood 
estimators, the method is well known (Cox and Hinkley, 1974, p. 308) and 
often called the scoring method. 

A more detailed formulation is the following algorithm. 

Algorithm 1 (Influence algorithm for Fisher-consistent estimators). 

1. Initial value t.  

2. 
3. At  := M . ave,{ # ( x i ,  t ) } ,  t := t + At. 

4. If A t  = 0, stop; else go to (2). 

M := { /#(x, t )  * S(X, t )  dF,(x))-’ .  

Remark 1. The initial oalue must be found in a way specific to the 
problem. If T should be robust, it is important that the initial value is 
already so. In some cases, a moments method using robust moment estima- 
tors like median and median deviation can be appropriate (for higher 
moments, see Hampel, 1975, p. 376 and the general method of Siegel, 1982). 
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Remark 2. In practice, one should bound the correction At (At := 
h,(At)). Preliminary experience shows that even relaxation with a factor 
smaller than 1 may be needed in order to avoid oscillation in later steps. 

Remark 3. It may be advisable to repeat step 3 several times before 
going back to 2 in order to reduce the number of integrations and inver- 
sions. 

The method seems to be widely applicable in principle. Even for a T 
which is not an M-estimator, one might consider finding the value of the 
asymptotically equivalent M-estimator by the algorithm and to perform a 
specific step in the end. On the other hand, there are two major drawbacks. 
First, step 2 is feasible only for low dimension m of the observation space 
and low to moderate dimension p of the parameter. In specific problems, 
one should consider approximating M. Second, there is no proof of conver- 
gence or optimality known to us. Still, it performs similar to two specific 
algorithms in the estimation of covariance matrices (Stahel, 1981a). 

On the whole, this and the following ideas may be considered in any 
problem until better specific methods are derived. 

Let us turn to the special problem of'obtaining the value of an optimal 
B-robust estimator. Here, the function #(- , t )  is not given analytically. A 
matrix A* and a vector a* must be determined for each r that occurs 
during the iteration. 

Algorithm 2 (Influence algorithm for optimal B-robust estimators). 

1. Initial value for t .  
A := J'fl(t)-' for the B,- and Brrobust estimators, := J(r)-' for 
the B,-robust estimator, and a := 0. 

2. A and a as given by (4.3.8) and (4.3.9). 
3. Iterate (2) until convergence. 
4. M := I for the B,-robust estimator, := (AM,)-' [Ml from (4.3.7)] 

for the B,-robust estimator, and := J'fl(  r )  for the Bi-robust estima- 
. tor. 
5. At := Mavei{ A,{ A[s(x i ,  r )  - a ] } } ,  t := t + At. 
6. If At = 0, stop; else go to 2. 

Remark 4. For the B,-robust estimator, step 4 may be simplified to 
M := AT (replace MI by M, and use (4.3.8(b))]; although this leads to a 
somewhat different procedure. 
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Since the procedure includes two simultaneous iterations, some modifica- 
tions might improve the numerical efficiency: 

Algorithm 3. 

1, 2. As before. 
3. 
4, 5. As before. 
6. 
7. 

Optional-iterate step 2 a few times. 

If At = 0 and A and a have changed little in step 2, stop, 
Repeat step 5 a few times, then go to step 2. 

It is clear that Algorithms 2 and 3 have the same generality but suffer 
from the same drawbacks as the general influence algorithm. 

In many models, there are invariance structures which typically allow to 
simplify the calculations substantially. Let the model be generated by a 
group of transformations as in Definition 1 of Section 4.5, and let T be 
equivariant with respect to all ae. Then, the influence function IF(-;  T, 4) 
in step 2 of Algorithm 1 may be calculated from (4.5.3), 

But the influence function at Fo may be calculated before the main iteration 
procedure and possibly also characterized by tabulated constants. Similar 
modifications apply to the calculation of A* and o* for the optimal B,- and 
B,-robust estimators, as Theorem 1 of Section 4.5 shows. 

The formulas still require the calculation of [ d(roO)/aO]eo and a;' for 
the values of t obtained during the iteration. But note that finding T for the 
sample xl , .  . . , x, is equivalent to finding p = a;' such that 
p(x , ) ,  . . . ,/3(x,) yield a T-value of O0, or 

We assume that the constants needed to define p allow to recover f .  If the 
Newton-Raphson method is modified as above, one finds the following 
procedures: 

Algorithm 4 (Influence algorithm for invarianf problems ). 

1. Determine constants needed for the calculation of IF(. ; T, Fo). 
2. Find an initial value for f ,  and constants needed for p( * )  = a;'(*). 
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3. zi a= @ ( X i ) .  

4. A t  := avei{IF(zi; T, Fo)}, 
A@ := a&,, or an approximation to it, 
@ := A@ 0 @ (composite transformation). 

5. If At  = 0, go to step 6; else go to step 3. 
6. Calculate the estimate t from a;' = 8. 

Remark 5. The calculation of the optimal B,- and Brrobust estimators 
is a special case here; the determination of A and a is needed just for step 1. 

Remark 6. If the composition of transformations in step 4 is tedious, 
one might put z1 := AB(z,) directly, Care is then needed to avoid numerical 
problems (accumulation of rounding errors) and to keep track of the 
estimate. 

The algorithm was applied to covariance matrix estimation by Stahel 
(1981a). In fact, that specific method was the starting point for some of the 
general considerations of this subsection. 

Remark 7. In Algorithms 2, 3, and 4, the calculation of At  may be 
based on a different idea, not using influence functions. The general 
structure of the algorithms may then still be adequate. 

EXERCISES AND PROBLEMS 

Subsection 4.2a 

1. (a) Compute the influence function of the empirical covariance matrix 
(with factor l /n )  at a bivariate distribution with expectation 0 and 
covariance matrix X. (b) If Z = I ,  in what regions of the plane are the 
components of the influence function positive, negative, and zero? (c) 
Compute the inhence functions for trace and determinant of the 
empirical covariance matrix, and for the empirical correlation. 

2. Consider the normal location model { ,Y;(p, I)} in the plane. Let T 
be a trimmed mean defined in the following way: Drop the observa- 
tions that are among the 58 most extreme ones in any of the four axis 
directions. Sketch the transformation x - IF(x; T, MJO, I ) ) .  

3. In Theorem 1 of Section 4.2, regularity conditions have been left 
unspecified. (a) Is it sufficient to assume that T is a von Mises 
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functional in order to have R ( r )  = o ( t )  in the proof? (b) Give suffi- 
cient conditions that allow to do the required interchange of integra- 
tion and differentiation. 

Subsection 4.2b 

4. Let the vector-valued gross-error sensitivity y,’ be defined component- 
wise by 

Find order relations among y,*, y,’(j), lly:[j, and sup,(y$j)). Discuss 
advantages and disadvantages of these quantities as measures of 
robustness. 

5. Discuss the use of other metrics for alternative definitions of the 
gross-error sensitivity. 

6. In the one-dimensional normal scale model (JV(0,u2)> consider the 
(rescaled) median deviation S,, (see “Location” and Example 4 of 
Subsection 2.3a). 
(a) Verify y,*(S,,, (P) = 1/[4@-’(0.75) * ‘p((P-1(0.75))] = 1.167 and 
that V(S,,, (P) = (y,+(S,, @)I2 = 1.360. (b) Using these results, calculate 
y: and y;. (c) Consider r = In(o) instead of u as the parameter and 
T = In(&) as the estimator. How does this change affect the sensitivi- 
ties? (d) Derive the same quantities for JV(0,4) instead of (P. Discuss 
the result (cf. Section 4.5). 

Subsection 4 . 2 ~  

7. (Short) Verii?y the formulas (4.2.14) and (4.2.15). 

Subsection 4.3b 

8. (Short) Explain why only Fisher-consistent estimators are considered 
in the optimality problem. What is the respective restriction in the 
Cramtr-Rao inequality (for finite n)? 

Subsection 4 . 3 ~  

9. Consider a model with scalar parameter (p  = 1) and a fixed distribu- 
tion Fe. In the plane spanned by the axes V ( -  , FB) and y,*(. , Fe), 
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sketch the range of possible values. Draw the lines y,*(- , F,) = 2 and 
y:(- , F,) = 2. Discuss the advantages of y,* vs. y: as measures of 
robustness. 

10. Consider the normal location-scale model { X ( p , 0 2 ) ) .  If y = u’ is 
used instead of u as the second parameter component, how does this 
change affect the optimal estimators in the three cases? Is there any 
benefit in using r = In(a) rather than a? [Hint: Use (4.2.7).] 

Subsection 4 . 3  

11. Consider the normal location-scale model { X ( p ,  a’)}. (a) Do steps 1 
to 3 of Subsection 4.3d for this model. (b) Without performing actual 
calculations, write down the formulas for optimal +functions. Sketch 
and discuss the qualitative behavior of the two components of the 
influence function. Sketch the figure corresponding to Figure 1 of 
Subsection 4.2d for an optimal estimator. (c) Do actual calculations for 
one of the three types of optimality and a fixed bound c. For the 
self-standardized case with c = 2.5, we obtained A* = d i a g ( m ,  m), a* = (0, -0.304)T for I.( = 0, a = 1 after 17 iterations of the 
algorithm given in Subsection 4.3d. 

12. Derive optimal estimators for the Weibull distribution model, given by 
the densities 

Section 4.4 

13. Consider a location-scale model. Sketch a picture analogous to Figure 
1 in Subsection 4.2d for an optimal BP-robust estimator for arbitrary 
c1 and c2. 

14. (Short) Convince yourself that in a location-scale model both Huber’s 
Proposal 2 (cf. Subsection 4.2d) (with large enough constant b) and its 
variant A15 (cf. Section 1.4), where the scale is estimated by the 
median deviation, are optimal in the sense of Subsection 4.4b. Which 
modification of Proposal 2 is needed for small constants b? Note that 
these estimators are not optimal in the sense of Section 4.3. 

15. In the simple regression example described as Example 2 in Subsection 
4.3d consider the intercept 6c1) as a nuisance parameter. (a) Give the 
equations that define the BP-optimal +functions in 6, = 0. (b) Intro- 
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duce a scale model for the errors X(*) - f l (2)X(1) .  Now the parameter 
falls into three “natural parts” (the three components), two of which 
are usually regarded as nuisance parameters. Sketch how the idea of 
Section 4.4 can be extended to such cases. (In practice, the distribution 
of X(I )  can also be assumed to follow a parametric model, which gives 
rise to more nuisance parameters.) (c) In the model without scale, 
assume that X(’) - M(p,4) with p # 0 (but fixed). How does this 
affect the optimal +functions? 

Section 4.5 

16. (Short) Give the basic distribution F, and the generating transforma- 
tions { a e }  for (a) the normal location-scale model { N ( p ,  a 2 ) ) ;  (b) 
the standard linear regression model with random carriers (distribution 
K) and normal errors; and (c) the rn-dimensional normal model 

17. Verify the assertion about constant gross-error sensitivities stated near 
the beginning of Subsection 4.5c. 

(.U;,(P9 V}. 

Subsection 4.6a 

18. Let p = 2 and C = diag(c,, ct) .  (a) Sketch the limit of the function 
z e-) C-’h, , (Cz)  for c2 + 0. (b) Use this function to define an 
M-estimator in the same way as near (4.6.1). (c) Prove that this 
estimator is admissible. (d) Generalize the idea in as many ways as you 
can think of (for p 2 2). (cf. Stahel, 1981a). 

Subsection 4.6b 

19. Adapt Algorithm 4 to the location-scale model. (Note that there are 
better algorithms in this case.) 



C H A P T E R 5  

Estimation of Covariance 
Matrices and Multivariate 
Location 

5.1. INTRODUCTION 

The estimation of covariance matrices may be called the key to multivariate 
statistics. Robust estimators of these matrices open the door to the robustifi- 
cation of the classical normal-theory multivariate procedures. 

A public start on the subject was presented by Gnanadesikan and 
Kettenring in 1972. Hampel (1973a) apparently was the first to mention the 
idea of aflinely equivariant %estimators for covariance matxices. The basic 
paper on these estimators is due to Maronna (1976). He treated the 
problems of existence and uniqueness, asymptotic distribution, and break- 
down point for an important subclass of these estimators. An attempt by 
Sch6nhohr (1979) to extend his findings did not reach much further. 
Huber (1977b; 1981, Chapter 8) calculated the influence function and 
commented on computation and breakdown. He and Collins (1982) pre- 
sented optimal estimators in a minimax sense. Stahel (1981a) derived the 
optimal B-robust estimators and added further remarks on breakdown 
properties. He also introduced an estimator with high breakdown point (see 
also Stahel, 1981b), which was found independently by Donoho (1982) (see 
also Donoho and Huber, 1983). 

Most of these results will be presented in this chapter. After the formal 
introduction of the model, we will build up some machinery, which sim- 
plifies the derivation of many useful formulas and may give some deeper 
insight into the structure of the model. Then, optimal estimators will be 
given. Finally, we discuss breakdown aspects. 

270 

Robust Statistics: The Approach Based on Influence Functions 
by Frank R. Hampel, Elvezio M. Ronchetti, Peter J. Rousseeuw and Werner A. Stahel 

Copyright © 1986 John Wiley & Sons, Inc. 
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As pointed out above, the robustification of multivariate procedures can 
be achieved by introducing robust estimators of covariance matrices. This 
was done for discriminant analysis by Randles et al. (1978), Broffitt et al. 
(1980), and Campbell (1982). For specific problems, adapted methods may 
be more suitable. Devlin et al. (1975), Hampel (1975, p. 377) and others (see 
Huber, 1981, Sections 8.2-3) give such specific methods for simple correla- 
tions. Principal components were studied by Campbell (1980), Devlin et al. 
(1981), Ruymgaart (1981), Chen and Li (1981), and Li and Chen (1981). 

Testing problems have received less attention. Muirhead and Waternaux 
(1980) examine the distribution of the classical sample covariance matrix of 
non-normal observations with known fourth moments, and apply the results 
to testing canonical correlation coefficients. The test statistics used in 
classical multivariate analysis are functions of the sample covariance matrix. 
If this estimate is replaced by a robust one, the resulting tests supposedly 
are robust, too. The null distribution of such robustified test statistics can be 
derived from the distribution of the robust covariance estimate used, and 
this was done for several statistics by Tyler (1981, 1982, 1983a). 

Some authors suggest to estimate the elements of a covariance matrix 
separately from the one- and two-dimensional marginal distributions, nota- 
bly by the correlation estimators mentioned above and some scale estima- 
tors. In general, the resulting matrices are not positive semidefinite, and 
their use should be restricted to situations where the individual elements are 
of primary interest. 

Our discussion will be confined to the affinely equivariant M-estimators 
and another class of equivariant procedures. 

5.2. THE MODEL 

5.2a. Definition 

Let F, be a spherically symmetric distribution in %= R " (i.e., F, shall be 
invariant under orthogonal transformations in ff '"). The model to be 
considered in this chapter comprises the distributions obtained by applying 
all affine transformations 

a A , * ( z )  = A z  + a ,  a E W", A nonsingular m x m matrix 

to F,. The resulting model distributions are often called elliptical distribu- 
tions. 

The pair A and a is not a suitable parameter for the model since A and 
A r  with orthogonal I' lead to the same distribution. But Z = AAT is the 
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same for all A leading to the same distribution (and only for these), and the 
pair Z and u could be used as a parametrization. Since the symmetric 
matrix X contains redundance, and the theory of Chapter 4 applies only to 
vectors, it will prove useful to introduce the following notation. 

Notation 1. If S is a symmetric matrix, let vecs(S) be the vector 

The factor 1/ fi, applied to the diagonal elements, will simplify some 
formulas later on. A reason for this may be seen in the fact that 

2 1  1 
IIvecs(s)II = -X,,s$ 2 = prace(SST). (5.2.2) 

Remark 1. Searle (1978) and Henderson and Searle (1979) introduce a 
similar operator, omitting the factor (cf. McCulloch, 1982). Alternatively, 
the full matrices can be stacked columnwise to form a vector, and, later on, 
Kronecker products may be used (cf. Tyler, 1982; Magnus and Neudecker, 
1979, and references therein). Our formalism is simpler and sufficient for 
our purposes. 

The parameter vector of the model will consist of the two parts vecs(Z) 
and p = a.  

Notation 2. Instead of writing 6 = [ ~ e c s ( z ) ~ , p ~ ] ~  we shall often use 
6 = (Z, p )  for short; F, will also be denoted as FX+. 

Definition 1. The covariance-location model generated by (a spherically 
symmetric) F, is 

{ F 2 J p  E R"', X positive definite}, 

where F.+ is the distribution of 

aL+( 2) = LZ + p with LLT := 2. 

Technically, 6 := [~ecs(X)~, pTIT is considered being the parameter. 

Note that the dimension of 6 is 

p = m ( m  + 1)/2 + m .  (5.2.3) 
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All roots L of 2 yield the same distribution. We will choose L to be 
lower triangular with positive diagonal in order to have a unique transfor- 
mation Zz,F = aL+. for each parameter value (thus making LLT = I: the 
Cholesky factorization). The covariance-location model is then the model 
generated by Fo and the transformations Ex,r  in the sense of Subsection 
4.5a. 

The simplest and by far most relevant example is the normal distribution, 
where F, = Jy”,(O, I )  and Fr,F = Jy”,(p, 2). X is therefore called a (pseudo-) 
covariance matrix also in other cases. 

Remark 2. The (rescaled) standard normal distribution is in fact the 
only spherically symmetric distribution for which the components of the 
random variable are independent. Since independence is a more natural 
concept than spherical symmetry, the generalization gained by allowing for 
different F, is spurious. A set of nearby elliptical distributions is certainly 
not a sufficiently rich neighborhood to be used for relevant robustness 
considerations. Remember that the approach based on influence functions 
intends to safeguard against all kinds of contamination. We feel that it is 
more relevant to examine the behavior in full but infinitesimal neighbor- 
hoods than in finite but “thin” ones. Nevertheless, there is a growing 
literature on elliptical distributions, most of which contain robustness 
considerations (e.g., Tyler, 1983b; Muirhead and Waternaux, 1980). 

We shall allow for different elliptical models to be used as central models 
in parts of our discussion, even though this does not seem to have great 
relevance. 

For later purposes, we characterize Z by two numbers: Let Xi be the 
eigenvalues of Z. We call 

1 
7 := - m lndet(X) = avejln(Xj) (5.2.4) 

the log-size parameter, and define the shape parameter 2 by the “standard 
deviation” of the logarithmized eigenvales, 

92 := avej[ln(h,) - r]’. (5.2.5) 

The introduction of the matrix elements uij as the components of the 
parameter vector might seem somewhat unrelated to the structure of the 
situation. It is reassuring to see that Ilvecs(X)II, r, and 9 are invariant under 
orthogonal x-transformations, inducing X + rZrT [consider (5.2.2)j. 

The model is invariant with respect not only to the generating transfor- 
mations aL,p (Subsection 4.5b), but to all affine transformations with 
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nonsingular A. For later use, we note that 

vecs( Z) vets( A Z A ~ )  
' A ' " (  B ) = (  A p + a  

(5.2.6) 

which is linear in 6 = (2, p ) ,  and therefore 

5.2b. Scores 

The density of F, (with respect to Lebesgue measure), if it exists, must be a 
function of the (squared) radius only, 

f O ( 4  =:fZ(lI4l2h 
and 

f2,,(x) = det(Z)-"2 * f ' ( v )  

with 

u := (x - p)Tz- '(x - p ) .  

- aui = - [z-yx - P ) ( X  - I . L ) * ~ - ~ ]  i j ,  

dU - = - 2 z - y x  - p ) ,  
aP 

From 

d V  

(5.2.8) 

(cf. Dwyer, 1967; Tracy and Dwyer, 1969; McCulloch, 1982), and the 
general formula 

we get the scores 

(5.2.9) 
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This may be written as 

where A is a root of Z (AAT = Z), z = A- ' (x  - p) ,  and 

(5.2.10) 

are the scores for the neutral parameter 0, = (I, 0). 
Note that f z  is not equal to the density f "  of the distribution F" of the 

squared radius V = [[2112; instead f z ( u )  has to be multiplied by the surface 
of the hypersphere with squared radius u in order to get f"( u) ,  and with the 
factor accounting for IIZ(l 4 V. Thus, 

For the normal distribution, f" is the x: density, and d ( u )  E 1. 

5.3. EQUIVARIANT ESTIMATORS 

5.3a. Orthogonally Equivariant Vector Functions and &Type Matrices 

Before we derive some nice results from the invariance properties of the 
covariance-location model, it is useful to build up some algebraic machin- 
ery. 

Let a: R 4 W P be an arbitrary function. Each element of R P can be 
written in the form (vecs(Z)T, pT)T,  corresponding to the meaning of the 
two parts of the parameter 8. Let us denote the respective parts of the 
function a ( z )  by vecs[Zo(z)] and pu(z), such that 
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Definition 1. A function u ( z )  is orthogonally equiuuriunr if it obeys the 
functional equations ' 

for all orthogonal matrices r. 
Lemma 1. Orthogonally equivariant vector functions are characterized 

by three functions w;, wt ,  wz: R +--) R through 

On the other hand, any function u ( z )  of this form is orthogonally equi- 
variant. Furthermore, 

2 1  1 2 1  
~ ~ u ( z ) ~ ~  = ~ ( 1  - ;)[uw:(o)] + ~ ; ; ; u ; ( u ) ~  + uw;(u)', (5.3.2) 

u;( u )  := ow;( u )  - mwt( u ) .  

Proof: Let z, = ( F ,  O,O, . . . , O)T, r > 0. Choose for r the change of sign 
of the kth component, yij = aij(l  - 28k{), k 2 2 to see first that ~ ' ( z , ) ( ~ )  
= 0 for k 2 2, and therefore, for some wpO(r2), we have p"(z,) = ( r  
w;(r2), O,O, . . . , O)T. Second, it shows that u,'j(z,) = 0 for i # j .  If we now 
apply the interchange of two components k and 1, yij = 8, - 8,6jk - 8ij8il 
+ 8jk8j/ + 8&, with k, I 2 2, we see that the u&(z+), k 2 2, are equal. 
We may thus write Z'(z,) as 

Z"(z,) = diag(rz. w,"(r'),O,O, ..., 0) - l w ; ( r * )  

with suitable w;, w;: R +--) R. For r = 0, repeat the above considerations 
with k = 1 in order to see that w;, w;, and w; may be extended to 0 [w;(O) 
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and w,“(O) being arbitrary]. In order to get a(z) for general L # 0, choose a 
r with first column zdlzll, and z, = (llzll,O,O,. . . ,O)T and apply the 
equivariance relations of Definition 1. 0 

Note that the scores function S(Z, SO) has the mentioned form. We shall 
need to calculate integrals of the type 

D = /u(z)  - b ( ~ ) ~ d F ~ ( z )  

where a and b are of the form (5.3.1). If one writes down the elements of D, 
symmetry considerations show that D is determined by four numbers, d:, 
dp”, d f ,  and d,”, say, as 

dp” * . -  dp”] 

0 

0 

0 

[ y  - .  

0 

0 

dR O 1  O 

m 

nr (m - 11 I *  
1 -  
(5.3.3) 

We will show shortly that d: = d t  -?- dp”. Since such matrices are nearly 
diagonal, we introduce the term “d-type matrix”: 

Definition 2. The d-rype matrix D of order m 2 2, given by the three 
numbers df ,  dp, and d,”, is the matrix (5.3.3) with d r  = dR + d:, 
dp” = ( d p  - d,D)/m. 
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Lemma 2. If D = ja(z) b(~)~dF,(z) with spherically symmetric F,, 
then D is the d-type matrix given by 

d: = (1 + --) 2 -l  /( :)2w:( u)w,"( 0 )  dF"( u ) ,  

d; = /"W,"(U)W,b(")dF"(U), m 

where F" is the distribution of V = 11Z112, Z - F,. 
Prmfi Symmetry considerations show that D is of the form (5.3.3). 

Clearly, dpD equals 

(5.3.4) 

with i # j ,  while d: is the same with i = j ,  i and j being arbitrary 
otherwise. Also, 

d; = /z:w,"( llzll ) w;( llzll 1 4 0  ( 1. 

In the last equation, let i run from 1 to m and sum up to get the form of d: 
given in the lemma. Before working on d:, note that, for any function G, 

which is shown by calculating the following conditional expectations: 
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If we now sum up the right-hand side of (5.3.5) over all i and j (including 
i = j )  and make use of (5.3.6) with G( u )  = w,”( u)w,”(u), we get df as stated 
in the lemma. By multiplying out (5.3.4) for i = j and for i # j ,  and using 
(5.3.6) again, one verifies dp = d; + d:. Finally, adding the integrals 
(5.3.4) over all i and j we get 

rn(d:+ ~ ~ , D ) = ~ \ [ u w , “ ( u )  1 - n t ~ ~ ( ~ ) ] [ ~ w , ” ( ~ ) - n t w ~ ( ~ ) ] d F ” ( ~ ) ,  

and the left-hand side is mdp by Definition 2. 0 

Lemma 3. d-type matrices (denoted A, B, D) have the following prop- 
erties : 

1. Multiplication is an Abelian group operation with 

D = A - B e d f  d,A * d:, h = q , ~ , p ,  

2. d:, dp,  d: are the eigenvalues of D, d! and dp being the eigenval- 
ues of the upper-left nt rows and columns. 

3. If I’ is an orthogonal rn X m matrix with a column with all entries 
equal (= 1/ &), and 

then the transformation D -, f T D f  makes all d-type matrices diag- 
onal simultaneously. 

Proof. (1) and (2) follow immediately from (3), which is easily proven. 0 

Lemma 4. d-type matrices transform orthogonally equivariant vector 
functions to orthogonally equivariant vector functions, 

b ( z )  = D * U ( Z )  w 

w,”( U) = w:( U )  - d:, u,”( U )  = u:( U )  dp,  it;”( U )  = WE( U )  * d:. 
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= uw;( u )  dlf - m w i (  u )  d: + uw,"( u ) (  d p  - dlf) 

= u,"( 0) d: 

5.3b. General Results 

Equivariant estimators in the covariance location model must satisfy 

where T( F) =: [$( F), p(  F)]. Inserting F = F,, a = 0, and any orthogonal 
F for A,  we obtain 

and therefore T(Fo) must be proportional to e,, 

t( F,) = UJ, p (  F,) = 0 

for some a, E W, (compare the proof of Lemma 1). Combining this equa- 
tion with the first one, we get 

qF,,,) = O O Z  P(FLP)  = cr, 
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and Fisher consistency holds if and only if u, = 1. If .i is the estimator of 
size obtained from 2 by (5.2.4), then clearly .i(F,) =i ln(u,). 

The influence function of equivanant estimators is, according to (4.5.2) 
and (5.2.7), 

where 

This equation still holds if L is not lower triangular, and inserting L = I', 
orthogonal, and p = 0 shows that IF(-; T, F,) is an orthogonally equiv- 
ariant vector function. Now, the machinery of the preceding subsection 
produces the following results: 

1. IF( - ;  T, F,) is of the form (5.3.1), with characterizing functions wi, 
u:, and w,,'. say, which by (4.2.1) and (4.2.5) fulfill 

/uJ( 0) dF"( u )  = 0, 

(1 + ~ ) - 1 / ( ~ ) 2 w ~ ( u ) " " ( u ) d F ~ ( u )  = 1, 

(5.3.8) 

2. The norm of the influence function at F, is 

where v := llzl12. 
zw,'(llt11*) is the influence function of the location component jl of T 

at F,, and the last term UW,, ' (U)~ of IIIF(z; T, Fo)l12 is its squared norm; 
3. 
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u~(llzl12)/(muo) is the influence function of 9 = lndet(%)/m, its square 
being essentially the second term of IlIF(z; T, Fo)l12. The first expression is 
the squared norm of the influence function vec$zzT - (IIzI12/m)ZJw,'(llz112) 
of a, vecs[exp( -? 2 I], and indeed equals the square of the influence 
function of fiu, t- m / 2 .  [For a proof, let 2(e) := u,Z + eX'(r,O,. . . ,O), 
which is diagonal, and calculate the derivative of the corresponding shape 
parameter q ( e )  for e > 0. Apply l'H6pital's rule to obtain f(O).] In summary 
the influence function splits up into three orthogonal components which 
correspond (at F,) to the three parts shape, size, and location of the 
parameter. 

4. The asymptotic couariunce matrix of equivariant covariance-location 
estimators is 

V(T,  Fz,N) = [ a4 , , , (8 ) /ae ]  V(T,  Fo)[ a&,,,,(8)/d8] ', LLT = 2, 

with the derivatives given in (5.2.7), and V(T, F,) is a d-type matrix with 

2 
d t -  (1 + :)-'!(:) w,'(u)2dFu(u), 

d: = E w i (  u)' dFu( u). 
m 

Clearly, this is simply a formal description, asymptotic normality not being 
rigorously established. 

5 .  The Fisher information matrix at 8, is of d-type, given by 

d: = 

df = 

d;' = 

1 
- ( [ u w u ( u )  2m - m]*dFU(u) ,  

\fd( u)'dF"( 0). 

[For the normal distribution, J(8,) = Z, since d ' ( u )  = 1 and F" = xi.]  
This bounds the V(., F,) matrices for Fisher-consistent estimators to 

d,!' 2 l/dhJ, h = q, 7 ,  p .  
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6. The standardized sensitiuities are 

Y:(r,F,, ,)2 = SUPU{+ - + 0 u ) / d , y 1 2  

+ - [ u j ( u ) / d , V ] 2  1 + u[w:(u)/d,y]2}, 
2m 

1 
2m 

+ - [ #i( u )  d i I 2  + u [  w,’(o) d$] .  

Y:(t,Fo) =: Y,’(T) :=suPu[uw:(u)]/Jm(m+2)dy, 

In view of 3, it seems natural to look at the suprema of the three 
components, or equivalently, at the sensitivites for t, Q, and f i ,  

y:(j i ,  F,) =: := 

For the information-standardized 
?I, 7, P. 

sensitivities, replace d: by (d;)-’ ,  h = 

5%. M-Estimators 

Since any M-estimator may be given using its influence function as defining 
+function, Eq. (5.3.7) and the considerations following it say that every 
equivariant M-estimator admits a $-function of the following type: $,( z )  
:= $( z,  So) is orthogonally equivariant, and $ ( x ,  6) may be chosen as 

(5.3.10) 

(where LLT = Z), since this $ coincides with the influence function up to 
the matrix %/a0  [see (5.2.6) and (5.2.7)]. Conversely: 

Lemma 5. An M-estimator of this type is affinely equivariant, that is, 
let $ be of the described form. If T = (2, F )  is a solution of 
/$(x, T) dF(x)  = 0, then T = ( [A$AT],  Afi + a) is a solution of 
j$(K, T) dF(X) = 0 with F = & ” J F ) .  
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Proof: With kLT = 2 we have L-'(x - ji)} d q x )  = 0, and 
/+o( i - ' [ A - ' ( Z  - a )  - ji]} dF(K) = 0 by the definition of F. This may be 
rewritten as /+o( rTii-'[X - ( a  + Afi)]} @(X) = 0 with orthogonal I' and 
lower triangular i. Orthogonal equivariance of +o yields /+o( E-'[K - ( a  
+ Aji)]}  <F(K)-= 0 = /+(X, T)dF(K) with T = (iiT, Aji + a) .  Finally, 

0 L i T  = ALrrTtTAT = A ~ A ~ .  

A more explicit description of the affinely equivariant M-estimators is as 
follows: Let wt, wt, w:: R +--) R be three scalar functions. Solve 

/zzTw:(ll~l12) = +Jt(llZIl2) W X ) ,  

(5.3.11) 

/zw:(llzll*) W X )  = 0, 

where L := L-'(x - p), for L and p, thus obtaining and ji. Then 
estimate 2 by kT and p by ji. This estimator coincides with the M-estima- 
tor determined by the +function (5.3.10), where +o is given by w$, w$, and 
w: through (5.3.1). 

Equation (5.3.11) is equivalent to 

/(t.'- I - IIzl12/.l)w~(IIzI12) d F ( 4  = 0, 

/zw~(llzl12) W x )  = 0 

(where uf is defined as in Lemma 1). One component equation of the first 
line is redundant. In spite of the spurious complication, this alternative 
system gives more insight into the structure of covariance matrices. The 
three lines involve only one of the functions w:, us, and w t  each. They 
reflect the split mentioned in result 3 of Subsection 5.3b, as is shown in 
result 3 which follows. 

Remark 1. Different w$ functions can be used to define the same 
M-estimator. In fact, w$ can be replaced by 

ii#( u )  w$( u )  + const . us( u ) .  

On the other hand, w$, uf, and w$ are uniquely determined up to scalar 
factors. 
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Example 1. Huber (1977b; 1981, Section 8.10) develops the following 
minimax approach. He considers a contamination “neighborhood” of the 
normal model in the set of all elliptical models (cf. Remark 2 of Subsection 
5.2a!). Then he poses a minimax problem, as described in Section 2.7, for 
the estimation of location and (pseudo-) covariance separately. The solution 
for the location part has no simple analytic form. For the covariance part, 
he obtains w,$’(u) = 1 and 

a/v, u < a  i b/u, v > b ,  
w,” (u )=  1, a s v s b  

with suitable constants a, b depending on the size e of the neighborhood 
and on the dimension m. The lower cutpoint a vanishes for small e and m. 
When it is positive, it gives rise to an awkward discontinuity at zero (at 
xi = fi, that is). 

This estimator is not consistent. Huber recommends to multiply the 
estimate obtained from w,” and w$= 1 by the appropriate constant T in 
order to obtain the correct value for the normal distribution. 

Let us complete the definition of the estimator by settin the weight 
function for location equal to the familiar w:(u) = min(1, &) for the 
location part. 

A numerical example is shown in Figure 1. The influence of the two 
outliers in the sample is reduced successfully, and the robust estimate 
suggests independence of the two variables while the ordinary estimate 
indicates a negative correlation. In this case, the outliers can be detected by 
other means as well. In higher dimensions, a robust estimator can be the 
only means of getting at them. 

The asymptotic expressions for equivariant M-estimators may be written 
down using the formulas of the preceding subsections. Sufficient conditions 
for consistency and asymptotic normality, which render these expressions 
meaningful, are given by Maronna (1976) and Sch6nholzer (1979), see also 
Huber (1981). 

1. e (Fo)  = uol [if $(Fo) is unique], where uo is obtained from 

/u: (  v /uo)  dFU( 0 )  = 0. (5.3.13) 

T+ is Fisher consistent (or there is such a root) for all 8 if and only if 
/u:(u)dF”(u) = 0. 
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Figure 1. Scatterplot of two variables. together with ellipses of constant density containing 
95% of the probability of a normal distribution as estimated by (a) the ordinary mean and 
empirical covariance matrix, and (b) the robust estimator defined in Example 1 with a - 0, 
6 = 2 - 6,. The data are given in the first two columns of Table 4 of Subsection 7.5d. 

2. The matrices M(T,, F,), Q(T,, Fo), and V(T+, F,) given by (4.2.11) 
and (4.2.13) are d-type matrices with characterizing numbers 

2 
d? = (1 + ;) -y( ;) w,"( U ) d (  0 )  dFU( u ) ,  
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3. The influence function is of the form (5.3.1) with 

w;( u )  = w,"( u)/d,M, u;( u )  = u!( u)/d,M, w,'( u )  = w:( u)/d,M. 

The question of existence and uniqueness (or domain) of such estimators, 
that is, of a solution of Equation (5.3.11) for a given F, is of clear 
significance in this context, and it is even more important since it is 
connected to the existence and uniqueness of +-functions defining the 
optimal B,-robust estimator in general models (see Subsection 4.3~). 

Theorem 1 (Existence of affinely equivariant M-estimators). The fol- 
lowing conditions guarantee the existence of a solution of (5.3.11): 

Condition for wf: 

(i) wf(u) is constant, w f ( u )  = w z  > 0. 

Conditions for w:: 

(ii) w$( u )  is continuous for u > 0. 
(iii) w,"(u) 2 0. 
(iv) w,"(u) is nonincreasing for u > 0. 
(v) JI , (u)  := uw$(u) is bounded. 

(vi) JI, is nondecreasing. 
(vii) limvio{ + , (u ) )  = 0. 

Conditions for w:: 

(viii) w:(u) is continuous for u > 0. 
(ix) w,"(u) 2 0. 
(x) w: is bounded. 

(xi)  6 w : (  u )  is bounded. 

Condition connecting w i ,  w t ,  and w:: 

(xii) There is a u* > 0 with [0 Is u 1: u* * w:(u) > 0 and +,(u)  
strictly increasing in u ]  and JI,,(u*) > mw;. 

Conditions on the distribution: 

(xiii) F{ X E H )  I l /m and < 3 for all (rn - 1)-dimensional hyper- 
planes H of R'". 



288 5. COVARIANCE hfATRICES AND MULTIVARIATE LOCATION 

(xiv) F( X E H) 5 1 - m - wz/sup,( +,(u)} for all H. 

Condition (vii) may be replaced by 

(xv) lim,&o{+&4) < mwz- 
(xvi) F{ X = x }  = 0 for all x E R m  (which excludes sample distribu- 

tions). 

Maronna (1976) needed somewhat stronger conditions than (vii), (xiv), 
and (xii). The proofs of our conditions are given by Stahel (1981a), who just 
collects the results of Schbnholzer (1979) (see Huber, 1981) and adds a 
detail. 

The uniqueness of the solution can be proved only under very restrictive 
assumptions which exclude sample distributions. Indeed, for model distribu- 
tions, the following result applies. 

Theorem 2 (Existence and uniqueness for elliptical distributions). If (1) F 
has a density of the form f(t) = f'(lfzil*) with strictly decreasing f' and 
(2) w$(u) 2 0 and w$(u) 2 0 for all u 2 0, then (5.3.11) has a unique 
solution if and only if I.$( u/u)  dF"( u )  = 0 has a unique solution uo for u. 
The solution of (5.3.11) is then T( F) = ( uoZ, 0). The same is true if (1) and 
(2) are changed to (1') nonincreasing f' and (2') w$( u )  > 0 and w:( u )  > 0 
for all u 2 0. 

Proof. The existence part is obvious, and the only thing to show is that 
every solution must have the form (61,O). This is proved in Stahel (1981a) 
by extending the idea of proof of Maronna's theorem 3(i) to the covariance 
part. 0 

Remark 2. By equivariance, the existence and uniqueness extends to all 
model distributions. 

Remark 3. Schbnholzer (1979) shows that, under quite severe restric- 
tions on the w functions, existence and uniqueness carry over to a 
Prohorov neighborhood of the model distributions and thus to large samples 
from a model distribution. 

A simple algorithm for computing estimates is the reweighing method of 
Maronna (1976), that has been described in another context in Subsection 
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4.3d, step 4. For that matter, note that (5.3.11) may be written as 

where u := ( x  - f i ) ’Z-’(x - p). The algorithm implied by these formulas 
may be slow and numerically unstable. Huber (1977b), Huber (1981, 
Section 8.11), and Stahel (1981a) discuss some more sophisticated ideas. 
(The “accelerated” algorithm described in Maronna, 1976, does not seem to 
be reliable.) More research is needed, however, in this area, The program 
library ROBETH described briefly in Subsection 6 . 4 ~  implements the re- 
weighing algorithm and the algorithm of Huber (1977b) (see Marazzi, 
1980d). 

Our next goal is to derive the optimal estimators. Since the two standar- 
dized versions must be equiuarianf (with respect to the generating transfor- 
mations at least; see Subsection 4.5c), and they are W-estimators, it is useful 
to have a brief look at this class: The translation vector C ( 8 )  allowed for in 
Definition 2 of Subsection 4.3b should help to achieve Fisher consistency. In 
the present model, at f? = f?,, it suffices to allow for C(6,) = (coI,O).  The 
general #,,-function of an equivariant, Fisher-consistent W-estimator is thus 
characterized by the weight function w :  W ‘4 W and P ( = co + 1) through 

w,“( u )  = w ( u ) w ” (  u )  = w,”( u ) ,  u$( u )  = [ 0. w’( u )  - m a ]  w( v), 

5.4. OPTIMAL AND MOST B-ROBUST ESTIMATORS 

5.4a. Full Parameter 

In order to derive optimal B-robust estimators of the parameter (2, p )  in 
the sense of Section 4.3, the steps described in Subsection 4.3d will be 
carried out. The machinery of Subsection 5.3a will help to achieve great 
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simplifications. The unstandardd estimator will not be derived, since we 
consider equivariance to be essential in this context. For the sake of 
simplicity of the formulas, we choose the normal model instead of a general 
F,, since it is by far the most useful one, and since generalization to other F, 
is easy. 

Step 1. Theorem 1 of Subsection 4 .5~  shows that it suffices to con- 
sider e,. 

Step 2. The scofes and information matrix are given by (5.2.10) and 
result (5) of Subsection 5.3b. 

Step 3. It is natural to guess that A in W”*” [defined in (4.3.7)) will be 
a d-type matrix and a has the form (IB - lJvecs(l), 0) [as C(B,) had at the 
end of the last subsection], since this makes A(s - a )  an orthogonally 
equivariant vector function. (The letters A and a are used here with a 
different meaning than in the preceding sections, but in agreement with 
Section 4.3.) Using u := llzll’, we obtain 

1 1 1 2 
= r(l - ; ) [ u d ( ] ’ +  ?;;;[(u - m/3)d,AI2 + u p ; )  =: r(u)2,  

(5.4 .l) 

say, a quadratic function in u. Next, 

w”*”( z) = min{ I, c /r (  u ) }  =: w( u )  

and the Mk, k - 1,2, are d-type matrices determined by 

2 dp = (1 + yp) w(u)kdF”(u), 

(5.4.2) 

(5.4.3) 
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The final equations reduce to 

(b) (df) '  = l / d F ,  h = q ,  7 ,  p for Tf, 

or 

(4 df = l /dp,  h = q ,  7 ,  p for Tb, 

and 

(5.4.4) 

(5.4.5) 

[case (a) being disregarded]. 
Note that the general equations, which consist of a p-vector and a p x p 

matrix equation reduce here to four scalar equations, independently of 
m or p! 

Step 4. For some selected in and c, calculations were done using the 
last equations for iterative improvement of the starting values /3 = d; = d /  
= d t  = 1. 

Results are given in Table 1. (Stahel, 1981a, presents some more num- 
bers.) 

Solution. In summary, the optimal B,- and B,-robust estimators equal 
T ( F )  = (vecs(,!.,!.T)T, ji')', where ,!. and ji are the solutions of 

with 

z = L - y x  - p )  

for L and p,  and w and B are given by (5.4.2) and (5.4.5). 

The +function for the optimal self-standardized estimator exists in 
view of the general Theorem 3 of Subsection 4 . 3 ~  if c > c+ := fi, and is 
nonexistent for c < c*. [Do not mix up this existence with the existence of 
an estimated value for a given (sample) distribution F.] It is intuitively clear 
that there is an analogous constant c, for T:. What abour c = c,? 
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Dimension m 

'I;! Characteristic c - 7: 
constants B 

(d;)2 
(4')' 
(d:l2 

Efficiencies l/d: 

1 / 4  
1/d: 

Comer 0' 

Pr 

Sensitivity 7: 

'I;.' Characteristic c - 7,' 

constants B 
(d,A)' 
(d:S 
(d,"I2 

Table 1. Optimal B-Robust Estimators 

2 2 2 3 3 5 5 10 10 20 

5.29 3.04 2.24 5.32 3.00 6.55 4.47 9.73 8.06 15.17 
0.970 0.803 0.517 0.952 0.598 0.946 0.704 0.943 0.825 0.906 
1.18 2.70 29.50 1.30 27.95 1.36 27.12 1.45 28.90 36.39 
1.26 3.06 18.74 1.45 16.75 1.55 16.15 1.70 19.09 28.03 
1.06 1.67 10.64 1.12 12.30 1.17 14.98 1.27 20.41 30.15 
0.950 0.800 0.663 0.950 0.719 0.950 0.784 0.950 0.860 0.917 
0.929 0.784 0.560 0.933 0.590 0.934 0.639 0.938 0.728 0.829 
0.984 0.877 0.644 0.978 0.694 0.973 0.760 0.966 0.845 0.911 
6.76 2.54 0 6.44 0 7.74 0 11.09 0 0 
0.034 0.281 1 0.092 1 0.171 1 .351 1 1 
5.46 3.42 2.99 5.48 3.90 6.74 5.60 9.99 9.45 16.65 

5.43 3.38 - 5.46 - 6.72 - 9.98 - - 
0.970 0.806 - 0.952 - 0.946 - 0.943 - - 
1.24 3.32 - 1.37 - 1.43 - 1.53 - - 
1.35 3.85 - 1.55 - 1.66 - 1.82 - 
1.08 1.88 - 1.15 - 1.20 - 1.32 - 

- 
- 

Clearly, for c J. c* ,  the set where w( u )  = c/r(  u )  [instead of 1; see (5.4.2)] 
tends towards the whole space. Also, w( u )  10 pointwise. But d;w( u )  has a 
nonzero limit, which we call w*(u),  and which may be found as follows: 
Let, for given d,, d,,, 

and find the solution (d:, d,*, @) of 

d,k = l/( & / ( u  - m @ ) 2 w * ( u ) k d F U (  , 4 
(5.4.7) 

/( o / m  ) w * ( 0 1 dF"( 0 1 
= /w* (  0) dFU( 0) 

with k = 2 for q* and k = 1 for Ti. Then /3 and d;, d: = d,?d,A, and 
d t  = d; d: for any d; 2 sup,( w*(u) }  are solutions of (5.4.4) and (5.4.5) 
for c = c,. Solutions (d:, d,*, P )  were found empirically for TC:; hence TC: 
and probably also TE* seem to exist. We did not try hard to prove their 
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existence. The constants 8, d; = sup,( w * ( u ) ) ,  d t  = d: d;, and df = 
d t  d: are the limits of the respective constants for c 1 c*. They are included 
in Table 1. 

Table 1 also contains the “efficiencies,” that is, the reciprocals of the 
numbers d r ,  d,”, and d: characterizing the (d-type) asymptotical 
variance-covariance matrix V of the estimators, the “corner point” u*, 
where the weight function is 1 for the last time, the probability “Pr” that 
w( u )  < 1, and the sensitivities. The sensitivity bounds c are selected either 
to give selected values of the efficiency for the shape parameter, or equal to 
the extreme value c ~ .  The differences between the two standardizations are 
minimal. The efficiencies and the corner point u* for T:, which are not 
given in the table, most often coincide within the precision of the calcula- 
tions with the respective numbers for the T,‘ which has the same efficiency 
for shape and is given above it in the table. 

Remark 1. In Huber’s minimax solution (Example 1 of Subsection 
5.3c), observations that are too close to the (estimated) location point are 
“brought out” in some cases. Do the optimal B-robust estimators do 
something of the kind? In the light of (5.4.1) and (5.4.2), it might happen 
that r(0) > c, and that points near the estimated center would therefore be 
downweighed. Empirically, such a case was not found. If the location part 
was not estimated, which would make the third term in (5.4.1) disappear, 
then downweighing near the center would occur for low bounds c. 

5.4b. Partitioned Parameter 

Since the parameter, the influence function and the asymptotic covariance 
matrix all split up into three natural parts, we may look for estimators 
which minimize d l  under the restriction y i  I c h  or y; 15 ch, h = q,  r, and 
p with given bounds c h  [cf. (5.3.9)]. This adapts the general problem 
discussed in Section 4.4 to the covariance-location model. The solution is 
quite satisfactory: There is an estimator which is optimal for all three 
criteria simultaneously (this is true in the general case, see Theorem 1 of 
Section 4.4), and, as in the location-scale case, if we focus on one part, we 
do not lose any asymptotic efficiency by the estimation of the other parts. 

The functions w,,, u,, and w,,, that define the estimator, are determined 
by separate implicit equations. w,, is given by 

w,( u )  = min{ 1, c , , { q / [  vd,,]) =: min( 1, u,* /u) ,  

(5.4.8) 
d,k = (1  + $)/I(  :)*w,,( u )  dF”( u ) ,  
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Comer v: - v,' 
Pr 

Shape: Efficiency l/dr 
Sensitivities y; 

y: 
Location:Efficiency l/dL 

Sensitivities y i  
y: 

with k = 2 for the self- and k = 1 for the information-standardized variant. 
u, is of the form u,( u )  = w,( u)(u - m@), w, being given by 

~~ 

5.66 2.45 0 6.41 0 7.87 0 11.32 0 0 
0.059 0.293 1 0.093 1 0.164 1 0.333 1 1 
0.950 0.800 0.500 0.950 0.600 0.950 0.714 0.950 0.833 0.909 
2.28 1.47 1 1.90 1 1.54 1 1.24 1 1 
2.33 1.65 1.41 1.95 1.29 1.58 1.18 1.27 1.10 1.05 
0.993 0.956 0.785 0.993 0.849 0.992 0.905 0.990 0.951 0.975 
2.45 1.86 1.41 2.62 1.73 2.94 2.24 3.60 3.16 4.47 
2.46 1.91 1.60 2.63 1.88 2.95 2.35 3.61 3.24 4.53 

8 -  

Finally, wr is calculated from 

w,(u) = min(l,cA(fid,)) =: m i n ( l , m ) ,  

(5.4.9) 

(5.4.10) 

Every optimal BFrobust estimator is also an optimal B,P-robust one-for 
different c,,-as in problems with a scalar parameter. Tables 2 and 3 show 
the characterizing figures for some of these estimators. They include the 
"comer points" uf where the weight falls below 1 and the probabilities "Pr" 
for w,,(u) < 1. For size estimation with low sensitivity, we have W J U )  < 1 
also for small u, u < 0," say, and the table includes k *I= F"(Y < u,"). 

Remark 2. The estimators given by (5.4.7)-(5.4.10) are defined in much 
simpler terms than those of the preceding subsection. Their optimality is at 

Table 2. Opt id  Estimators of Shape a d  Location 
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Dimension m 

Comer 0: 

Points v," 
B 
Pr 
i)r 

Efficiency l/dr 
Sensitivities yf 

vf 

Table 3. Optimal Estimators for Size 

2 2 2 3 3  5 5 10 10 20 

7.09 3.98 1.39 8.47 2.37 11.11 4.35 17.36 9.34 19.34 
0 0 1.39 0 2.37 0 4.35 2.17 9.34 19.34 
0.971 0.863 0.693 0.972 0.789 0.974 0.870 0.976 0.934 0.967 
0.029 0.136 1 0.037 1 0.049 1 0.072 1 1 
0 0 0.5 0 0.5 0 0.5 0.05 0.5 0.5 
0.950 0.800 0.480 0.950 0.528 0.950 0.569 0.950 0.602 0.619 
2.89 1.71 1 2.55 1 2.22 1 1.92 1 1 
2.96 1.91 1.44 2.61 1.38 2.28 1.33 1.97 1.29 1.27 

least as intuitive, and they are more flexible. In practical application, they 
are therefore preferable. 

As in the previous subsection, let us now discuss the most robust estimator 
of the type just treated. The limit of the optimal &'-robust shape estimator 
for c,, S. 1 is given by 

w;( u )  = l /u  

(which is the limit of w,,( u ) / u * ) ;  for c,  11, we eventually obtain 

w,*(u)  = 1 0  - m/3*lc', mp* = med(F"), 

u:(u> = sign( u - mB*); 

and for c,, 1 6, 
w;( u )  = 1/6. 

Let us call the estimator given by w:, w,', and w: the median estimator. It  
may be described in words: Find the affine transformation z = ,!,-l(x - ji) 
for which the transformed observations show the followin picture-if the 
zi are projected onto the hypersphere with radius s" mp*, the projected 
points must have ordinary covariance matrix @*I and mean 0, and half of 
the points must lie within the hypersphere, the other half outside. Then 
estimate Z by iiT and p by ji as before. In fact, this coincides with a 



2% 5. COVARIANCE MATRICES AND MULTIVARIATE LOCATION 

suggestion of Hampel (1975, p. 377) and with the limiting case of Huber's 
minimax estimators (Example 1 of Subsection 5.3~). It also shares the defect 
of the discontinuity at the (estimated) center. The characterizing numbers 
for this estimator are included in Tables 2 and 3. 

The asymptotic covariance matrix is given by 

d r =  1 + 2/m, 

For large rn, some formulas of Abramowitz and Stegun (1972, 6.1.41, 
26.4.17, 6.1.37) show that efficiency losses tend to 1 - 2/9r = 0.36 for the 
size, and only 2/m for shape and 1/2m for location. 

Remark 3. In moderate to high dimensions, it therefore seems a p  
propriate to use a not quite extreme estimator of the type (5.4.8) and 
(5.4.10) introduced above in applications. It achieves almost as good robust- 
ness properties as possible while avoiding the discontinuity problem, and 
efficiency losses are tiny except for the size parameter. If the latter is of 
special interest, a less extreme u, may be adequate. The next section, 
however, shows that even the most robust M-estimator has poor breakdown 
properties in high dimensions. 

5.5. BREAKDOWN PROPERTIES OF COVARIANCE MATRIX 
ESTIMATORS 

5.5a Breakdown Point of M-Estimators 

The breakdown point was defined in Subsection 2.2a roughly as the smallest 
fraction of contamination to a distribution for which-by varying the 
contamination-the estimated value may be carried over all bounds. More 
precisely, the following statement is true: 

Lemma 1. Let T, + T( F) in probability (for all F), and let F, and e 
be fixed. If there is a sequence of distributions { t f k }  for which { T(G,)) 
with Gk := (1 - e)F, + E H ~  is not contained in any compact proper subset 
of@, then E*({ T',), F,) s E. 
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Proof. If E* > E, then there would exist K, with Gk{T, E K,) + 1 as 
n -, 00 for all k since I I (F* ,  c k )  s E (the same is true for any well-known 
distance other than II). But this contradicts the assertion that T(C,) 4 K, 
for some k. 0 

For ease of communication, we introduce 

Definition 1. If a sequence { 8 , )  is not contained in any compact proper 
subset K of 0, we say the { 8 , )  diverges to the edge. 

We will find a “wicked sequence” { H k  ) to derive an upper bound on the 
breakdown point of affinely equivariant M-estimators. The crucial distribu- 
tion G, to look at is constructed as follows: Let F, be the projection of F, 
to the ( m  - 1)-dimensional space { x l x ( ’ )  = 0); for example, F, is the 
(m - 1)-dimensional standard normal distribution in this space. Denote by 
F” the distribution of IlXl12 when X - Fo; for example, the xi -1;  and by 
H* the symmetrized distribution of 11 XI{ considered as a distribution on the 
first x axis. Let 

1 1 
G, := (1 - ,)ib + ;H*.  

This crucial distribution is sketched in Figure 1. 

Lemma 2. Let an M-estimator be given by (5.3.11) or (5.3.12). If the 
equation 

j u : (  ”/.) d P (  0 )  = 0 

has a solution u * for (I, then 2 = u * I ,  fi 5= 0 is a solution for T( G*). 

. *  0 .  

* .  

Figure 1. Sketch of the crucial distribution G,. 
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Proof. Using the form (5.3.12) of the defining equations and integrating 
0 first with constant Ilxll, the result is readily clear. 

Theorem 1 (Breakdown bound for affine equivariant M-estimators). 
For a T which fulfills the assumptions of Lemma 2 and is weakly continu- 
ous at G,,, we have 

Proof. Let 2 = I, p = 0, and 

1 1 
m Gk( .) := (1 - -) * Fo( * )  + ;IT*( ./s,) 

with sk -+ ao. Transform the observations x like c* xC1)/sk to get the 
distribution c,. Note that Gk + G*, and the continuity assumption implies 
Bll(ck) -P u2*. By equivariance, 

B l l ( G k )  = S: * 611(Gk) + 00, 

and Lemma 1 provides the result for 6,. For other parameter values, it 
0 follows from the equivariance of T. 

Remark 1. In usual situations, the equation in Lemma 2 will really have 
a solution: If is replaced by F”, then there must be a solution by 
Theorem 2 of Subsection 5.3c, and F” will usually be quite similar to for 
moderate to large m. 

Remark 2 (historical). Maronna (1976) detected the low breakdown 
point of “monotone” M-estimators of covariance matrices (as described by 
the conditions of Theorem 1 of Subsection 5.3.c). Huber (1977b) generalized 
this result to nonmonotone estimators. The assumptions of his theorem 
include a questionable continuity property, however. 

Remark 3. An extreme example in which violation of this continuity 
leads to a high breakdown point is also unusual in the sense of Remark 1: 
Let Fo be the uniform distribution on the set {xll - Au I 1 1 ~ 1 1 ~  s l ) ,  and 
let T be defined by (5.3.11) with w,“( u )  = 2 Indicator ( u ;  1 - Au s u I 1) 
and w$(u) = l/m. The breakdown point for T approaches 4 for Au -P 0. 
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Whereas the theorem disqualifies all equivariant M-estimators, there are 
trivial nonequivariant procedures with breakdown 4 : Reject all observations 
showing up as univariate outliers in any of the m coordinates and calculate 
any covariance matrix (and location) estimator from the rest. Instead of 
being a favorable procedure, such a rule shows a weakness of the classical 
concept of breakdown poini when applied to the covariance-location model 
and gives rise to more general considerations. 

*5.5b. Breakdown at the Edge 

Most frequently, the covariance-location model serves to describe depen- 
dence relations between variables or helps detecting so-called “multivariate 
outliers.” Therefore, if the majority of the points in the sample happen to be 
near a hyperplane, it is highly desirable that this structure be detected, This 
idea leads to the following concept which applies to other models as well: 

Definition 2. The point of (gross error) breakdown at the edge for an 
estimator T and a given model is 

E:( T) = sup ( e s 1 I if { 6, } diverges to the edge then 

(G, = (1 - e)Fe, + eHk = { T ( G , ) )  diverges to the edge)). 

In the context of the covariance-locution model we require the following: 
If { G,} is a sequence of distributions, each of which is contained in an 
&-“neighborhood” of a model distribution Fe,, 8 k  = ( x , , ~ , ) ,  and if x k  

tends to a singular matrix, then the estimated covariance matrix should also 
tend to a singular matrix. 

For equivariw-t estimators in a model generated by transformations, this 
new kind of breakdown coincides with the first one. For a precise statement, 
let us recall that the group structure of the transformations { ae}  induces an 
operation 0 in 0 by 

6 = 6’08’‘ - a#(.) = a#,{ aett ( - ) I  
[see (4.5.1)J. 6 O  corresponds to the identity element, and 13- to the inverse 
(6-00 = eo). 

Theorem 2 (Equality of breakdown points for equivariant estimators). In 
a model generated by a group of transformations let the operation D have 
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the following property: For all K, K’ 8 
compact,suchthat{ent?‘leEK,8’E K ’ ) c  Kt ’and{B- lB~  K ) c  K”. 
Then for any estimator equivariant under the generating transformations, 
the breakdown point at the edge coincides with the ordinary (gross error) 
breakdown point. 

8 compact, there is a K” 

Proof (cf. Theorem 1). To Gk there corresponds gk = &<‘(Gk) - - 
(1 - &) * Fo + & * &tl(Hk), and T(Gk) = ekaT(Ek). If e k  diverges While 
T(Gk) stays within a compact proper subset K of 8, then T(gk) diverges, 
so that E* s e:. On the other hand, let { Gk = (1 - e) - Fo + & - Hk}  be 
such that T(Gk) diverges. Then 8, = T(Gk)- diverges While T( 68&(Gk)} = 
8Odoes not. Therefore e: s E*. 0 

In the covariance-location model, the operation is given by (5.2.6) and the 
condition of the theorem is easily verified since C-matrices belonging to 
compact subsets of the parameter space have determinants bounded away 
from 0 and 00. 

This result evokes an argument for looking at equivariant estimators with 
a high (ordinary) breakdown point. Clearly, the coordinate-dependent pro- 
cedure mentioned at the end of the last subsection does not improve the 
breakdown point at the edge, but the question whether there are other 
nonequivariant estimators with a high breakdown point at the edge remains 
open. 

5.5~. An Estimator with Breakdown Point f 

While univariate outliers in one of the coordinates were eliminated in the 
procedure mentioned at the end of Subsection 5.5a we now downweigh all 
observations sticking out in any projection: 

Definition 3. For each direction d E R”, lldli = 1, let L,(F) and 
S,( F) be a (one-dimensional) location and scale estimator (functional) of 
the distribution of the projection dTX, X - F, respectively (with the 
corresponding equivariance properties), and 

r ( x ;  F):= sup,(/dTx - L,(F){/S,(F)). 

Then the projection estimator corresponding to L, S, and a weight function 
w: R +--, R is defined as the ordinary weighted covariance-location estima- 



5.5. BREAKDOWN PROPERTIES OF COVARIANCE MATRIX ESTIMATORS 

tor with weights w( r ( x ;  F)’}, 

30 1 

(5 .5 .l) 

where c is a fixed constant used to achieve Fisher consistency at the normal 
distribution. 

The equivariance of such estimators follows from the definition of 
r ( x ;  F ) .  

Theorem 3. Suppose that: 

(i) The location-scale estimator (15, S ) T  has breakdown point f at the 
projection of F, onto a straight line. 

(ii) w is continuous, positive, and bounded, and w ( r 2 ) r 2  is bounded. 
(iii) The support of F, is the whole W‘“. 

Then, the gross-error breakdown point of the projection estimator defined 
by L, S,  and w is t for all model distributions. 

Prooj: Because of affine equivariance, it suffices to consider F, as the 
model distribution. Let E < f, and denote by G the distributions in the 
respective gross-error neighborhood around F,. Because of (i), L,(G) is 
bounded and S J G )  is bounded away from 0 uniformly for all d and G. By 
(ii), w [ r ( x ; G ) ‘ ]  is bounded away from 0 on any ball {xlllxll < c } ,  uni- 
formly in G .  Because of (iii), then, the denominator l w ( r 2 )  dG in (5.5.1) is 
bounded away from 0. Also, since the estimator is .a weighted classical 
estimator, the estimated covariance matrix may not be singular. It remains 
to show that the numerators in (5.5.1) are bounded. Clearly, 

where d ,  = x/llxll (x # 0). Since SJG) and Ld(G)  are uniformly bounded 
over all d and G ,  
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with suitable constants cl, c2, cg, and similarly for w(r2)llxll. Condition (ii) 
then makes sure that the numerators are bounded. 0 

Remark 4. The theorem is the asymptotic version of Jhnoho’s calcu- 
lation of the finite-sample breakdown point (Donoho, 1982; Donoho and 
Huber, 1983). 

The maximization involved in the definition of r (x ;  F) poses a serious 
computational problem. Heuristic considerations show that there may be 
many local maxima even if the global maximum is much higher than these. 
(This is especially true if L and S are the median and the median 
deviation.) Since, therefore, ordinary nonlinear programming cannot solve 
the problem, one could try to evaluate the function to be maximized at all 
points of a fine “grid” on the hypersphere. In higher dimensions, such a grid 
would need very many points to be accurately fine, however. 

A practicable solution for finite sample sizes n seems nevertheless possi- 
ble (cf. the idea of Siegel, 1982): Choose m indices ( i l ,  i,, . . . , i,) randomly 
from { 1,2,. . . , n } and find d perpendicular to the hyperplane through the 
observations with these indices. Repeat this construction q times and treat 
the maximum over the q directions as the global maximum. A local 
maximization procedure could be used to improve on this preliminary 
solution. In the situation mentioned in Subsection 5.5a (Fig. 1). where the 
‘‘good” observations lie near a hyperplane, the procedure will detect the 
structure if the indices ( i k )  select “good” observations exclusively for at 
least one of the q choices. The probability for this is 

p’ = 1-11 -(1- e ) m ] 4 ,  

where e is the proportion of contamination in the sample, if n/m is large. 
The number q of choices necessary for p* = 0.95 is given in Table 1. 

Note that this approximation retains the affine equivariance of the exact 
estimator. 

First results on the performance of the procedure for finite samples are 
given by Stahel (1981b). 

It may be guessed that the eflciency of such estimators is as poor as that 
of related regression estimators (cf. Subsection 6.4a). They should be used as 
a starting value for the iteration cycles of a (nonunique) M-estimator with 
possibly redescending influence function. 

Remark 5. The idea behind the projection estimators (and the regres- 
sion method of Subsection 6.4a) can be used also in other multivariate 
problems. It is called “projection pursuit” (see Huber, 1985). 
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tn 

2 
3 
5 
10 
20 

Table I. Number of Choices Necessary for p* - 0.95 

0.05 0.1 0.3 0.5 

2 2 5 11 
2 3 8 23 
3 4 17 95 
4 7 105 3067 
7 24 3753 3141252 

e 

Remark 6. Another affine equivariant location-covariance method with 
50% breakdown point is the minimal volume ellipsoid (MVE) estimator 
(Rousseeuw, 1983b). One determines the ellipsoid with smallest volume 
which covers (at least) 50% of the data, and uses its center as a location 
estimate (by inflating the ellipsoid, one finds appropriate confidence el- 
lipsoids). A somewhat more efficient variant is the minimal covariance 
determinant (MCD) estimator, given as the mean of the 50% data points for 
which the determinant of the empirical covariance matrix is minimal. These 
are not projection pursuit estimators, but their computational cost is of the 
same order of magnitude. 

EXERCISES AND PROBLEMS 

Subsection 5.2a 

1. (Short) Show that the rescaled standard normal distributions 
{ N#,(O, uZ)} are the only spherically symmetric distributions for which 
the components X ( j )  are independent. For simplicity, consider distri- 
butions with densities (with respect to Lebesque's measure) only. 

2. (Short) Let U ( A )  := aii,,,(e)/ae for short. (The right-hand side is 
. independent of 0 and a,) Show that 6;,: = 6 A - ~ , - A - ~ o  and therefore 

U ( A ) - *  = U(A-') ,  and that V(A)T  = U ( A T ) .  

Subsection 5.2b 

3. Verify (5.2.8) and (5.2.9), using the explicit formula that expresses Z- '  
and det(2) in terms of determinants of submatrices. 
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4. (Short) Verify (5.2.11). 

5. (Short) Calculate f” and w” for the case of (1) a normal distribution 
and (2 )  another spherically symmetric distribution of your choice. 

In the bivariate normal model with zero location, re lace the parame- 
ter 8 = (ull/ a, u22/ a, a12)‘ by 8 = (In&, in P u22, p)’, where p 
= ulJ {G. Using (5.2.9) and (4.2.7), show that the scores for 
8 = (O,O, p)T are 

6. 

[or derive S(x, 8)  for general 81. 

Subsection 5.3a 

7. (Short) Let S and 3 be symmetric matrices and let b be the upper 
left comer of order p ( p  + 1) /2  of a d-type matrix. Evaluate 
vecs(s)% vecs(S). 

Subsection 5.3b 

8. Verify that the asymptotic covariance between the ( i ,  j)th and the 
( k ,  f)th element of an equivariantly estimated variance-covariance 
matrix for a general model distribution is 

if i # j and k # I ,  and that the same formula holds for i = j or k = I 
or both up to a factor of fi or 2. [Hint:  Let 

and use result (4) of Subsection 5.3b and the results of Exercises 2 
and 7.1 
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9. In the identity 

replace var by the square of a robust scale estimator S to get a robust 
covariance estimator C. 
1. Express the influence function of C at the bivariate normal distri- 
bution N 2 ( 0 ,  2) in terms of the influence function IF(x; S, a) of the 
scale estimator at the standard normal distribution. 
2. In order to obtain a correlation estimator R, Gnanadesikan and 
Kettenring (1972) suggest to replace the X(’) in (*)  by X ( j ) =  

X ( j ) / S (  X ( j ) ) .  Solve part (1) for R. 
3. Huber (1981, Section 8.2) notes that IRl may exceed 1. He 
suggests using 

instead of R. Do part (1) again for R*. 

10. Consider the model of classical discriminant analysis: Let P( K = 1) = 

rive the influence functions of: (1) an estimator (vecs( ) , p o ,  p1 ) 
obtained from an affinely equivariant estimator as discussed in Subsec- 
tion 5.3b, at Z = I ,  p o  = O,pl = (1,0,0, ...)T; and (2) the respective 
estimator of the Mahalonobis distance (pi - - p,). 
[Hint:  Use (5.2.8).] 

p and P(K = 0) = 1 - p and X l K  - Mm(po + K ( p l  -{o,,.y.*p; 

Subsection 5 . 3 ~  

11. (Research) Can Eq. (5.3.12) be used instead of (5.3.11) in order (1) to 
develop an improved algorithm and (2) to prove the existence of 
estimated values under conditions different from those of Theorem 2 
of Subsection 5 . 3 ~  (e.g., W-estimators)? 

12. Adapt Algorithm 4 of Subsection 4.6b to the covariance-location 
model. 

13. (Short) Verify that the only W-estimator that is also a maximum 
likelihood estimator (for a suitable F,) is the classical estimator with 
constant weight function. 
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Subsection 5.4a 

14. (Research) Does the most robust estimator defined by (5.4.7) exist? 

Subsection 5.4b 

15. Consider Huber’s minimax solution (Example 1 of Subsection 5.3~). 
Show that, if a = 0, the minimax solution is optimal in the sense of 
Subsection 5.4b [Hint: First reconcile Huber‘s way of making the 
estimator consistent with introducing /I in (5.4.9).] Note that these 
estimators fulfill the conditions of Theorem 1 of Subsection 5.3c, which 
shows that there exists an estimate. 

16. Continuing the previous problem, show that for a = b, the minimax 
estimator equals the median estimator. If 0 < a < b, the minimax 
estimator is not optimal BP-robust. The optimal BP-robust estimators 
avoid the discontinuity problem of the minimax estimators with a > 0 
[except for those with extreme w$ function w$( u )  = l/u]. 

Section 5.4 

17. (Extensive) Derive an optimal robust estimator of the Mahalonobis 
distance which treats all the other parameters in the model as nuisance 
parameters (Section 4.4). 

18. (Research) Derive optimal redescending B-robust estimators in anal- 
ogy with Section 2.6. (For a minimax approach, see Collins, 1982.) 

Section 5.5 

19. 

20. 

21. 

For any seven points x i  in the plane, determine their “outlyingness” 
r (x i ;  Fn) as defined by L = median, S = MAD, (1) approximately, 
using as the “grid” of directions the axes and the diagonals and (2) by 
guessing the direction d ,  that determines r (x i ;  F,) for each point i. 

(Short) Show that in the plane (m = 2) one outlier, added to four fixed 
observations, causes the breakdown of any projection estimator based 
on L = median and S = MAD. 

Find the finite-sample breakdown point of the projection estimators 
considered in Theorem 3 (cf. Donoho, 1982; Donoho and Huber, 
1983). 
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Linear Models: Robust 
Estimation 

6.1. INTRODUCTION 

6.la. Overview 

The linear regression model is one of the most widely used tools in 
statistical analysis and the least-squares method is a very popular estimation 
technique for this model. But in spite of its mathematical beauty and 
computational simplicity, this estimator suffers a dramatic lack of robust- 
ness. Indeed, one single outlier can have an arbitrarily large effect on the 
estimate. The goal of this chapter is to investigate the robustness properties 
of a wide class of regression estimators generalizing least-squares and to 
propose robust alternative estimators. The testing problem and a proposal 
for a robust model selection are discusstd in Chapter 7. 

Section 6.2 is devoted to the Huber-estimator. We derive its influence 
function and by means of the fundamental concepts of influence of the 
residual and influence of position in factor space, we show that more refined 
estimators are needed in order to cope with outlying points in the factor 
space. General M-estimators are introduced in Section 6.3. We compute 
their influence function and their change-of-variance function, discuss 
different sensitivities, and solve Hampel's optimality problem. Finally, in 
Section 6.4 we discuss the breakdown point of regression estimators and 
give some numerical results on the asymptotic efficiency of bounded in- 
fluence estimators. A short account on the available computer programs is 
also included. 

Since the linear model is a special case of the general parametric model, 
the results of this chapter can in principle be derived from those of Chapter 
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4. However, because of its theoretical and practical importance, it is 
worthwhile to adapt the formulas and to discuss explicitly the results in this 
case. Moreover, the equivariance properties of the linear model simplify the 
form of the optimal estimators and allow a nice and intuitive interpretation 
of the results that help to understand the general theory. Therefore, this 
chapter can be read before Chapters 4 and 5. 

6.lb. The Model and the Classical Least-Squares Estimates 

We consider the following linear model. 

distributed random variables such that 
Let { ( x i ,  y i )  : i = 1,2,. . . , n } be a sequence of independent identically 

y i = ~ : e + e i ,  i - 1 ,  ..., n, 

where yi€ R is the ith observation, 
x i €  RP is the ith row (written as a column vector) of the design 

matrix Xnxp, 
6 E 8 c R P is a p-vector of unknown parameters ( p 2 l), 
e, E R is the i th error. 

We suppose that 8 is open and convex and that e, is independent of x i  
and has a symmetric distribution G( e/a), where u > 0 is a scale parameter, 
with density g with respect to the Lebesgue measure. 

Let K ( x )  be the distribution function of x,, with the density k with 
respect to the Lebesgue measure. We denote by f e (x ,  y )  the joint density of 
( x i ,  yi), that is, 

and by F,(x, y )  the corresponding distribution function. 
In the usual formalization, one considers a linear model with observa- 

tions yl , .  . . , y, and fixed carriers xl,. . . , x,. However, it is convenient to 
consider a random-carriers model, especially for dealing with extreme 
design vectors (which might be wrong). The results derived for this case can 
be interpreted and applied in a fixed-carriers model. 

Classical estimation and test procedures in linear models are based on 
the well-known method of least squares. This method was first published by 
Legendre in 1805, but the question of the priority between Gauss and 
Legendre over this discovery is still being discussed (Stigler, 1981). Consider 
for a moment a as fixed. 
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A least-squares (LS) estimate T,Ls of 0 is any statistic that minimizes the 
Euclidean norm of the residuals: 

that is, Tbs is defined by 

r(rnLs) = min{r(e)le E e } .  
Its optimality is stated by the following result. 

Theorem [Gauss-Markov (GM); see Scheffh, 1959, p. 141. Under the 
assumptions 

Ee,=O, i = l ,  ..., n, (6.1 .GM1) 

(6.1.GM2) cov(ei, ..., e n )  = 0’1, 

every estimable function bT8 has a unique linear estimate which has 
minimum variance in the class of all unbiased linear estimates. It is given by 
bTTbS, where TbS is any least-squares estimate. If in addition the errors are 
normally distributed, then this estimator has minimum variance among all 
unbiased estimators. 

Some remarks about this result are in order. 
Linearity is a drastic restriction: many maximum likelihood estimators 

[e.g., under the logistic and all 2-distributions (including the Cauchy) of the 
errors] are not linear. Rejection of outliers is also a nonlinear operation. In 
fact, the least-squares estimator is optimal in the class of all unbiased 
estimators, only if the errors are normally distributed. Therefore, the 
restriction to linear estimators can be justified only by normality (or 
simplicity). The normal model is never exactly true and in the presence of 
small departures from the normality assumption on the errors, the least- 
squares procedures (estimators and tests) lose efficiency drastically (Huber, 
1973a, 1977c; Hampel, 1973a, 1978a, 1980; Schrader and Hettmansperger, 
1980; Ronchetti, 1982a, 1982b). Thus, one would prefer procedures which 
are only nearly optimal at the normal model but which behave well in a 
certain neighborhood of it. 

Figure 1 shows the effect of an outlying observation PI on the least- 
squares fit. The data are taken from Ezekiel and Fox (1959, pp. 57-58). The 
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Table 1. Water Flow at Two Points on 
Kootenay River in January (units of cfs) 

Year Newgate ( y )  Libby (x)  

1931 
32 
33 
34 

1935 
36 
37 
38 
39 

1940 
41 
42 
43 

19.7 
18.0 
26.1 
44.9 
26.1 
19.9 
15.7 
27.6 
24.9 
23.4 
23.1 
31.3 
23.8 

27.1 
20.9 
33.4 
77.6 
37.0 
21.6 
17.6 
35.1 
32.6 
26.0 
27.6 
38.7 
27.8 

Permission Ezekiel and Fox (1959). 

Pl 

40 

35 

Figure 1. LS fit for the data of Table 1 (point corresponding to year 1934 changed to PI) .  
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water flow at two different points (Libby, Mont. and Newgate, B.C.) on 
Kootenay River in January was measured. Table 1 shows the data. For 
illustration purposes, we changed the point corresponding to the year 1934 
to (20.0,44.9) and denoted it by P,. 

6.2. HUBER-ESTIMATORS 

In this section we assume the linear model of Section 6.1 with normal errors 
(C = a). The results generalize readily to other model’s distribution func- 
tions C satisfying the conditions (Fl) and (F2) of Subsection 2.5a. 

In 1973 Huber (see Huber, 1973a, 1977c) extended his results on robust 
estimation of a location parameter to the case of linear regression. Basically, 
he proposed to compute weighted least-squares estimates with weights 
(redefined iteratively) of the form 

wi = min{l,c/[ril}, (6.2 .l) 

where ri is the ith residual and c is a positive constant. The weights thus are 
not fixed, but depend on the estimate. More generally, Huber proposed 
M-estimators T, defined by 

r(q) = min{r(B)IB E O } ,  (6.2.2) 

where 

(6.2.3) 
i - 1  

for some function p: R -+ R + and for a fixed u. If p has a derivative 
( J / J r ) p ( r )  = +(I-), T, satisfies the system of equations (with the p-vectors 
X i  ) 

n 

C +(( Yi - xTTn)/u)xi = 0. (6.2.4) 

Remark 1. The least-squares estimator is defined by the function p ( r )  
= r2/2 and the L,-estimator by p ( r )  = Irl [see Bloomfield and Steiger, 
1983 for a nice account of L,-estimation]. The Huber-estimator defined by 
the weights (6.2.1) may be obtained putting p ( r )  = p,(r) in (6.2.3) [ # ( r )  = 
# J r ) ;  cf. (2.3.15)], and is in fact the maximum likelihood estimator when 
the errors are distributed according to the distribution with density propor- 
tional to exp( - p,( r)) (cf. Section 2.7). 

i - 1  
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RemarL 2. In practice, one usually has to estimate the scale parameter u 
along with 8. A possible way to do this is to minimize, with given /3, 

with respect to 6 and u. Taking derivatives we obtain the following 
equations 

n 

C +(( yi - xiTT,)/d)xi 0, (6.2.5) 
i -  1 

where + ( r )  = p'(r) and ~ ( r )  = r+(r )  - p ( r )  - 8. The choice + ( r )  = 
+ J r ) ,  X ( r )  = (JlJr))' - /3 corresponds to Huber's Proposal 2 (see Huber, 
1981, p. 137). Alternatively, one can consider + and x unrelated and solve 
(6.2.5) and (6.2.6) simultaneously. The choice x ( r )  5 sign( Irl - 6 )  with an 
appropriate B, defines Hampel's median deviation (Hampel, 1974). For 
details see Subsection 2.5e. 

Remark 3. Note that M-estimation based on a dispersion function of 
the form (6.2.3) is related to a metric. Let 

n 

i -  1 
v (  u ,  0 )  := c p ( (  u ( i )  - u ( i ) ) / u ) ,  

McKean and Schrader (1980) show that in most cases there exists a 
monotone function f such that f (v (u ,  0 ) )  is a metric on R". This f exists 
for p -- pc (Huber-estimator) and for p defining Hampel's three-part rede- 
sending estimator (Hampel, 1974) (see Subsection 2.6a). 

In order to study the robustness properties of the Huber-estimator TH" 
we compute its influence function at the model distribution &(x,  y) with 
density (ignoring the scale) 
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Using (4.2.9) with 

we obtain 

where 

M = ( E + ; )  . ( ~ x x ~ )  = ( / + ; ( r j d a ( r ) )  .( / x x ~ d ~ ( x ) ) .  

We see that this influence function depends on y only through r := y - xT8. 
Following Hampel (1973a, 1978b) we can rewrite IF  as a product of two 
factors, namely the (scalar) influence of the residual (IR) and the (vector-val- 
ued) influence of position ir! factor space (IP): 

IF( X ,  xTS + r ;  THu, Fe) =: IT( x ,  r ;  THu, F') 

= IR(r; THu,a)  IP(x; THU, K ) ,  (6.2.8) 

where 

IP(x; T H u ,  K )  = (ExxT)- 'x .  

The factorization (6.2.8) is unique if we define IR as the influence function 
of the corresponding M-estimator of location (defined by + c )  (see 2.3.12). 
IT is called the toral influence on the estimator at 4. 

The influence of the residual IR(r; THu, Fe) is bounded. This is an 
improvement of least-squares estimators from the robustness point of view. 
But still, the influence of position in factor space is unbounded. Thus a 
single x i ,  which is an outlier in the factor space, will almost completely 
determine the fit (Hampel, 1973a). In this sense the Huber-estimator and all 
the estimators defined through (6.2.4), including the L,-estimator, are only 
the first step in the robustification of a regression estimator. In order to cope 
with problems caused by outlying points in the factor space, we need more 
refined estimators. 

Figure 1 shows the effect of a leverage point Pz on the least-squares and 
the Huber-estimator. (The data are the same as those of Figure 1 in 
Subsection 6.lb with PI replaced by Pz.) 
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Figure 1. LS and Huber's fit for the data of Table 1 (Section 6.1) (point corresponding to year 
1934 Changed to fz). 

Remark 4. The influence function for fixed-carriers models can be 
derived as follows (see Huber, 1983). Let x l ,  . . . , x, be fixed and denote by 
Get the distribution of yj = xy8 + ei. The defining equation for the estima- 
tor T is 

2 / # ( y i  - xiTT(H~, . . . ,H, ) )x ,dH,(y i )  = 0 (6.2.9) 
i- 1 

and Fisher consistency requires T(Ge1,. . . ,Gem) = 8. Then, by putting 
= (1 - e)Ge, + eb, in (6.2.9) and by computing the derivative at e = 0, we 
get 

Iq( y; T; Gel, . -, GB,) = JI ( Y - ~ 7 8 )  

(6.2.10) 
see Exercise 7. 
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6.3. M-ESTIMATORS FOR LINEAR MODELS 

63a Definition, Influence Function, and Sensitivities 

Definition 1. An M-estimator T, for linear models is defined implicitly 
by the (vector) equation 

n 

C q ( x j , ( y i  - xTTn)/o)xj  = 0 (6.3.1) 

R satisfies 

i-1 

(see Maronna and Yohai, 1981), where the function q: R P X iR 
the following conditions: 

(6.3.ETAl’) (i) q(x ,  .) is continuos on R \ V ( x ;  q )  for all x E RP, 
where O ( x ;  q )  is a finite set. In each point of V ( x ;  q),  
q(x ,  .) has finite left and right limits. 

(ii) q(x ,  .) is odd and q ( x ,  r )  ;r 0 for all x E R P, r E 
R +. 

(6.3.ETA2)) For all x,  the set 9 ( x ;  q )  of points in which q ( x ,  .) is 
continuous but in which q‘(x, r )  := (lJ/lJr)q(x, r )  is not 
defined or not continuous, is finite. 

We shall also need the following regularity conditions: 

(6.3.ETA3’) (i) M := Eq’(x, r )xxT  = jq’(x,  r )xxTdQr( r )  d K ( x )  ex- 
ists and is nonsingular. 

(ii) Q := Eq2(x ,  r )xxT  = /q2 (x ,  t ) x x T d Q r ( r ) d ~ ( x )  ex- 
ists and is nonsingular. 

These conditions correspond to the conditions on # given in Subsection 
2.5a. 

The form (6.3.1) restricts the M-estimators, as compared with the general 
formula Z:-l+(xi, yi; Tn) = 0 (cf. Definition 5 ,  Subsection 4.2~) in two 
ways: +(x , ,  yr; 8 )  must have the same direction as x and the scalar q(x ,  r )  
depends on 8 only through r = y - xTB. Both restrictions are justified by 
equivariance considerations. 

There have been several proposals for choosing q. For a stimulating 
discussion we refer to the papers by Hampel (1978b), Welsch (1979), 
Krasker and Welsch (1982), Huber (1983), and to the Ph.D thesis of Hill 
(1977). All known proposals of q may be written in the form 

d x ,  r )  = 4.) a # ( r  * + ) ) ,  



316 6. LINEAR MODELS: ROBUST ESTIMATION 

for appropriate functions 4: R + W and w: R P + R +, u: R P + R + (weight 
functions). Huber (1973a) uses w ( x )  = 1, u ( x )  = 1,  and Mallows's and 
Andrews's proposals (see Hill, 1977) set u ( x )  = 1 and w ( x )  = 1, respec- 
tively. Hill and Ryan (see Hill, 1977) proposed u ( x )  = w ( x )  and, finally, 
Schweppe (see Merrill and Schweppe, 1971; Handschin et al., 1975) sug- 
gested choosing u ( x )  = l / w ( x ) .  

Let now u = 1 for simplicity. 
The functional T( F) corresponding to the M-estimator defined by (6.3.1) 

is the solution of 

/ + ,  Y - X T  * T ( F ) ) x d F ( x ,  y )  = 0.  

Define 

Then the influence function of T at a distribution F (on RP x R) is 
given by 

I F ( x , y ; T , F )  = ~ ( X , Y  - x T -  T ( F ) )  - M - ' ( t ) , F ) x .  (6.3.3) 

Maronna and Yohai (1981) show, under certain conditions, that these 
estimators are consistent and asymptotically normal with asymptotic covari- 
ance matrix 

(6.3.4) 

where 

Q( t), F )  := IT/*( X ,  y - x T  * T( F ) ) x x T d F ( x ,  Y )  

[cf. (4.2.2) and also Yohai and Maronna, 19791. At the model distribution 
F = F, we obtain 

IF( X ,  Y ;  T ,  Fe) i= t)( X ,  y - ~ ' 8 )  * M-'x,  (6.3.5) 

V ( T ,  Fe) = M-'QM-',  (6.3.6) 
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where 

M := M(TJ,Fo) = E { q ' ( x , r ) x x T } ,  

Q : =  Q ( q , F o )  = E { T J * ( x , T ) x x ~ } .  

Note that M and Q, and thus V(T, f"), do not depend on 8. Moreover, the 
sensitivities (see Subsection 4.2b) equal 

where J( G )  = /( g'/g)' dG ( J (  a) = 1). 

(self-influence; see Hampel, 1978b) given by 
For linear models one may also consider the injhence on IheJitted uaiue 

with the corresponding sensitivity 

Note that y,*, y:, and ,yT are invariant with respect to nonsingular linear 
transformations of the parameter space which, for linear models, correspond 
to a change of the basis in the space of the design vectors x. 

*One can also define the influence on the predicted value at xo, 

x,TIF(x, y ;  T ,  G), 
with the corresponding sensitivity 

YP*(T. F, 9 x o )  SUPX.."l x m x ,  Y ;  T, 4) I 
= s ~ ~ ~ , J ~ ( ~ , ~  - x T e ) ( x p - l x .  
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Definition 2. We say that the estimator T defined by q is B,-( Bs-, B,-, 
B,-)robusr if and only if y:(y,', y:, yr )  is finite. 

6.3b. Most B-Robust and Optimal B-Robust Estimators 

Consider the linear model with normal errors (see Section 6.1) and let { 7 )  
be the class of M-estimators for linear models defined in Subsectiod 6.3a. 

In this subsection we want to find the most B-robust estimator in { q } ,  
that is, the estimator with the smallest sensitivity y* at the model. Further- 
more, we want to apply the optimality results of Section 4.3 to obtain 
optimal B-robust estimators for linear models. 

The following proposition gives lower bounds for the unstandardized and 
the self-standardized gross-error sensitivity at the model, see Ronchetti and 
Rousseeuw (1985). 

Proposition 1. 

(i) Always y: 2p(~/2)'~/Ellxll.  If E[xxT/llxll] is a scalar matrix, 
then q(x, r )  = sign(r)/llxll reaches this lower bound, so we call this 
estimator most B,-robust. 

(ii) Always y,' 2p1I2. If E[xxT/llxl12] is a scalar matrix, then q(x,r) - sign(r)/llxll reaches this lower-bound, so we call this estimator 
most B,-robust. 

(Here a scalar matrix is a real multiple of the identity matrix.) 

In the case p = 1 or K is radially symmetric, that is, 

(6.3.R) K depends only on Ilxll, 
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then E[xx'Alxll] and E[xxT/llxl12] are indeed scalar matrices. When 
p = 1 (regression line through the origin), Proposition 1 gives the most Bu- 
(and ll#-) robust estimator T, = med( y i / x i )  (see Krasker, 1980, p. 1340). 
When also x = 1 (location problem), the solution reduces to the sample 
median. Proposition 1 improves Krasker's lower bound (1980, Proposition 
2) for y,*, which he gave for a special family of estimators with which we 
shall deal later. 

Note that the most B,- (and BS-) robust estimator of Proposition 1 has a 
Mallows-type q-function, but can also be considered as a member of the 
Schweppe class by writing sign(r) as sign(r - Ilxll). 

The optimality results follow directly from Section 4.3. From Theorem 1 
of that section we get the following result. 

Proposition 2. The estimator within { q )  which minimizes the trace of 
the asymptotic covariance matrix V [the trace of J(?P)ExxTV respectively] 
under the condition of a sufficiently large bound c on the sensitivity y: (y: 
respectively) is defined by an q-function of Schweppe's form, 

The optimal weight function w ( x )  is given by 

where the matrices A are defined implicitly by the equations 

U: E[(2@(c/J lAxl l )  - 1)xxl ' )  = A-1,  (6.3.9) 

1: E [  (2@( c/llAxll) - l ) X X T ]  = A -'( EXXT)lI2, (6.3.10) 

where ( ExxT)'/* is any root of ExxT. 

More precisely, if c is large enough that the solution A of (6.3.9) exists, 
then (6.3.7) satisfies the stated optimality. There is a lower bound on c 
(given by Proposition l(i)), and Krasker (1980) shows the existence for 
sufficiently large c, but one does not know how large c must be. Assuming 
either p = 1 or (6.3.R), one can show that this estimator exists if and only if 
c > p ( ~ / 2 ) ' / ~ / E l l x l l  (Ronchetti and Rousseeuw, 1985, Lemma 1). 
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The optimal estimator in the unstandardized case (optimal B,-robust) is 
called the Hampel-Krasker estimator (see Hampel, 1978b; Krasker, 1977, 
1980). 

Applying Theorem 2 of Section 4.3 we can state now an admissibility 
result for the self-standardized case. 

Proposition 3. For each c > P’’~, the estimator defined by (6.3.7) and 
(6.3.8), where the matrix A is determined implicitly by the equation 

(6.3.1 1) 

is admissible (see Definition of Section 4.6) among all estimators of the class 
( q  } satisfying y,* s c. (The left-hand side of (6.3.11) can be integrated with 
respect to the error distribution yielding 

This estimator will be called Krusker- Wefsch estimator. 
Krasker and Welsch (1982) discuss extensively the self-standardized case 

and show that the estimator given by Proposition 3 satisfies the first-order 
necessary condition for efficiency, that is, if there is an estimator that 
minimizes the asymptotic covariance matrix in the strong sense within { q }  
under the condition of a bounded self-standardized sensitivity, th is  is, of the 
form given above. Note, however, that Bickel (1984b) suggests that the 
Krasker-Welsch estimator might not be strongly optimal (cf. also Ruppert, 
1985). 

Remark 1. Welsch (1981) conjectures that we can obtain the same kind 
of result if we solve the optimality problem with respect to the “fitted-value 
sensitivity.” The optimal B,-robust estimator is defined by a q-function of 
the form (6.3.7) but with weight function 

4.) = llAxll-2, (6.3.12) 

where A is determined implicitly by the equation 

E[(2a+/llAx112) - l)xxT] = (A%)- ’  (6.3.13) 
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Now we want to give the solution of Hampel's optimality problem in a 
subclass of general M-estimators for linear models, namely, the class of 
Mallows estimators. There is a particular interest in Mallows's class of 
estimators because they may provide good diagnostic information (Welsch, 
1981). Moreover, they have bounded local-shift sensitivity, as opposed to 
Schweppe-type estimators. Mallows estimators are defined by a -q-function 
of the form 

where w :  R p + R +, +: R + R are appropriate functions. The optimal B- 
robust estimator within this class is defined by the v-function 

d x ,  r )  = W b )  - k(d, (6.3.14) 

where w ( x )  is given by 

u,s,i: W ( x )  = wb( l lBxl l ) ,  (6.3.15) 

and b ,c  are some positive constants. Note that here b and c are not 
uniquely defined through the bound on the sensitivity. The matrices B are 
implicitly defined according to the four cases by the following equations 

U: Ewh(llBxll)xxT = B-' ,  (6.3.17) 

S: E W ; ( 1 p X I I ) X X T  = ( B T B ) - ' ,  (6.3.1 8) 

These results can be derived analogously to the general case. 
Figure 1 shows how the Huber-estimator, the optimal Mallows estimator 

[defined by (6.3.14), (6.3.15), and (6.3.17)], and the Hampel-Krasker estima- 
tor downweigh the observations. 

Figure 2 shows the Hampel-Krasker and the optimal Mallows estimator 
for the data set of Figure 1 (Section 6.2). 
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Huber: 
n 

C +,(.(>xi 0 0 
i - 1  

,/ Huber does not bound the influence of position. 

rc 

Mallows : 
n 

C +c(ri)wixi 0 
i - 1  

Mallows downweighs leverage points regardless oj the 
magnitude of the corresponding residual. 

--- - 

I 

Humpel- Krasker: 

Hampel-Krasker downweighs leverage points only i /  the 
corresponding residual is large. 

Figure 1. Bounding the influence of the residual and the influence of position in factor space, 

Remark 2. Mallows (1983) pointed out that one should impose con- 
straints on both the gross-error sensitivity and the local-shift sensitivity. In 
the case of simple regression through the origin (p = l), the estimator that 
minimizes the asymptotic variance within the class { q } ,  under the side 
conditions of a bounded gross-error sensitivity and a bounded local-shift 
sensitivity is given by 

d x ,  r )  = wh(llxll)~r(llxl,)(')r 

where c(llx1l) = S - max(1, b/llxll), and the constants b, Z. are determined 
uniquely through the bounds on the sensitivities. 
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LS 
Huber 

Figure 2. The LS, Huber-, Mallows, and Hampel-Krasker estimators for the data of Figure 1 
(Section 6.2). 

Remark 3. Equations (6.3.9)-(6.3.11), (6.3.13), and (6.3.17)-(6.3.20) are 
of the form (5.3.11). Thus, the solution of each equation determines a robust 
covariance matrix in the factor space which is used in the corresponding 
function [(6.3.8), (6.3.12), (6.3.15), and (6.3.16)] to assign a weight to each x 
according to its outlyingness from the center. 

6 3 .  The Change-of-Variance Function; Most V-Robust and 
Optimal V-Robust Estimators 

In this subsection we extend the notion of change-of-variance function to 
the regression model and in analogy with the gross-error sensitivity we 
define an unstandardized and a self-standardized change-of-variance sensi- 
tivity. We find the most V-robust estimators for regression and we show that 
the optimal B-robust estimators solve the related optimality problem with 
respect to the change-of-variance sensitivity; therefore, they are also optimal 
V-robust estimators. 

The proofs of the propositions in this subsection use similar techniques 
as in the location case (see Section 2.5). Therefore we drop most of them in 
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our exposition. For further details see Ronchetti and Rousseeuw, 1985; 
Ronchetti, 1982b. 

Consider the class of M-estimators given in Subsection 6.3a and let 
V(T, F) be the asymptotic covariance matrix of an M-estimator T defined 
by (6.3.4). 

Definition 3. We define the change-of-uuriunce function of an M-estima- 
tor corresponding to 77 at the model distribution Fe by the matrix 

CVF(X,Y;T,F~) := [ ( a / a ~ ( ~ , ( 1  - E ) I ; ~  + 

for all x ,  y where this expression exists. 

Let B(x; q )  c R be the finite set of points where q'(x, .) is not defined 
(see 6.3.ETA2'). After some elementary calculations applying Definition 3, 
we obtain 

CVF(x, y; T, F,) = M-'QM-' + q 2 ( x ,  Y - ~ ' 6 )  * M-'xx'M-' 

+M-'QM-'xx'M-' 1 (6.3.21) 

and taking traces 

traceCVF(x, y ;  T, F , )  = traceV(T, Fe) + v 2 ( x ,  y - x'6) * llM-'xl12 

-2q'(~,  Y - x Q )  *(M-'x)~M-'Q(M-'x), 

(6.3.22) 

for all ( x ,  y) such that y - xTB 6? 9 ( x ;  q). 

In analogy with y* we propose the following measures of sensitivity. 

Definition 4. We call 

%:(T, F , )  := sup{traceCVF(x, y ;  T, FB)/ 

traceV(T, Fe)b - xT6 4 B(x;  8 ) )  (6.3.23) 
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the unstandardized change-of-variance sensitivity and 

the self-srandardized change-of-variance sensitivity. Applying (6.3.22) and 
(6.3.24) we obtain 

- xTe 4 qx; 4 (6.3.25) 

and 

Note that both definitions (6.3.23) and (6.3.24) extend the change-of-vari- 
ance of sensitivity of the one-dimensional location case (see Section 2.5) to 
the regression case and that K: is invariant with respect to nonsingular 
linear transformations of the parameter space. 

As for the location case (cf. Subsections 2.5a), the change-of-variance 
sensitivity is defined by means of the supremum of the change-of-variance 
function. Note, however, that the infimum of that function though less 
important than the supremum, also has some meaning and importance, 
especially if stability of confidence intervals is desired. 

Again the following equality holds: 

Remark 4. The change-of-variance function can be also computed at 
distributions F outside the model F,. Moreover, Definitions 3 and 4 can be 
applied to general parametric models and one gets formulas similar to 
(6.3.21), (6.3.25), and (6.3.26). 
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Definition 5. We say that the estimator defined by rl is Vu- (K-)rohr if 
and only if K: (K:) is finite. 

As in the location case we have the following relation between B- and 
V-robustness. 

Proposition 4. Vu-robustness implies B,-robustness. K-robustness im- 
plies B,-robustness. In fact, y,* S [(K: - l)MSE]'/Z and y,' 5 [K: - P ] ' ~ ,  
where MSE := trace V( T, 4). 

Proof; First, assume that K: := ~ : ( q )  < 00. Let us suppose that there 
exists (xo,  yo) such that Iq(xo, yo)l llM-'xoll > [(K: - 1)MSEI'fl. 
Without loss of generality, yo 9 ( x o ,  q )  and yo > 0. We also have xo # 0, 
and we put C I= Q(xo,  rl), D := WXO, q), and + ( y )  := ~ ) ( X O ,  Y)llM-'xoll 
for all y 4 C. Case A: If (M-'xo)'QM-'(M-'xo) = 0, then 
1 + G2(yo)/MSE - ~+'(~~XM-'X~)'QM''(M-'X~)/(~~M-'~~~~SE) > 1 
+(K: - 1) = K:, contradicting (6.3.25). Case B: Suppose that 
(M-'xo)'QM-'(M-'xo) > 0. If +'(yo) 2 0, then 1 + +2(yo)/MSE - 
2Jl'(yo~M~'xo)'QM~'(M~'xo)/(~~M~'xo)JMSE) > 1 + (K: - 1) = K:, a 
contradiction. Therefore +'(yo) > 0; hence there exists e > 0 such that 
+'(r )  > 0 for all r in [yo, yo + e), and thus + ( y )  > +(yo) for all y in 
(yo,yo + el. We now show that + ( y )  > +(yo) for all y >yo, y BE C. 
Suppose the opposite were true; then yo + e s y' *= inf( y > yo; y 4 C 
and + ( y )  s +(yo)} < 00. As in points of C only upward jumps arc allowed 
(otherwise, K: 5 a), we have y' B C. [Take c E C, c >yo. If +(c - ) < 

c # y'.] Hence + is continuous at y', so +(y' )  = +(yo). Clearly, + ( y )  > 
+(yo) for all y in (yo, y')\ C. Now there exists a point y" in (yo, y')\(C 
u D )  such that +'(y") 5 0, because otherwise we could show that +(up) > 
+(yo) by starting in yo and going to the right, using the upward jumps in 
points of C. Since we must also have +2(y") > +2(yo), it would hold that 
1 + +2(y")/MSE - 2~(y"~M~'xo)'QM~'xo)/(/~M~'xo~/MSE) > 1 + 
+'(y")/MSE > 1 + (K: - 1) - K:, a contradiction. We conclude that 
+ ( y )  > +(yo) for all y > yo, y 4 C. We now p r d  to the final contradic- 
tion. Because C U D is finite, we can assume from now on that [yo, + ao) n 
(C U D) is empty. Then J12(y) - 2+'(y~M-'xo) '~M-' (M-'xo) /  
~ ~ M - ' x o ~ ~  2 b2 for all y 2 yo, where b := [(K: - 1)MSEI'fl. Bemuse J12(y) 
> +2(yo) > b2, this gives + ' ( y ~ M ~ ' x o ) r Q M ~ ' ( ~ ~ ' x o ) / ~ ~ M ~ ' x o ~ ~  
2 + [ + 2 ( y )  - b2] > 0. Therefore, + ' ( y ) / [ + ' ( y )  - b2] 2 d *= 
~~M-'xo~V[2(M-'xo)'QM-'(M-'xo)] > 0. For all y 2 yo, we define R ( y )  
= (l/b)coth-'(#(y)/b). It follows that R is well defined and differentia- 

+(YO) then Y' < CI and if +(c - 12 +(YO) then +(c + 1 > +(YO), so 
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ble with derivative +'(y)Aq2(y)  - b2] on [yo, a). Therefore, R ( y )  - 
R(yo)  2 d ( y  - yo) for all y 2 yo, which implies that coth-'($(y)/b) I; 

b[dyo - R(yo)  - dy]. The left-hand side of the latter inequality is strictly 
positive because + ( y ) / b  > 1, but the right-hand side tends to - a when 
y 00, which is clearly impossible. Case C: Now suppose that 
(M-'xo)'QM-'(M-'xo) < 0. As in case B, we see that $'(yo) c 0; hence 
there exists e > 0 such that P(r) < 0 for all r in (yo - E, yo], and thus 

for all y -c yo (this time making use of - 00 < y' *= sup( y < yo; y 4 C 
and + ( y )  s +(yo))  s yo - e and the fact that only downward jumps of $ 
are allowed in points of C). However, this is a contradiction because + has 
to be negative for negative y. As we have reached a contradiction in cases 
A, B, and C, we can conclude that y,* s [ ( K :  - 1)MSEI'D. 

Second, assume that ~ : ( q )  < 00 and that there exists (xo, yo) such that 

The proof then follows the same lines as in the first part, but now 
+(y) := q(xo, y)(x&Q-'x0)'n; cases A, B, and C are based on the sign of 

0 

+(y) > +(YO) for all y in [Yo - e, yo). As in case B, we show +(u)  > +(yo) 

Iq(x0, ~ o ) l ( x & Q - ~ ~ o ) ' ~  > (K:(v) - P ) ' ~  where YO e B(xo,~)and YO > 0. 

x&M-'x,, b := (K: - p)'n; and d := ( x & ~ - ' x o ) ' ~ 2 / ( 2 x & M - ' x o ) .  

Corollary. Suppose q is nondecreasing in r. Then, 

(i) If QM-' 2 0, V,- and B,-robustness are equivalent. 
(ii) If M > 0, V; and B,-robustness are equivalent. 

The following proposition gives the most Vw- and most K-robust estima- 
tors. It is analogous to Proposition 1. 

Proposition 5 

(i) Always K:  2 2. If E[xxT/llxll] is a scalar matrix, then q(x, r )  = 
sign(r)/llxll reaches this lower bound, so we call this estimator most 
V,-robust. 

(ii) Always K: 2 2 p .  If E[xxT/llxl12] is a scalar matrix, then q(x, r) - 
sign(r)/llxll reaches this lower bound, so we call this estimator most 
K-robust. 

The optimality results with respect to the change-of-variance sensitivities 
are given in the next two propositions. 

Proposition 6. Assume p = 1 or (6.3.R), in which case attention 
is restricted to functions q(x, r )  = q*(llxll, r). Let TcHK be the 
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Hampel-masker estimator. Then, for each k > 2, there exists a c > 0 such 
that K : ( T , ~ ~ ,  Fe) = k, and the Hampel-Krasker estimator minimizes the 
trace of the asymptotic covariance matrix among all estimators satisfying 
K: s k. Any other solution of this extremal problem is equivalent to this 
estimator. 

Proposition 7. Let KKw be the Krasker-Welsch estimator. Then, for 
each k > 2p, there exists a c such that K : ( T ~ ~ ~ ,  Fe) = k ,  and the 
Krasker-Welsch estimator is admissible among all estimators satisfying 
K: s k. 

Remark 5. In analogy to the location case, we conjecture that, if one 
looks for estimators with finite changeof-variance sensitivity and finite 
rejection point, the q-function defining the most efficient estimator satisfy- 
ing those conditions, is of Schweppe’s form (see Subsection 6.3a) with 
+ ( y )  = ~ ~ , ~ ( y )  [see (2.6.9) and Fig. 7 in Subsection 2.6~1. We call this 
M-estimator for regression tanh-regression estimator. 

6.4. COMPLEMENTS 

6.4a. Breakdown Aspects 

By means of infinitesimal methods we have derived in the last section 
optimal robust estimators for regression. In this subsection we want to 
discuss the breakdown-point aspects. Let us recall briefly the definition of 
the breakdown point E* .  In words, it is the smallest percentage of con- 
tamination in the data that may cause the estimator to take on arbitrarily 
large values. The exact definition, which is asymptotic in nature, can be 
found in Subsection 2.2a along with a finite-sample version of this concept. 

In the case of the least-squares estimator we find E* = 0. The first step in 
the robustification of the least-squares estimator is the Huber-estimator (see 
Section 6.2). Its breakdown point depends on the design (the distribution of 
the x’s), It is never greater than 25% and is arbitrarily close to zero for 
longer-tailed designs. The most robust limiting case of the Huber-estimator, 
the L,-estimator (that minimizes the sum of absolute deviations) has 
breakdown point 25% for uniform x’s, less than 24% for normal x’s, and 
arbitrarily close to zero for longer-tailed and asymmetric designs (cf. Hampel, 
1975, p. 379). This is due to the fact that these estimators protect against 
outlying yi but cannot cope with outliers in the factor space which have a 
large influence (leverage points) on the fit. In fact the &-straight line goes 
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right rhrough a leverage point if this is sufficiently distant (Exercise 12). For 
the M-estimators, treated in Section 6.3, the breakdown point cannot exceed 
l/p where p is the dimension of the parameter space (see Theorem 1 of 
Section 5.5 and Maronna, 1976 and Maronna et al., 1979). Thus the 
breakdown point becomes very low when the number of parameters is 
moderately large. 

Various other resistant estimators have been proposed by Theil (1950), 
Brown and Mood (1951), Sen (1968), Andrews (1974), Tukey (1970/71, 
Chapter lo), and Johnstone and Velleman (1985), but none of them reaches 
more than E* = 30% in the case of simple regression ( p = 2). Jaeckel(l972) 
proposed some estimates which are defined by minimization of a robust 
dispersion measure of the residuals. For this purpose he uses Lestimators 
for scale (see Subsection 2.3b). As these estimators are translation invariant, 
they do not determine the constant term of the regression model. Moreover, 
the breakdown point of L-estimators for scale is at most 25% which is 
reached at the interquartile range. However, this objection could be re- 
moved by replacing the scale estimator by another one having a larger 
breakdown point. Indeed, Hampel (1975, p. 380) suggested an estimator 
based on minimization of MAD( ri). 

Let us now discuss two recent proposals for regression analysis with 
maximal breakdown point. Clearly, E* = 50% is the best we can hope to 
accomplish, because for larger amounts of contamination no equivariant 
estimator can distinguish between the “good” and the “bad” parts of the 
sample. Probably the first regression estimator with E* = 50% to be worked 
out was Siegel’s (1982) repeated median algorithm. 

For any p observations (xi,, yil), . . . , (xip, yi ) in general position denote 
by O(il,. . . , i,) the unique parameter vector determined by them. Siegel’s 
estimator is then defined as 

T,(jf = med ( . . . ( yet ( rnedB(j)( i,, . . . , i , ) ) )  . . . ), (6.4.1) 
;I ‘P 

where denotes the jth component of T,. As this estimator is defined 
coordinatewise, it is not equivariant with respect to linear transformations 
in the factor space. In general, the number of computations necessary for 
determining this estimator is of order O(nP). In the case of simple regres- 
sion, Siegel’s estimate of the slope reduces to 

Y; - f i  
= med med-. 

i j t i  X i -  X i  
(6.4.2) 
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Note that the computation of (6.4.1) poses prohibitive computational prob- 
lems in higher dimensions. 

Let us now present the other proposal (Hampel, 1975, p. 380; 
Ro~sseeuw, 1984). Many authors have robustified the least-(sum-of)-squares 
technique by replacing the squared residuals r: by something else, such as 
lrJ or p(r,), but have not touched the summation sign. However, the feast 
median of squures estimator (LMS) is defined as the value T, that minimizes 

(6.4.3) 

over 8. The finite-sample breakdown point equals ([n/2] - p + 2)/n. 
Therefore, asymptotically e* = 50%. In the onedimensional case, the LMS 
estimate is the midpoint of the shortest half of the sample, and in the case of 
simple regression the LMS line corresponds to the narrowest strip covering 
half of the points. 

This proposal presents computational problems as well, but computer 
programs are available (see Subsection 6.4~). Algorithms for the compu- 
tation of LMS estimates are discussed in Leroy and Rousseeuw (1984) and 
Steele and Steiger (1984). 

A disadvantage of the LMS is its lack of efficiency when the errors are 
really normally distributed. Very recently, two variants of the LMS have 
been proposed which are more efficient: the least trimmed squares (LTS) 
esrimaror (Rousseeuw, 1984) and the S-estimator (Rousseeuw and Yohai, 
1984). 

The efficiency problem can also be overcome by calculating a onestep 
M-estimator with a redescending +-function like the one of the hyperbolic 
tangent estimator (2.6.9) or of the biweight (2.6.4) and using the LMS 
estimator as starting point. In the presence of leverage points, one might 
prefer to start with a LMS estimator and calculate a one-step M-estimator 
using a ?-function corresponding to a bounded iduence estimator [(6.3.7) 
or (6.3.14)]. 

As an example, let us consider the famous “stackloss data” of Brownlee 
(1965) which describe the operation of a plant for the oxidation of ammonia 
to nitric acid. We have selected this example because it is a set of real data 
and it has been examined by a great number of statisticians (Draper and 
Smith, 1966, p. 204; Daniel and Wood, 1971; Andrews, 1974; and many 
others) with the help of several methods. Summarizing their findings, it can 
be said that most people concluded that observations 1, 3, 4, 21 were 
outliers. However, this remains concealed to people only using least squares. 
Figure 1 shows a residual plot based on least squares (this is also called an 
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Observation NR 
Figuk 1. Residual plot of stackloss data. based on least-squares regression. 

“index plot” because the horizontal axis lists the index of the observation). 
No residual falls outside the f 2.5 6 band; only the residual of observation 
21 looks perhaps slightly suspect. On the other hand, Figure 2 contains a 
residual plot of the same data but using least median of squares. In this 
plot, constructed from a robwr regression, the reputed outliers 1, 3, 4, and 
21 indeed lie far from the confidence strip. 
This example shows that the main purpose of the LMS is to detect 

outliers. Therefore, we consider it as a useful diagnostic tool in data 
analysis. Also, the LMS could very well be used as a high-breakdown 
starting value for the iterative computation of M-estimators, especially with 
redescending #. 

*6.4b. Asymptotic Behavior of Bounded Influence Estimators 

In this subsection we summarize the results obtained by Maronna et al. 
(1979) comparing the asymptotic efficiency of the Hampel-Krasker estima- 
tor (see Proposition 2 of Subsection 6.3b) and the optimal B-robust 
Mallows estimator given in Subsection 6.3b. More numerical results can be 
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Observation NR 
Fipre 2. Residual plot of stackloss data, based on least median of squares regression. 

found in Hill (1977). We consider the simple model of a straight line 
through the origin: 

y 5 x6 + e. 

In this case the estimators are of the form: 

HK: q ( x ,  r )  = 1x1 -*+cl (r~xl )  (Hampel-Krasker estimator), 

MA: q(& r )  = Wb(l4)+c,(r )  (optimal B-robust Mallows 
estimator). 

Note that for this model the Hampel-Krasker estimator is the same as the 
Krasker-Welsch estimator. 

Let G and K be the distributions of e and x, respectively. We choose 
contaminated normal distributions 

(1 - e ) @ ( t )  + & ( t / s )  
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with the parameters 

E l 0  0.1 0.1 0.05 . 

S l 1  3 5 10 

The constants cl, b, and cz are chosen so that both estimators have the 
same efficiency (with respect to least squares), when x - N(0, l )  and e - 
N ( 0 , l ) .  For 95% efficiency we obtain the values 

c, = 2.56, b = 1.73, cZ = 1.6. 

Note that b and cz are not uniquely determined. 

Table 1. Relative Deficiency of HK with Respect to MA 

C e = O  E = 0.1 e = 0.1 e = 0.05 
K s - 1  s-3 s - 5  s = 10 

e = = 0  
s - 1  

e - 0.1 
s 5 3  

E - 0.1 
s - 5  

e = 0.05 
s - 10 

1.00 1.07 1.13 1.13 

0.98 1.02 1.08 1.07 

0.98 0.98 1.03 1.04 

0.94 0.94 0.98 1 .oo 

Table 1 gives the relative deficiency of HK with respect to MA [as 
var(HK)/as var(MA)]. There are no spectacular differences. HK is a bit 
better than MA when the distribution of e has moderate tails and that of x 
,has heavy tails and vice versa. 

From Table 2 one can see the optimal robustness properties of HK. For 
the Mallows estimator the asymptotic variance can be written as VR - VX, 
where VX depends only on wb and on the distribution K of x and 
VR = A / B 2 ,  with A = E+$ B = Table 3 shows these factors. 
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Table 2. Unstandanlized Cross-Error 
Sensitivities of H K  and MA 

G E P O  

K s - 1  
HK MA 

€ P O  I 2.94 3.40 
s - 1  

f? - 0.1 
s - 3. 
f? = 0.1 
s = 5  

2.22 2.66 

1.73 2.15 

Table 3. Factors of the 
Asymptotic Variance for 
MA 

VR VX 

& P O  1.03 1.02 
s = l  

E 5 0.1 1.30 0.65 
s = 3  

E = 0.1 1.40 0.46 
s - 5  

E = 0.05 1.23 0.37 
s - 10 

As we can see from these results, the differences among bounded in- 
fluence estimators are small. The message is that the important thing is to 
treat leverage points, especially because in general they are difficult to detect 
using standard methods. However, especially in view of their low break- 
down in higher dimensions, bounded influence estimators are not the unique 
and final answer of any analysis but rather should be used together with 
other techniques. 
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6.442. Computer Programs 

Robust estimates are defined by means of implicit equations and their 
calculation requires numerical methods. At the moment four computer 
packages are available. 

LIN WDR 

LINWDR is a computer program for robust M-estimators of regression and 
it is a modified version of the least-squares program LINWOOD (Daniel 
and Wood, 1971/80). It was developed by Dutter (1976, 1977, 1979, 1983). 

The algorithm used for the computation of the Huber-estimator is the 
so-called H-algorithm (see Huber and Dutter, 1974; Huber 1977a; Dutter 
1979) that is based on the following idea (cf. also Section 6.2). First, give a 
starting value for the parameter estimate and compute the fitted values j j i  
and the residuals ri. Then, transform the residuals according to zi = $(r i )  
and compute the pseudo-observations y: = j j i  + zi. Now update the esti- 
mate of t9 by applying least squares to y y  and continue until convergence is 
reached. (Note that usually one has to update simultaneously the scale 
parameter.) Figure 3 shows this procedure for the data set given in Figure 1 
of Subsection 6.lb. By using a robust starting value and performing only 
one step of this procedure, one obtaines the so-called one-step Huber 
estimate whose properties have been investigated by Bickel(1975). 

ROBETH 

ROBETH, a subroutine package containing routines for robust linear 
regression as well as robust covariance matrix M-estimators, has been 
written at the ETH, Zisrich and is continuously extended at the University 
of Lausanne (see Marazzi, 1980b,c,d). ROBETH computes many of the 
most recent procedures for robust regression, including bounded influence 
estimators and robust tests for linear models. Some nonparametric proce- 
dures (e.g., the Hodges and Lehmann estimator and associated confidence 
intervals) are also included. 

The computation of the estimators is based on iteratively reweighting 
techniques (see Holland and Welsch, 1977) which have been adapted by 
including weights with respect to the xi’s. Basically, one writes (6.3.1) as 

n c w(x , ,  +#.xi = 0,  
i -1  

(6.4.4) 

where ri = (y i  - xrT , ) /u ,  w(x,  r )  = q ( x ,  r ) / r ,  and then solves iteratively 
(6.4.4) using a weighted least-squares program. From a numerical point of 
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Figure 3. Computation of the Huber-estimator for the data ot Figure 1 in Section 6.lb. 

view, the main property of these routines is the use of Householder 
transformations (cf. Lawson and Hanson, 1974) which allow to achieve 
numerical stability. 

The ongoing development of ROBETH includes new robust techniques 
(e.g., the choice of variable in regression) and the development of the system 
control program ROBSYS, based on a problem-oriented language. It facili- 
tates the use of the robust regression subroutines of ROBETH by avoiding 
the need of FORTRAN programming. It allows some data manipulation, 
assembles the appropriate ordered sets of subroutines, and supplies organized 
and graphical output. 

TROLL 

TROLL is a large interactive statistical system for modeling and data 
analysis. It was developed at MIT over the years 1966-1971 and extended 
at the National Bureau of Economic Research’s Computer Research Centre 
during 1972-1977. The system contains a package called BIF for the 
computation of bounded influence regression estimators. The algorithm is 
basically the same as in ROBETH. 

Differences between BIF and ROBETH include the computation of 
robust distances in factor space, the choice of cutoff parameters, and the 
convergence criterion (see Samarov and Welsch, 1982; Peters et al., 1982). 
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PROGRESS 

PROGRESS is a program for robust regression, running on both mainframe 
computers and micros. It was developed at the universities of Brussels and 
Delft (Leroy and Rousseeuw, 1984). It perfarms high-breakdown multiple 
regression by means of the LMS method (6.4.3). The algorithm is based on a 
repeated drawing of random subsamples of p data points, followed by a 
calculation of the median-squared residual with respect to the regression 
equation corresponding to these p points. The regression plane with the 
smallest median-squared residual is then treated as an initial solution. The 
number of subsamples is determined by the requirement that the probability 
of finding at least one combination consisting of p “good” points should be 
close to one, an idea which was already used in multivariate location by 
Stahel (1981b). In order to improve statistical efficiency, a one-step re- 
weighted least-squares estimate is computed with weights based on the 
LMS. 

The output of PROGRESS consists of results concerning LS, LMS, and 
reweighted LS based on LMS. The program gives the regression coefficients 
with their standard deviation and t-value, their variance-covariance matrix, 
an estimate for the scale parameter u, the determination coefficient (R 
squared), and residual plots of two types (in order to identify the outliers in 
an easy way, and to detect possible inadequacies of the model). For 
instance, Figures 1 and 2 are output of PROGRESS. Also, the program 
contains two options for dealing with missing values. 

*6.4d. Related Approaches 

In this subsection we summarize briefly some approaches related to bounded 
influence regression. 

Diagnostic techniques have a connection with bounded influence regres- 
sion. For instance, Welsch (1982) proposes various finite-sample sensitivities 
(that are approximations to the sensitivities computed from the influence 
function) and uses them to measure the influence of single (and small 
subsets of) observation(s) on the least-squares estimates, predicted values, 
and so on. A complete account of these techniques can be found in Belsley 
et al. (1981), Cook and Weisberg (1980, 1982) and Atkinson (1982). 

Multiple outliers pose serious problems to diagnostic techniques because 
single deletion does not remove the influence of leverage whereas multiple 
deletion of k points leads to computational complexity O( (i’). Therefore, 
in such a situation the diagonal elements of the hat matrix corresponding to 
leverage points might not be large. Similar techniques are used by Pregibon 
(1981) for logistic regression. 
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H u k  (1983) investigates bounded influence regression by means of 
minimax techniques. For the model of simple regression through the origin 
( p  = l), he conjectures that the Krasker-Welsch estimator might be the 
minimax strategy of the statistician in a certain contamination game, in 
which the minimax strategy of Nature would selectively put most of the 
contamination on the leverage points. Therefore, Huber feels that bounded 
influence regression might be overly pessimistic. This conjecture was found 
incorrect by Rieder (1983, personal communication) who showed that the 
solution of the contamination game proposed by Huber does not equal the 
Krasker-Welsch estimator. 

More heuristically, there are also indications, as the often use of regres- 
sion diagnostic, that bounded influence regression might be in fact too 
optimistic! 

Samarov (1983) uses the inliuence function and the changwf-variance 
function to approximate the mean-square error over a gross-error model [cf. 
(2.7.3) and (2.7.7) and also Subsection 1.3e, and Hampel et al., 19821 and 
derives minimax estimators for regression. 

Other approaches to robust regression include configural polysampling 
techniques (Tukey, 1981; Pregibon and Tukey, 1981; O'Brien, 1984) and 
rank methods (Juretkovh, 1971, 1977). The problem of asymmetric error 
distributions is discussed in Carroll (1979) and Collins et al. (1985). Related 
work can be found in Carroll and Ruppert (1980, 1982), Ruppert and 
Carroll (1980), Beran (1982), Morgenthaler (1979), and Mar@ (1980a). 

Work for related models has been done by Shoemaker (1982) and Rocke 
(1983) who consider robust estimators in random-effects models. Kelly 
(1984) uses the influence function for the detection of influential observa- 
tions in the error-in-variables model and Milasevic (1983, personal com- 
munication) proposes rank estimates for this model which turn out to have a 
bounded and continuous influence function. 

EXERCISES AND PROBLEMS 

Section 6.lb 

1. Discuss critically the assumptions and the results of the Gauss-Markov 
theorem. 

Section 6.2 

2. Show if p is not convex (or J, is not monotone) there may be multiple 
solutions to the analogs of the normal equations, corresponding to 
local minima (and maxima) of the minimization problem. 
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3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

EXERCISES AND PROBLEMS 

Section 6.3a 

Show in this case there may even be multiple global solutions to the 
minimization problem. 

(Short) Show the Huber-estimator defined by (6.2.4) with JI = JIc can 
be computed using iteratively reweighted least squares with weights 
(6.2.1). 

(Research) Give an M-estimator for which there exists no monotone 
function f such that f (  v( I(, 0 ) )  is a metric in R “, where Y is defined in 
Remark 3. 

Derive (6.2.7) from (6.2.4) with 9 = JIc. 
Compare (6.2.7) with (6.2.10) and interpret the results. 

Why are leverage points so hard to detect with least squares? 

What are the possible interpretations for a leverage point not close to 
the line through the other points? 

Show if the point P2 in Figure 1 is sufficiently far out, the largest 
least-squares residuals belong to “ordinary data.” 

Show the same is true for Huber-type regression. 

Show the regression line which minimizes I=y-llyi - 5J (the L,-norm), 
which is a limiting case of Huber-type regression, goes right through 
Pz in Figure 1 if all other points are on the other side of x. 

13. 

14. 

15. 

16. 

(Short) What are the reasons for considering y,* and yy? 

Compute the influence function (6.3.3) for the proposals discussed in 
Subsection 6.3a. What is the relation between the weight function, the 
11-function, and the influence function? 

Show that Mallows-type regression puts separate bounds on influence 
of residual and influence of position in factor space; that Huber-type 
regression only bounds the former; and that Schweppe-type regression 
bounds the product. 

Explain some differences between robust parameter fitting and robust 
prediction by comparing the corresponding sensitivities. 

Section 6.3b 

17. (Extensive) Give lower bounds for y:, y/*, and yp*. 
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18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 
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Show that the Hampel-Krasker and the Krasker-Welsch estimators 
can be considered as Huber-estimators with variable “corner” c in $c. 

To Proposition 2, How can you express the trace of the asymptotic 
covariance matrix V? Why minimizing trace(V) is a better criterion 
than minimizing det( V)? 

What happens to the efficiency if a “good“ leverage point (very close 
to the line through the other points) is downweighted as in Mallows- 
type regression? 

What happens to the Schweppe-type estimate and its efficiency if a 
“good” leverage point is moved a bit in y-direction? 

What are the advantages and disadvantages of Mallows-type estima- 
tors as compared to Schweppe-type estimators? 

(Extensive) Prove the conjecture in Remark 1. 

(Extensive) Solve Hampel’s optimality problem with respect to the 
predicted value sensitivity up*. 
Discuss the (close) relation between “downweighting” and “ Winsoriz- 
ing” or “ Huberizing” residuals in regression. 

(Research) Prove Mallows’s result (see Remark 2) for p > 1. 

Explain where robust covariance matrix estimates come in in multiple 
regression. 

What are your (personal) main criteria for choosing a robust regression 
method? 

Section 6.3~ 

29. (Extensive) Compute the change-of-variance function of an M-estima- 
tor for a general parametric model and derive (6.3.25) as a special case. 
(Use 4.2.11) 

30. (Extensive) Prove Proposition 5. 

31. (Research) Prove the conjecture in Remark 5 .  

Section 6.4a 

32. Compute the breakdown point for the L,-estimator when the x’s are 
(1) uniform and (2) normal. 
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33. Show that the breakdown point of Tukey’s resistant line (see Tukey, 
1970/71, Chapter 10; Johnstone and Velleman, 1985) is i .  

34. Show that the repeated median estimator has breakdown point 50%. 

35. Pick a one-dimensional and a two-dimensional data set and compute 
the LMS estimator. 

Section 6.4d 

36. For each of the following data sets fit a straight line by means of (1) 
least squares, (2) least squares after the rejection of outliers (use 
different rejection rules), and (3) bounded-influence regression. Discuss 
the results and the differences. In (2), Which points are considered 
outliers by different rejection rules? 

. 

37. Compute the influence function and the breakdown point of a regres- 
sion estimator of your choice. 



C H A P T E R 7  

Linear Models: Robust 
Testing 

7.1. INTRODUCTION 

7.la Overview 

This chapter is devoted to robust testing in linear models. We follow the 
approach used by Ronchetti (1982a, 1982b) in his Ph.D. thesis and present 
the ideas and the infinitesimal techniques developed in that work for 
constructing a robust version of the classical F-test for linear models. 

We introduce a general class of test procedures for linear models and 
investigate their asymptotic properties (influence function and asymptotic 
distribution) (Section 7.2). Then, solving the optimality problem for infini- 
tesimal robustness of tests, we derive the optimal robust test procedure in 
this class. The robustification of the F-test is achieved in two steps. First, 
the optimal robust tests with respect to the Muence of the residual only 
@-test, Subsection 7.3a) are derived. Second, taking into account the 
inhence of position in factor space, one imposes the condition of a 
bounded total influence, obtaining optimal bounded influence tests which 
are the natural counterpart to optimal bounded Muence estimators (Sub- 
sections 7.3b and 7.3~). In this framework we discuss in Subsection 7.3d a 
robust procedure for the selection of the variables. 

An alternative class of procedures, C(a)-type tests for linear models, is 
introduced in Section 7.4. It is shown that they are locally equivalent to the 
former ones at the parametric model, having the same influence function 
and the same asymptotic efficiency. Moreover, an interesting connection 
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between the optimal robust C( a)-type test and an asymptotically minimax 
test is shown (Subsection 7.4d). 

Finally, in Section 7.5, we compare the asymptotic behavior of several 
test procedures under different distributions and we give an example based 
on real data that shows the excellent performance of the optimal robust test. 

The present discussion is devoted to distributional robustness and we do 
not study other departures from the assumptions in the linear model. For 
instance, Andersen et al. (1981) investigate the behavior of the test proce- 
dures in a two-way analysis of variance model with correlated errors. A 
complete discussion of the effects of unsuspected serial correlations on tests 
and confidence intervals is given in Section 8.1. 

7.lb. The Test Problem in Linear Models 

Consider the general linear model of Section 6.1 and suppose we want to 
test the linear hypothesis 

where dq+*, . . . , dp are (p  - q )  linearly independent estimable functions 
and 0 < q < p. 

Through a transformation of the parameter space we can reduce this 
hypothesis to 

Let 8, be the subspace of 8 obtained by imposing the condition H,. If the 
errors are normally distributed, the classical F-test for testing H, is optimal 
in several senses (see Lehmann, 1959 and for a summary Seber, 1980, pp. 
34-37). It is defined by the critical region 

where a is the level of the test, Fp-q ,n-p; l -a  is the (1 - a) quantile of the 
F-distribution with ( p  - q )  and ( n  - p) degrees of freedom, and T is the 
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test statistic. T is defined by 

where (TO)" and (Tu)n are the least-squares estimates of 8 in the full (0)  
and reduced model (eU), respectively and 

n 

d2 = c (yi -. x X T a ) r n ) 2 / ( n  -P) 
i -1  

is the least-squares (unbiased) estimate of uz. 
The F-test is equivalent to the corresponding likelihood ratio test (see 

Subsection 7.3a for details). Since the likelihood ratio criterion is based on a 
very general and natural principle (for the theoretical motivations see, e.g., 
Akaike, 1973), we shall work with it in order to construct a robust version of 
the F-test. 

From a robustness point of view, the classical test procedures based on 
the least-squares estimates in the full and reduced model have similar 
problems as the estimators themselves. Although the F-test (for testing Ho)  
is relatively robust with respect to the level (being an approximation of the 
permutation test; see Scheffb, 1959, p. 313), it does lose power rapidly in the 
presence of departures from the normality assumption on the errors (Hampel, 
1973a, 1980; Schrader and Hettmansperger, 1980). 

Whereas robust estimation theory in linear models has recently received 
more and more attention, the test problem has been somewhat neglected. 
On the other hand, the need for robust test procedures is obvious because 
one cannot estimate the parameters robustly and apply unmodified classical 
test procedures for testing hypotheses about them. 

Only recently, Schrader and McKean (1977) and Schrader and Hett- 
mansperger (1980) proposed a new class of tests for linear models that we 
shall discuss in Subsections 7 .2~  and 7.3a. These tests are based on Huber 
estimates in the full and reduced model. But, as was mentioned above, this 
is only the first step for robustifying the F-test. Like Huber estimates, these 
tests do not overcome problems caused by situations where the fit is mostly 
determined by outlying points in the factor space. In order to construct tests 
which fit bounded influence estimation, Ronchetti (1982a, 1982b) intro- 
duced a new class of tests and studied their asymptotic properties. In this 
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way he could derive optimal bounded influence tests which are the counter- 
part of optimal bounded influence estimators. 

Throughout the next sections we assume the general linear model defined 
in Section 6.1 with normal errors and the corresponding test problem. 

7.2. A GENERAL CLASS OF FOR LINEAR MODELS 

7.2a. Definition of a +Test 

The aim of this section is to define a class of tests that can be viewed as an 
extension of the log-likelihood ratio test for linear models. 

Let us first introduce the class of functions 

with the following properties: 

(7.2.TAU) ~ ( x ,  r )  # 0, 7(x, r )  2 0 for all x E RP, r E R, and 7(x ,O)  
= 0 for all x E R P. ~ ( x ,  a )  is differentiable for all x E R P. 

(i) q(x ,  -) is continuous and odd for all x E RP. 
(ii) q(x, r )  2 0 for all x E R P and r E R +. 
q(x, .) is differentiable on R \ 9 ( x ;  q )  for all x E RP 
where 9 ( x ;  q )  is a finite set. Let 

Let q(x ,  r )  := (a/ar)I(x, r ) .  
(7.2.ETAl) 

(7.2.ETA2) 

q ’ ( x , r ) : = ( ~ / ~ r ) q ( x , r )  i f x E R P ,  r E R  \ 9 ( x ; q )  

:= 0 otherwise, 

and assume 

We shall also assume the following regularity conditions: 

(7.2.ETA3) (i) M := Eq’(x, r)xxT exists and is nonsingular. 
(ii) Q := Eq*(x, r)xxT exists and is nonsingular. 

These conditions are stronger than those given in Subsection 6.3a. Here 
U(x; q )  is the empty set, that is, we consider only continuous functions q. 
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Definition 1 (vtests). Let T satisfy the conditions given above, and 
define the corresponding M-estimators (7")" and (T,), in the full and 
reduced model, respectively, by 

r ( ( ~ ) , )  = min{ rWie E 6% 

WT,),) = min{ r(e)le E @,I, 

(7.2.1) 

(7.2.2) 

with 
R 

r(e) := T (  x i ,  ( yi - xiTB)/u). (7.2.3) 
i - 1  

A test based on the test statistic 

(7.2.4) 

is called a ?-rest. "Large" values of S,' are significant. 

(In order to give a critical region we shall give the asymptotic distribution 
of S," under H,,; see Subsection 7.2b.) The estimation of u is discussed in 
the next remark. 

Notation. For any vector x E R P  denote by 2 the vector 
(x(1) ,  . . . , x(4),  0, . . . , O ) T  

(T,), and (T'), fulfill the equations 

n 

where 

(7.2.5) 

(7.2.6) 

Note that (T,)" = ((T,)il), . . . , (T,)!,'7),0,. . . , O)T(under Ho the last ( p  - q )  
components of 0 equal O!). 



7.2. A GENERAL CLASS OF TESTS FOR LINEAR MODELS 347 

Table 1. Relation Between M-Estimators (Defined in Subsection 6.3a) and 
7-Tests 

d x ,  r )  r )  Estimator Corresponding to rl 

Examples. Some choices of T are of the form ~ ( x ,  r )  = w ( x ) p ( r  u ( x ) )  
for certain functions w, u, and p. They correspond to the estimators given in 
Subsection 6.3a, when 9 is set to + ( r )  = ( a / a r ) p ( ~ ) ,  as Table 1 demon- 
strates. The conditions (7.2.TAU), (7.2.ETAl), (7.2.ETA2), and (7.2.ETA3) 
can then be written in terms of w, u, and p. 

Actually, one usually has to estimate the scale parameter u. A suitable 
way is to estimate u in the full model, taking the median deviation or the 
Proposal 2 estimate of Hubex (see Remark 2, Section 6.2). More precisely, 
for a given real function x ,  one has to solve (7.2.6) and 

n 

(7.2.7) 

for (T'),, and u, and then (7.2.5) for (T,),,, using u. Since the estimation of 
u daeq not affect the asymptotic resuits presented later (provided it is 
robust and consistent), from now on we put u = 1 for simplicity. 

7.2b. Influence Function and Asymptotic Distribution 

Let S, T,, and T' be the functionals corresponding to  S,,, (T,),,, and (Tn), 
(see Definition l), that is 

1/2 

-?( u,  u - uTT*( F ) ) ]  dF( u,  u ) )  (7.2.8) 

where F is an arbitrary distribution function on R P x R and T,, TQ fulfill 
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the system of equations 

1 q ( u , o  - i i 'T,(F)) i idF(u,~)  0 ,  

[Note that T',')(F) = 0, for j = q + 1,. . . , p and for all F, and S,, = S(F,), 
(Tw),, = T,(F,), and (Ta),, = Ta(F,), where F,, is the empirical distribution 
function of ( x , ,  yi), i = 1,. . . , n.] The square root of the usual statistic is 
taken in order to obtain a nonzero influence function (cf. Ronchetti and 
Rousseeuw, 1980). The next proposition gives the influence functions of T,, 
To, and S at the null hypothesis. [Note that, under the null hypothesis, 
8 = 8 = (@, . . . , 8(4),0,. . . , O)T, so 4 is the model distribution under the 
null hypothesis.] 

Proposition 1. Assume (7.2.TAU), (7.2.ETAl), (7.2.ETA2), and the 
following conditions: 

(7.2.IFl) h(a) := /TJ(X, y - xTu)xdF#(x, y )  exists for all a E 8 c 
RP. (a/aa)h(a) exists and is continuous. 

(7.2.IF2) h ( 4 )  - 0. 

where 

and (a) + denote3 the pseudoinverse of M, 

M(ll) being the upper-left corner of M of order q x q (cf. Subsection 4.4b). 
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Proof. Assertions (i) and (ii) of this proposition follow from Theorem 
Gl1.1 of Stahel (1981a, p. 116), with P = 4. His conditions “u”,  “b”,  “c”  
follow from (7.2.IFl), (7.2.IF2), and condition “ d  ” from (7.2.ETA3) (i). 
Finally, condition “e” follows from (7.2.ETA2), since ( ( x ,  y ) ( y  - xT8 E 
9 ( x ;  q ) }  is a regular hyperplane in his sense (Stahel, 1981a, p. 12). To show 
(iii), denote by A(, , , )  the distribution on Rp X R that puts mass 1 at ( x ,  y )  
and define the following &-contaminated distribution 

F B ; r . ( x . y ) : =  (1 - dFe + E A ( x . y ) .  

After a straightforward computation we get 

and 

The following proposition will yield an alternative formula for the 
influence function of S. 

Proposition 2. Let M be given by (7.2.ETA3) (i). Then: 

(i) There exists a nonsingular lower triangular ( p X p) matrix U with 
positive diagonal elements such that 

U U T = M  and U T ( M - l - ( k j ) + ) U = I - I .  
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Moreover, 

(ii) The function 

m:RP-*  R', x + m ( x )  := (xT(M-' - ( & ) + ) x ) ' ~  

is a pseudonorm in RP, that is, m satisfies the conditions Va E R, 
x ,  Y E RP; m(0) = 0, m ( a x )  = 1a1m(x), and m ( x  + y) s m ( x )  
+ d Y ) .  

Proof. 

(i) First, observe that the matrix M is positive definite, since using 
(7.2.ETAl) (i) and (ii) and performing an integration by parts we 
have 

M = /I)#( x , r )  d iP(r )xxTdK(x)  = ~ I ) ( x , r ) r d 9 ( r ) x s ' d K ( x ) ,  

where the inner integral j q ( x ,  r ) rdQ(r )  is positive for all x E RP. 
Let UU = M be the Choleski decomposition of M .  Then U 'M-lU 
= I m d  

since ql1)G& is the Choleski decomposition of M(lll. The formula 
for M(22,1) follows from a straightforward calculation. 

(ii) From (i), we get 
2 

xT(M-1 - ( & ) + ) x  =II(u-lx)(2)II . 0 

Combining this result with (iii) of Proposition 1, we find the following 
formulas. 

corollary 1. If the conditions of Proposition 1 hold, then: 
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(ii) 

Remark 1. m(-) defines a pseudodistance in the space of the x's. It 
measures how well observations at x can distinguish between the full and 
the reduced model. 

In order to compute the asymptotic distribution of the test statistic 
defining the 7-test, we first perform a von Mises expansion of the functional 
S2 defined by (7.2.8). Following von Mises (1947), we get 

s 2 ( ~ 1 ) =  s2(4) + [(a/ae)s2(~e)]e-0 

+t[(a2/ae')s2(H,)],,, + . * * '  

H,  := (1 - &)F# + &HI. 

where 

We perform the same kind of calculations as in the proof of Proposition 
1 and obtain 

s2( F#) = 0, 

[ ( a / a e ) s 2 ( ~ c ) ]  e-0 = 0, 

[(a2/ae2)s2(H,)],,o = 2(P - q ) - ' [ ( S T ( u , u )  of-' -(a)+) 

./5(.' u )  d H , ( X '  Y))d(Hl - N u 9  4 

= 2(p - ~)-'(/s~(u,u)~Hl(u.u)) 
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where 

S(u ,u )  := q ( u , u  - uTB)u. 

Thus, we have 

S2(H1) = ( p  - q ) - ' ( / ~ T ( . , o ) ~ ~ l ( u , u )  1 e (M-1  -(a)+) 

* ( / S ( u ,  u )  dH1(U, u ) )  + * * - 9 

and evaluating S2 at the empirical distribution function Hl = F,, we obtain 
the following expansion 

where 
n 

V , ( S )  := n - l I 2  q ( x i ,  yi - x76)  * x i ,  
i - 1  

Ronchetti (1982b, Section 4.3) shows under the given conditions that the 
statistics 

ns,' , 

( p  - q)-lV;(B) a(M-1  -(xf)+) 9 Vn(B), 

and 

w,' := ( p  - q)- ln1/2 (( T n 1 ,T)(2)M(22.1)n1/2(( Ti 1 n ) (2 )  

have the same asymptotic distribution at the model. More precisely, under 
the sequence of alternatives 

Hn : O ( j )  = n - l l 2 (  A (2 )  ) ( J ) ,  j = q + 1, . . . , p 

where A := (A('), . . . , A(P))', the asymptotic distribution of all three statis- 
tics is the distribution of 

P 

(X'f2N, + ( CTA(2))(")2,  (7.2.9) 
j - q +  1 
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where Nq+ . . , N, are independent univariate standard normal variables, 
A,,, 2 - - - 2 A, > 0 are the ( p  - q )  positive eigenvalues of Q - (A4-l - 
( M ) ' )  (Q and M are defined in 7.2.ETA3) and C is a Choleski root of 
M(22,1) that satisfies 

CCT = M(22.l) (7.2.10) 

(7.2.11) 

Remark 2. In Subsection 7.5b we shall discuss the computational aspects 

C'( M-'QM-')(22)C = A(,,, = diag(A,+,, . . . , A,). 

of the distribution given by (7.2.9). 

Remark 3. A related result on the distribution of the likelihood ratio 
test statistic when the data do not come from the parametric model under 
consideration was obtained by Kent (1982) (cf. also Foutz and Srivastava, 
1977). 

Remark 4. The test defined by the test statistic W,' is invariant with 
respect to linear transformations of the parameter space which leave the 
hypothesis H, invariant, that is, under 6 DB, where D is a ( p  X p)  
nonsingular matrix with D(21) = 0. 

Corollary 2. Let be c > 0. Then, under the given conditions, the follow- 
ing equivalence holds: 

suPx,,lIF(x, Y ;  s, 4) I 

= sup,,,lIF(x, Y ;  w, 4) I 5 c - suP,,,pF(x, Y ;  ( 7 a ( 2 ) ?  4) IlM(]],) 5 c '(P - 4) '/2 
3 

where 11 . 11 Mo,,,, denotes the norm in W p - q  generated by M(22.1). 

The proof follows easily from the definitions of S,,, W,,, and ((7'n)n)(2). 
The expression 
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defines a standardized sensitivity for the estimator ((To)&. This will be 
compared with other standardizations for estimators (see Subsection 7.3c, 
Remark 4). 

In this subsection we study the cases where the distribution (7.2.9) reduces 
to 

where x:-Ja2) denotes the X*-distribution with (p  - q )  degrees of free- 
dom and noncentrality parameter 6'. In each case we shall give the 
standardization factor X and the noncentrality parameter S2. Note that the 
asymptotic power of the corresponding test is a monotone increasing 
function of 6 2. 

Case 1. ~(i, r) = p(r) 

In this case we have 

A, = A/B = ( p  - q)-ltrace[Q(M-' -(a)+)] 

where 

and Q and M turn out to be 

This class of tests was proposed by Schrader and McKean (1977) and 
Schrader and Hettmansperger (1980) and carries out M-estimation in a 
natural way. 
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Let us look at the influence function of these tests. Using (iii) of 
Proposition 1, we have 

I F ( x , y ; S , F g )  = ( I l t (Y  - x T Q ( / B 1 / 2 )  

. (( xT( (  E X X T )  - 1  - ( E E T ) + ) X ) / (  p - q) ) I I2 .  

(7.2.12) 

Using again the notions of influence of residual and influence of position in 
factor space (Section 6.2), we can rewrite (7.2.12) as 

IF( x ,  y ;  S, 4) = IT( x ,  r; S, 4) = IR( r ;  S, 4') - IP( x; S,  K ) ,  

(7.2.1 3) 

with 

IR(r; S , Q )  =l+(r ) l /B1'2,  

IP (x ;S ,K)  L= ( ( x r ( ( E x x T ) - l  - ( E z T ) + ) x ) / ( p  - q))1'2. 

Remark 5. One can standardize the test statistic S by dividing it by 
B"*. While this operation does not change the test, IR becomes the 
absolute value of the influence function of a location M-estimator defined 
by +* 

Remark 6. If we choose a bounded function $, the influence of the 
residual is bounded too, but the total influence IT is not because 
IP(x; S, K )  00, when llxll 00. This justifies the consideration of the 
more general class of 7-tests. 

Case2. q = p - 1  

In this case we obtain the asymptotic distribution A - x : ( S 2 )  with 

where the matrix U is given by Proposition 2. 
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We will find a standardization of IF(x, y;  S, 4) which extends in a 
natural way Definition 1 of Subsection 3.2a to the .r-tests. Although it is not 
necessary to standardize the influence function of the test statistic in order 
to solve the optimality problem for infinitesimal robustness of tests (see 
Section 3.4), we shall show that in this case such a standardization exists. 

Define 

Assume that both estimators T,, Tn are Fisher consistent at the reduced 
and full model 

~ ~ ( 4 )  = 8, Tn(Fe) = 8 

and denote by a dot the differentiation with respect to 6. Then, after some 
straightforward calculations we obtain the vector 

&(a )  = 0 

and the matrix 

and, finally, in the partitioned notation 

#,('I ' 9  
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If q = p - 1, q22) = up"; hence 

( e T  ('))(22) = 2 u j p *  

Therefore, we propose in this case to standardize the influence function of 
the test statistic as follows: 

IF&* y ;  s, 4) := I F b ,  y ;  s, FB)/(4e,(@);f 

= 1% y ;  s, &)/upp.  (7.2.16) 

The significance of this definition will become clear in Section 7.4. Note that 
(7.2.16) is consistent with Definition 1 of Subsection 3.2a in the sense that it 
has the following properties: 

(0 

I F ~ ~ ~ ~ ( x ,  y ;  S, = Ilimew,oIF(x, Y ;  s2, ~ ~ ) / ( t T ( ~ ) ) ( p ) l ,  
so (7.2.16) is the natural extension of (3.2.3). 

(ii) IFtes,(x, y; S, FB) is invariant to monotone differentiable transfor- 
mations of the test statistic. 

(iii) 

Case 3. 

If 

m e  Density of x is Spherical& Symmetric with Respect to x(2) 

(7.2.SPH) 
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In this case we have 

qZ2) = ( x(””))1’2 ’ z(22) 

and a natural standardization of the influence function of the test statistic is 

7.3. OPTIMAL BOUNDED INFLUENCE TESTS 

In this section we solve the optimality problem for infinitesimal robustness 
of tests (see Section 3.4), that is, we find a +test which maximizes the 
asymptotic power, subject to a bound on the influence function of the test 
statistic at the null hypothesis. Note that the test which maximizes the 
asymptotic power without any conditions on the influence function, is given 
by ~ ( x ,  r )  = r2 /2 .  

Using the results of Section 7.2, we shall give the solution to this problem 
for Huber’s regression (Subsection 7.3a), Mallows’s regression (Subsection 
7.3b), and in the general case (Subsection 7.3~). 

Throughout this section we assume the linear model of Section 6.1 and 
the corresponding test problem of Section 7.1. 

73a. The p,-Test 

Proposition 1. Assume 7 ( x ,  r )  = p ( r ) .  Then the test which maximizes 
the asymptotic power, under the side condition of a bounded influence of 
the residual 

sup,IR( r; S, a) 5 b ,  

is given by Huber’s function pc(r),  where c = c ( b )  (cf. Subsection 2.4b). 
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Proof: (Ronchetti and Rousseeuw, 1980). Since the asymptotic power 
is a monotone increasing function of the noncentrality parameter 

(see Subsection 7.2c), the assertion follows easily using Hampel’s Lemma 5 
(see Subsection 2.4a). 0 

Remark 1. The p,-test can be viewed as a likelihood ratio test when the 
error distribution has a density go proportional to exp( - pc(r ) ) .  This 
distribution minimizes the Fisher information within the gross-error model 
@J@) (“least favorable distribution:” see Section 2.7). Note that a test of 
the same type (a likelihood ratio test under a least favorable distribution) is 
used by Carroll (1980, p. 73) who proposes a robust method for testing 
transformations to achieve approximate normality. 

Remark 2. The p,-test is asymptotically equivalent to a test proposed by 
Bickel (1976, p. 167) who applies the classical F-test to transformed 
observations (see Schrader and Hettmansperger, 1980; cf. also Huber, 1981, 
p. 197). 

7.3b. The Optimal Mallows-Type Test 

As with estimation, there is a need for tests with bounded total influence. 
The optimal test under this restriction will be given in the next subsection. 
Here we consider the class of tests corresponding to Mallows-type estima- 
tors only, for the same reasons as in Subsection 6.3b. 

Proposition 2. Consider the class of tests defined by ~ ( x ,  r )  = w ( x )  . 
p ( r ) .  Assume either ( q  = p - 1) or (7.2.SPH) of Subsection 7.2~. Then, the 
test which maximizes M(22.1)/Xp or ( X(’))2/X(Q) respectively, and therefore 
the asymptotic power, under the side condition of a bounded influence 
function, 

is defined by the function 

(7.3.1) 
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where 

W , ( t )  := l #c ( t ) / t ,  2 3 U i ' x ;  

U, is a lower triangular matrix defined implicitly by 

EWC(llZ(2)II  '(P - 4) -1f l )ZzT = 1; 

and c,c' are positive constants such that cc' < be. Under (7.2.SPH) we 
have: z ( ~ )  = x ( ~ )  . ( p  - q)ln. 

Proof: See Ronchetti (1982a, b). 

7 3 .  The Optimal Test for the General M-Regression 

In order to state the optimality result, we first have to show the existence of 
a certain matrix. 

Proposition 3. Let c > 0. If E x x T  is finite and nonsingular, then: 

0) 

(ii) 
(iii) 

For sufficiently large c > 0 there exists a symmetric and positive 
definite ( p  X p) matrix M,(c) which satisfies the equation 

E 2cP c . ( p  - q ) 1 / 2 / 1 x T ( M - '   XI"^) - 1 ) x x ' )  = M. 

(7.3.2) 

(( ( 

M, converges to Exx' when c 4 00. 

Denote by Us the lower triangular matrix with positive diagonal 
elements such that Us * Uz = Ms and define 

1 / 2  - 1  
d x ,  4 := ( l lq2) I lAP - 4 )  ) - ~ c ( r l l z ( 2 ) l l / ( P  - 4)1/2)'  

with z = U;k Then, M, = E q ; ( x ,  r ) x x T .  

Proof. Assertions (i) and (ii) can be shown using the same techniques as 
in Krasker (1980, Proposition 1, p. 1338), noting that 

Ilfill 5 IlMll, where llMll := 
i .  i 

(iii) follows from Proposition 2 of Section 7.2 using (7.3.2). U 
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Remark 3. The subscript S for M ,  indicates that M, is the matrix M 
corresponding to q , ( x , r ) ;  this function is of the Schweppe form (see 
Subsection 6.3a). 

Proposition 4. Assume either ( q  = p - 1) or (7.2.SPH). Then, the test 
that solves the optimality problem for infinitesimal robustness within the 
class of T-tests, is defined by a function of the form 

1/2 -2  
d X 9  r >  = (11~(2)11/(P - 4 )  ) - P'( rllq2)ll/(P - 4)1/2) 

- - P- f ( X )  ( r ) ,  

where E(x) := c - ( p  - q)1'2Alz(2$, z = UC1xl and Us is the lower triangu- 
lar matrix (which exists because of Proposition 3) for which 

+@(C ' ( P  - q)1~2/llz(2)ll) - +') = 1. (7.3.3) 

Proof (Ronchetti, 1982b). We show the assertion under the condition 
(q  = p - 1). The proof is similar under (7.2.SPH). Put 

M ( q )  = Eq'(x,r)xx', Q ( q )  = E q 2 ( x , r ) x x T ,  

and let Xp(q)  be the positive eigenvalue of 

Q ( s )  - (M-'(q)  - ( f i ) + ( ~ ) ) .  

Moreover, denote by U(q) the Choleski root of M ( q )  as given by Proposi- 
tion 2 of Section 7.2: V ( q )  is a lower triangular matrix with positive 
diagonal elements. We have to solve the following problem. 

For a given b > 0, find a test which maximizes M~22,1,/Xp1 under the side 
condition 

supX,,(Jq(x, r ) I / u p p )  * (  x'( M-' - ( f i ) + ) ~ ) " ~  I b. (7.3.4) 

Since U'(A4-l - ( k ) ' ) U  = I - i by Proposition 2 of Section 7.2, we 
obtain 

2 
X p ( q )  = (U-lQU-')pp = E { q 2 ( ~ l r ) l ( U - 1 ~ ) ( P ) I  ), (7.3.5) 

M(22.1)(71) = (upp(?l))2. (7.3.6) 
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Moreover, (7.3.4) becomes 

Choose c > 0 such that b = C / ( U ~ ) ~ ~ . ,  where Us is defined by Proposition 
3(iii) [this c exists because C / ( U ~ ) ~ ~  is continuous in c, and c2/(Us)jt 2 
c2/traceMs 2 c2/Ellxl12 -+ bo, when c -B bo], and restrict attention, 
without loss of generality, to those q for which 

u p p ( d  = (us),. (7.3.8) 

(Multiplication of the test statistic by a positive constant does not change 
the test!) 

Combining (7.3.5)-(7.3.8), the original problem reduces to minimize 
(7.3.9, under the conditions (7.3.8) and 

(7.3.9) -1 (P) SUP,.,lll(X, 4 I .IW x) I 5 c. 

As in other optimality proofs in this book, the main trick is to replace the 
integrand in (7.3.5) by an expression which makes pointwise minimization 
obvious. We have 

since 

and integrating by parts, this equals 

where in the last equations we have used (7.3.8) and V,,,, = 0. Thus, 
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minimizing (7.3.9, under the conditions (7.3.8) and (7.3.9) is equivalent to 
minimizing 

subject to (7.3.9).Let 

and let &‘ be the set of all functions h ( x ,  r )  that can be obtained in this 
way by varying q. We have to minimize 

E( ( h ( x ,  r ) - r ( U ~ ~ X ) ‘ ” , 3  

under the side condition 

l h ( x , r ) l  s c forall x , r  

within 2. 
tion yields 

If we drop the “within S”’ for a moment, pointwise minimiza- 
the solution 

Now, since this h ( x ,  r )  is of the form (7.3.10) with 

where z = UL1x,  it also solves the minimization problem within 2. 
Any other solution defines a test which has the same influence function 

and the same asymptotic power and in this sense is locally equivalent to qs. 
0 

Remark 4 (Test based on quadratic forms of robust estimators). Corollary 
2 of Section 7.2 shows that the unstandardized sensitivity of the test statistic 
S,, equals a standardized sensitivity of the estimator ((Tn),,)(2) [the last 
p - q components of the M-estimator (To),, in the full model]. Alterna- 
tively, one can define other standardizations of ((Tn)n)cz,. For instance, the 
choice (V&))-l, where 522) is the ( p - q )  X ( p - r(3) lower-right block of 
the asymptotic covariance matrix Y of (Tn),,, defines the self-standardized 
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sensitivity y,* of 
unstandardized sensitivity of the quadratic form 

(cf. Subsections 4.2b and 6.3a). This is the 

(7.3.11) 

which can be used as an alternative test statistic. 
Note that R; is the Wald test statistic when (Tn),, is the least-squares 

estimator. Its influence function is unbounded. Therefore, one can look for a 
function JI (x ,  y ;  8) defining an M-estimator (To), (see Definition 5 ,  Sub- 
section 4.2~)  which maximizes the asymptotic power of the test defined by 
R , ,  under the condition of a bounded influence function for R,. This is 
equivalent to find JI(x,  y ;  8) which minimizes q22) under a bound on the 
self-standardized sensitivity of (( Tn)n)(z). From the theory of robust estima- 
tion (see Subsections 4.4b and Section 6.3), we obtain only the following 
admissibility result. 

Proposition 5. For a given c 2 d G ,  let Cc(JI) be the class of tests 
defined by (7.3.11) and such that sup,,,llF(x, y ;  R, F0)l I c. Then, the test 
defined by the following function JI* is admissible within Cc( J I ) :  

where $8, and J I &  denote the first q and last ( p  - q )  components of JI* ,  
respectively; r = y  - xT8, z = Dx, and D is defined implicitly by the 
matrix equation 

E J I * ( X ,  y ;  8)rxT  = z 

Under the conditions of the propositions given in this section, it is easy 
to see that the test defined by JI* is asymptotically equivalent (i.e., it has the 
same asymptotic power and the same influence function) to the correspond- 
ing optimally robust tests given in this section. Thus, under those condi- 
tions, $* is in fact strongly optimal. 

Remark 5 (Finite-sample approximations to the optimal weights). The 
q-functions defining optimally bounded influence tests and optimally 
bounded influence estimators are of the same form [see Propositions 2 and 4 
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of this section and (6.3.14) and (6.3.7)]; there is a difference only in the 
weights. The optimal weights for the test take into account that (after 
standardization) only the last ( p  - q )  components are of interest for the 
testing problem. 

Welsch (1981) provides finite-sample approximations to the optimal 
weights for estimators. He takes n - 1 observations [ (x i ,  y i )  omitted], 
computes an approximate influence function for ( x i ,  yi) ,  and in this way 
obtains the matrix 

( n  - 1)-lXT(i) X ( i )  

that can be viewed as an approximation to the matrix M. [ X ( i )  denotes the 
design matrix X without the ith row xi'.] Using this approximation to the 
matrix M we can obtain finite-sample approximations to the optimal 
weights for the tests: 

where 

and h $ )  is the element (i,i) of the hat matrix H = X ( X T X ) - ' X T  of the 
corresponding model (see Hoaglin and Welsch, 1978). More empirical 
investigations about the quality and the properties of these approximations 
are necessary. 

Remark 6. Note that from these optimal robust tests one can easily 
derive robust confidence regions for the parameters and a robust version of 
stepwise regression. These procedures can be easily implemented in a 
package for robust regression. Especially, they are integrated in ROBETH 
(see subsection 6.4~). However, we would like to stress again the point that 
bounded influence regression should not be used blindly and should not be 
considered the only and final answer of any data analysis (cf. also the 
concluding remark in Subsection 6.4b). 

Remark 7. The theory developed up to now allows us to construct 
asymptotic critical regions for optimal bounded influence tests. However, 
the optimal test statistics that define these tests can be used as test statistics 
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for permutation tests. This would guarantee, on one side, an exact level 
a-test (a property of permutation tests) and, on the other side, a high 
robustness of efficiency (a property of S,'). This idea has been applied for 
constructing a confirmatory test in connection with a Swiss hail experiment; 
cf. Hampel et al. (1983); Lambert (1985). 

7 3 .  A Robust procedure For Model Selection 

The Information Criterion is a powerful tool for choosing among different 
models which can be used to fit a given data set. If we denote by L, the 
log-likelihood of the model with p parameters, this amounts to choose the 
model which minimizes (for a given fixed a) 

A I C ( ~ ; ~ )  = -2Lp + ap. (7.3.12) 

The choice a = 2 is based on information theoretic reasons and maximizes 
approximately the entropy of the model (see Akaike, 1973). Other choices 
for a are possible, (see, for instance, Bhansali and Downham, 1977). 

If we apply (7.3.12) to the regression model of Section 6.1 with normally 
distributed errors, we obtain 

A I C ( p ; a ) = K ( n , 8 ) + R P / d 2 + a . p ,  (7.3.13) 

where K ( n , 6 )  is a constant depending on the marginal of the xi's, d 2  is 
some estimate of a2  and R, = C:-,,(y, - xT8'')' is the residual sum of 
squares with respect to the least-squares estimate 8, - AIC(p; 2) is equiv- 
alent to Mallows's C, statistic (see Mallows, 1973). Since the AIC statistic 
for regression models is a direct consequence of the normality assumption 
on the errors' distribution [see (7.3.13)], we cannot use it in this form with 
robust estimators and robust tests. In this subsection we propose a robust 
selection procedure for regression that, first, allows us to choose the model 
which fits the major@ of the data taking into account that the errors might 
not be exactly normally distributed, and second, that can be used con- 
sistently with new robust estimators and tests. 

For a given constant a and a given function p, choose the model that 
minimizes 
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where rit4 = (yi - X ~ T , ; ~ ) / B ,  6 is some robust estimate of u, and Tn;p is 
the M-estimator defined by 

n 

C +(ri;p)xi = 0, 
i - 1  

with + ( r )  = dp/dr. 
The extension of AIC to AICR is the exact counterpart of that of 

maximum likelihood estimation to M-estimation (cf. Subsection 2.3a). In 
particular, if we ch&se p as Huber’s function 

then Tn; is Huber’s estimator and AICR( p; a, p,) is the generalized Akaike 
statistic computed under the least favorable errors’ distribution (see Section 
2.7). 

In this case a robust estimate for u can be obtained using Huber’s 
Proposal 2 or Hampel’s median absolute deviation in the model with all 
parameters (see Remark 2, Section 6.2). 

Based on a result due to Stone (1977), Ronchetti (1982b, 1985) proposes 
to choose a = 2EJI2/E+’ < 2, whereas Hampel (1983b) obtains a = 
E I / I ~ / E J ~ ’  + EJ12/(E+’)2 (which differs little from 2 for + = Jl, and c 
between 1.3 and 1.6) “by adding the average decrease of Z;-lp(r,) and the 
average increase of the total mean-square error of fit due to a superfluous 
parameter under normality.” 

For details we refer to Ronchetti (1982b, 1985) who proposed this 
procedure and discussed its properties (in particular, a relationship between 
AICR and robust tests); Hampel (1983b) who gives a general discussion on 
robust model selection (and extends AICR for bounded influence regres- 
sion), and Martin (1980) who used a similar idea for autoregressive models. 

Finally, note that an alternative robust procedure for the selection of 
variables can be obtained by replacing the F-test in the classical stepwise 
regression by the optimal robus: test derived in this section. This procedure 
can be viewed as a robust version of stepwise regression. 

*7.4. C(a) - TYPE TESTS FOR LINEAR MODELS 

Consider the linear model of Section 6.1 with normal errors (G = Q),  u = 1, 
and the related test problem (Section 7.1). 
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Though C(a) tests can be defined for testing more than one linear 
hypothesis on 8 (see Bbhler and Puri, 1966), we focus here on the general- 
ization of Neyman’s original definition (see Neyman, 1958,1979), that is, we 
shall be concerned only with testing a single parameter ( q  = p - 1). 

We define the class of C(a) - type tests and we compute their influence 
function and their asymptotic power. As far as these properties are con- 
cerned, we show that these tests are equivalent to the tests which have been 
introduced in Section 7.2. Moreover, we shall show the connection between 
our optimal test and an asymptotically minimax test. Details are provided 
by Ronchetti (1982b). 

7.4a Definition of a C(a) - Type Test 

The class of tests we want to define will be based on a function which 
satisfies the conditions (7.2.ETAl), (7.2.ETA2), (7.2.ETA3) (i) in Section 
7.2. 

Definition 1. The class of C(a>type tests for linear models is defined by 
means of the test statistics 

zn(8;q) := n-1’2 f V ( X i , Y i  - X T 8 )  * ( u - l x i ) ( p )  
i -  1 

(7.4.1) 

where 7 satisfies the conditions (7.2.ETAl) and (7.2.ETA2) and U is the 
lower triangular matrix with positive diagonal elements such that UUT = M 
= Eq’ (x ,  r)xxT. “Large” absolute values of 2, are significant. 

Remark 1. C(a) tests were introduced by Neyman (1958) in a general 
framework. His basic motivation was to “seek for tests that have a com- 
promise but a clear property of optimality and that are relatively .easy to 
deduce” (Neyman, 1979, p. 1). Wang (1981, p. 1100) derived a (asymptoti- 
cally minimax) robust version of the optimal C(a) test and Ronchetti 
(1982b) proposed the class of C(a)-type tests and found the optimal 
bounded influence test in that class. 
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Remark 2. If we put ~ ( x ,  r )  = -g ' ( r ) /g(r )  in (7.4.1), where g is the 
density of the error distribution, 2, becomes the test statistic of the optimal 
C( a) test obtained by Neyman (1958, p. 228). In this sense the tests defined 
by (7.4.1) can be called C(a)-type tests. 

Remark 3. The test statistic Z, depends on the unknown nuisance 
parameters W), . . . , O(P-l). In Subsection 7.4b we shall discuss the proper- 
ties of a Studentized version Zn((TU),; q), (TU), being a suitable estimate 
of 8. 

Remark 4. In order to determine asymptotic critical regions of the test, 
we shall compute the asymptotic distribution of 2, in the next Subsection. 

7.4b. Influence Function and Asymptotic Power of C( a)-Type Tests 

Let 2 be the functional corresponding to the test statistic Z,, that is, 

Z(F) = j q ( x , y  - X V )  -(LI-'x)'p)dF(x,y). 

Then Z(F,) = ~ I - ~ / ' Z , , ,  where F, is the empirical distribution function. 

Proposition 1. Let FB be the model distribution under the null hypothe- 
sis. If (7.2.ETAl) and (7.2.ETA2) hold, then 

(i) The influence function of Z is given by 

IF(x, y ;  Z ,  FB) = q ( x ,  JJ - xV)  - ( U - ' X ) ' ~ '  

(ii) 

IIF(x, Y ;  Z,&) I = IF(x, Y ;  S, 6) = IF(x, y ;  W ,  h), 

where S and W are the functionals defining the test statistics of the 
tests introduced in Sec:ion 7.2. 

Proof: Left as an exercise. 

From this proposition we see that the influence function of the optimal 
C(a) test when the error distribution is normal, is ( y  - X~B)(LI-~X)(P) and 
therefore unbounded in y and x. The goal of this section is to find a 
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C(a)-type test (defined by 9 )  that maximizes the asymptotic power and has 
a bounded influence function. Let us first compute the asymptotic power. 

Proposition 2. Besides (7.2.ETAl), (7.2.ETA2), and (7.2.ETA3) (i) as- 
sume 

(7.4.AS) E (  v2(x, r )  * llxl12} .c 
Put 

2 
A, := Eq2(  X, r )  I( U - ' X ) ' ~ ' (  . 

Then, under the sequence of alternatives 

H(,,, := B = 8 + n-'/2A, (7.4.2) 

where 

A = (0 , .  . . ,0, A(J") ', 

the test statistic 2, has asymptotically a normal distribution with mean 
up, - A(,) and variance A,. 

Moreover, the asymptotic power of the C(a)-type test defined by 2, is 
given by 

1 - cp(cp-'(i - a )  - A(,)- upp/xb/2) - 

Proof. It suffices to compute EOZ, under the sequence (7.4.2). Define 
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Using 

(u - ldP)  = u;; * (  - q&;lfx(l) + x q ,  (7.4.4) 

we get 

and the first term of the right-hand side of (7.4.3) vanishes. In a similar way 
one can prove that also the second term of the right-hand side of (7.4.3) 
equals 0. Moreover, 

Integration by parts converts this to 

using the same argument again. 
Finally, denoting by a dot the differentiation with respect to 6, we obtain 

( c ( B ) ) ( p )  = upp ,  (7.4.8) 

and by (7.2.ETAl) (i), 

[( 8 )  = 0. 
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Therefore, using a Taylor expansion we get 

EJ,, = n'f l t (6)  = n'fl#'(8) - ( 6  - 8) + 0(ll6 - 811) 

= uPpA(P) + o(n- ' I2 ) .  

This completes the proof. 0 

Remark 5. As in Subsection 7.2c, Case 2, the suitable standardization of 
the influence function is 

1FkStb, Y ;  z, 5) := IF(% y; 2, 5)/(#(8))(p) 

= I F b ,  Y ;  z, &)/up, (7.4.9) 

(cf. 7.2.16). Note that ( ( 8 )  = Een-'/22, = Z(F,). Thus, (7.4.9) extends the 
one-dimensional definition in a natural way. Again from Proposition 2 it 
follows that the asymptotic power of the C(a)-type test defined by q is a 
monotone increasing function of ( jIFWt(x, y; 2, b))*dFg(x, y))-'. 

Remark 6. The test defined by the test statistic Z,, depends on the 
unknown nuisance parameter 8. By techniques similar to those used by 
Wang (1981) one can show that the result of Proposition 2 holds if we 
substitute 8 by a suitable (nlfl-consistent) estimate (T,)" (see Wang, 1981, 
p. 1099). Moreover, the result of Proposition 1 still holds. To see this, 
suppose that the influence function of T, exists and define 

(7.4.10) 

The second term on the right-hand side vanishes, in view of (7.4.4) and 
(7.2.ETAl) (i), and so does the third term by (7.4.5). 

1 - ( / q ' ( s , u - s T 8 ) - ( U -  1 s) ( P I .  JTdl$(s ,u)  .IF(x,y;T,,fi). 
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7.4~. Optimal Robust C( a)-Type Tests 

From the point of view of the asymptotic properties (influence function and 
asymptotic efficiency) C(a)-type tests defined by q, 7-tests, and tests based 
on the quadratic form W,' with the same 7)  are equivalent (cf. Subsections 
7.2b and 7 . 2 ~  with Subsection 7.4b). Applying Proposition 4 of Section 7.3 
we have the following result. 

Corollary. The test which solves the optimality problem for infinitesimal 
robustness (see Section 3.4) within the class of C(a)-type tests is defined by 
a function of the form: 

where z = V;?U, Us is the lower triangular matrix defined implicitly by 

and c is a positive constant depending on the bound on the influence 
function. 

7.4d. Connection with an Asymptotically Minimax Test 

In this subsection we describe the connections between this optimal robust 
C(a)-type test and a test introduced by Wang (1981). Wang studies the 
testing problem using minimax techniques. He considers the following 
situation. 

Suppose we are given a parametric model (a, d, { FB: 6 E 8 c RP)) 
(see Subsection 2.la) and suppose we want to test a hypothesis on one 
component of the parameter 6, say 6(P) = 0, the other ( p  - 1) components 
being nuisance parameters. Then, using the technique of shrinking neighbor- 
hoods, Wang is able to derive an asymptotically minimax test and to extend 
the work of Rieder (1978) to the case where the model distribution is 
indexed by nuisance parameters. Let us write this result in the situation of 
the linear model. Define 



Moreover, let a(,) = a(,,(#) be the solution to the equation 

and define 

(7.4.13) 

(7.4.14) 

(7.4.15) 

(7.4.16) 

is an asymptotically minimax test at level a. 

Proof: See Wang (1981), pp. 1099 and 1104. 

The test defined by (7.4.16) will be called the W-rest. In order to have a 
better performance ar the model, Wang (1981, p. 1105) proposes a modifica- 
tion of the test (7.4.16) and defines a test by means of the following critical 
region 

{ Yn(8)  2 W1(1 - a)}. (7.4.17) 
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The test defined by (7.4.17) will be called the modified W-lest. Then we have 
the following result. 

Proposition 4. The modified W-test is a C(n)-type test. It is equivalent 
to the optimal robust C(a)-type test defined by q, (given by the corollary), 
that is, both tests have the same influence function and the same asymptotic 
power. 
Proof (Ronchetti, 1982b). We prove that Y,(@ = A;1/2(q,) - Z,(#; qs). 

Then, the assertion follows, using Proposition 2 and Remark 5. First, 
consider Eq.  (7.4.14). Using (7.4.11) we have 

0 E ( [ A ] %  - r - ~ ( 1 ) )  = E ( [ r  * d]F,3 * r * xQ)) 

= / d ( x , n n , ) . x ( , , . ( j l l J ~ ~ ~ l .  rd@W 1 d J W ,  

and (7.4.14) becomes 

/(@(~l/ld(x*a(l))l)  - @ ( W I 4 X , % ) ) l ) )  *d(x,a(l))x(l)dK(x) = 0. 

(7.4.18) 

Now, combining (7.4.12) and (7.4.13) and noting that EA = 0, we obtain 

/(" - '1) * ' { A X V , )  + / (A  - b) ' l { A s V o )  = 0, 

and performing these integrations we get, finally, by (7.4.18) 

v*= -v+ -v). (7.4.19) 

For a given positive constant c, define vt and Us as in the corollary. 

v =  c *(u& (7.4.20) 

Moreover, choose 

Then 

a;) = - ( w ( 2 l )  *((v,)(ll,)-' (7.4.21) 

and 

4 x 9  a(,)) = dP) - ( w ( 2 1 )  *((u.)(ll))-lx(l) 

= ( u . 1 X y P )  - (us) PP. (7.4.22) 



376 7. LINEAR MODELS: ROBUST TESTING 

[The left member of (7.4.18) becomes 

E[(2(P(c/l(U~'x)'P'1) - 1) .(u.&)(p).(us)pp - .(')I 
= [Eq's(x,r) *(u;lx)(p)-x(l)] .(Us),, = 0 

.'(Q = E(rr * 4: ;)2 = E (  d2(x;  a(,))  * +$/,&)) 

by (7.4.5).] 
Moreover, by (7.4.15), (7.4.19), (7.4.20), and (7.4.22) we have 

= (us,:, * E (  +$Izw,(r) * l z ( p ) 1 2 )  

(7.4.23) 

7.5. COMPLEMENTS 

*7.5a. Computation of Optimal q Functions 

In this subsection we discuss a computational aspect involved in the 
calculation of the qs functions of optimal bounded influence tests-the 
computation of the matrix Us. 
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Our first problem is to determine the lower triangular matrix with 
positive diagonal elements U = Us which solves the equation (see Proposi- 
tion 4 of Section 7.3) 

(7.5.1) 

where z = U-'x. Note, that if the xi's are given and fixed, one has to 
estimate the expected value over K in (7.5.1) with an average over 
{ x,,. . . , x,,}. Define 

M(U) := E [ ( 2 @ ( c  '(P - q)i'2/lz(2)l) - l ) X X T ] .  

Then (7.5.1) is equivalent to 

H(U) = UUT. (7.5.2) 

We can find the solution Us of (7.5.2) using the following algorithm (cf. 
Algorithm 2, Subsection 4.6b). 

Algorithm 

1. Define: Mo := ExxT. Let U, be the Choleski decomposition of M, 
(i.e., UoU: = M, and U, lower triangular with positive diagonal 
elements). U := U,. 

2. Define zi := z(U) and let U, be the Choleski decomposition of 

3. IF 
4. END. 

a,. 
IlU, - U(l < E,  GOTO 4; otherwise U := U, and GOTO 2. 

Empirical experience shows a rather quick convergence. We use this 
algorithm for computing the matrix U in Subsections 7 . 5 ~  and 7.5d. 

*7.5b. Computation of the Asymptotic Distribution of the T-Test Statistic 

In order to determine P-values we have to compute the distribution function 
of 13,",iA.N2, where the N , ' s  are m independent normally distributed 
random variables and A, 2 A, 2 - .  2 A, > 0 are m positive real num- 
bers (see Subsection 7.2b with m := p - 4). 

Let us denote this distribution function by F,,(z; A,, . . . , A,,,). Johnson 
and Kotz (1970, p. 149 ff.) discuss different approximations to F,, especially 

J !  
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a power-series expansion, a representation of F,,, as a mixture of x2-distri- 
butions, and an expansion in terms of Laguerre polynomials. All these 
expansions seem to converge slowly (see Grenander et al., 1959, p. 377). The 
problem is discussed by Grenander et al. (1959) who propose the following 
idea. Consider the integral equation for F,,,: 

z - F,,,(z; A,, . . . , A,,,) = /'a(z - y)  * F,,,(y;A,,. . . , A,,,) dy, (7.5.3) 
0 

where 
m 

a ( r )  := 1 + f exp( -f/(2Xj)). 
j-1 

Equation (7.5.3) can be discretized and one obtains 

F,,,(t- A; A,, . ..,A,,,) = 

c- 1 

( t -  +a(O))-' . a ( ( t -  V )  - A) F,,,(v - A; A,, . . . , A,,,), (7.5.4) 
v-1  

for 8 -  2,3,. . . . The approximation based on (7.5.4) has not been tried out 
yet for 7-tests. For further approximations, see Solomon and Stephens 
(1977). 

Remark. It would be interesting to try and use small-sample asymptotic 
techniques in order to find a better approximation to the distribution 
function F, for small samples. These methods are very promising and have 
been used successfully in other situations, for example, for getting an 
approximation to the distribution of M-estimators (see Hampel, 1973b; 
Field, 1982; Field and Hampel, 1982; Daniels, 1954); cf. Section 8.5. 

*7.5c. Asymptotic Behavior of Different Tests for Simple Regression 

In this subsection we present the results obtained by Ronchetti (1982b) 
comparing the asymptotic behavior of different tests for different distribu- 
tions. In the exposition we apply the methods which have been used by 
Maronna et al. (1979) for comparing different estimators (see Subsection 
6.4b). We consider simple regression: 

y = xre + e, 

where x = (1, x ( * ) ) ~  and 0 = (@, e(2))T. 
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We want to test the hypothesis 

H,: 8(2) = 0. 

7s(x, r )  = Pc,,,,(2),(r) (see Proposition 4 of Section 7.3 
and Corollary of Section7.4). 

Moreover, in order to investigate the behavior of a test defined by means 
of a redescending q-function ( .II( x ,  r ) = (a /& )  7(  x, r )), we consider also 
the following procedure: 

7 , + j 7 ' ( x , r )  = W ~ , ( l z ( 2 ) I ) ' T ) ( r ; C S , K * , C 6 , A S , B I J ) ,  

where T )  is the p-function defining the hyperbolic tangent estimator (see Fig. 
1 and Subsection 2.6~). is defined by 

$ ( r ;  CSY K*, c6, A s ,  Bs) = r2 /2  if 0 5 Irl I c6 
= ( C 6 ) 2 / 2  i- b(C6) - b ( r )  
= ( c 6 ) 2 / 2  + b(c6) - b(c,)  

c6 5 I r l  5 c5 

c5 5 I r l ,  

where 

b ( r )  := 2 ( A , / B s )  * In [ 2 - cosh (I((.* - 1)B,2/A,)L'2/2] 4 . s  - PI))]. 

For each test we compute the standardized sensitivities (at G = 0) 
Note that c6, A,, Bs are computed implicitly in terms of c5 and K*.  
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We want to test the hypothesis 

H,: 8(2) = 0. 

7s(x, r )  = Pc,,,,(2),(r) (see Proposition 4 of Section 7.3 
and Corollary of Section7.4). 

Moreover, in order to investigate the behavior of a test defined by means 
of a redescending q-function ( .II( x ,  r ) = (a /& )  7(  x, r )), we consider also 
the following procedure: 

7 , + j 7 ' ( x , r )  = W ~ , ( l z ( 2 ) I ) ' T ) ( r ; C S , K * , C 6 , A S , B I J ) ,  

where T )  is the p-function defining the hyperbolic tangent estimator (see Fig. 
1 and Subsection 2.6~). is defined by 

$ ( r ;  CSY K*, c6, A s ,  Bs) = r2 /2  if 0 5 Irl I c6 
= ( C 6 ) 2 / 2  i- b(C6) - b ( r )  
= ( c 6 ) 2 / 2  + b(c6) - b(c,)  

c6 5 I r l  5 c5 

c5 5 I r l ,  

where 

b ( r )  := 2 ( A , / B s )  * In [ 2 - cosh (I((.* - 1)B,2/A,)L'2/2] 4 . s  - PI))]. 

For each test we compute the standardized sensitivities (at G = 0) 
Note that c6, A,, Bs are computed implicitly in terms of c5 and K*.  
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We want to test the hypothesis 

HO:0<2> = O. 

Let G and K be the distributions of e and x(2\ respectively. For x(2) and e 
we choose the following contaminated normal distributions 

(1 - e)<!>(t) + E<b(t/s) 

with the following parameters 

e 

s 

0 

1 

0.1 

3 

0.1 

5 

0.05 

10 

We want to study the asymptotic behavior of the optimally bounded 
influence tests: 

rAf(x>r) = wc,(lz<2) I) * Pc2(
r) (see Proposition 2 of Section 7.3), 

rs(x, r) = pCj/|i(2)|(r) (see Proposition 4 of Section 7.3 
and Corollary of Section7.4). 

Moreover, in order to investigate the behavior of a test defined by means 
of a redescending ^-function (i}(x, r) = {d/dr)r{x,r)), we consider also 
the following procedure: 

*MAX, r) = wC4(|z
<2>|) • p(r; c5, K \ C6, AS, BS), 

where p is the p-function defining the hyperbolic tangent estimator (see Fig. 
1 and Subsection 2.6c). p is defined by 

Hr;ci,-K*,et,Ai,Bi)"^/2 if 0 ^ \r\ < c6 

- (c6)2/2 + b(c6) - b(r) c6 <, \r\ ^ c5 

= (c6)2/2 + *(c«) - b(cs) c5 ^ \r\, 

where 

b(r) . - 2(A$/B5) ■ In[2 • cosh{[((K* - \)B2/A,)X/1/l\ -(c5 - |r|)} 

Note that c6, -45, 2?5 are computed implicitly in terms of c5 and K*. 
For each test we compute the standardized sensitivities (at G = 0) 

«ä1-»iUi(*.')H*ö,l 
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Figure 1. The p-function defining hyperbolic tangent estimators ( f i )  and Huber’s pfunction 
( PC6 ). 

and the efficacies 

under different distributions. 

these cases we have 
Note that the efficacy of the tests defined by rM and rMT factorizes; in 

M22.1/A2 = DX * DR, 

where DX depends only on w, and K and DR = B 2 / A ,  with 

The constants are chosen so that all the tests have the same asymptotic 
efficiency, when x(*) - N(0,l) and e - N(0,l). Note that the constants for 
rM and rMT are not uniquely determined. 

Table 1 describes the calibration as well as the standardized sensitivities 
of the tests. 

Table 1. Calibration and Standardiied Sensitivities at d2) - N(O,l), c - N(0,l) 

Standardized 
Test Constants DX DR Efficiency u22 A B Sensitivities 

TM CI 1.80, CZ 1.58 0.98 0.91 0.95 0.900 0.809 0.886 3.16 
TMT C4 1.80, Cs 4.68, K v  = 4.50 0.98 0.91 0.95 0.910 0.842 0.905 3.31 

0.95 0.930 - - 2.81 
C, 1.70, A, 0.84, 4 - 0.90 

TS C, - 2.67 - -  



Table 2. Asymptotic Efficacies 

G e = 0 E - 0.1 e = 0.1 E - 0.05 Standardized 
K s- 1 s =  3 s -  5 s = 10 Sensitivities 

E = = O  

s = l  
TM 0.95 0.75 0.71 0.80 3.16 

‘S 0.95 0.78 0.72 0.78 2.87 
‘MT 0.95 0.77 0.77 0.87 3.37 

e = 0.1 
s - 3  

TM 1.52 1.21 1.13 1.28 2.70 

‘MT 1.53 1.23 1.23 1.40 2.91 

‘S 1.54 1.27 1.16 1.25 2.34 
E - 0.1 
s - 5  

7M 2.44 1.94 1.81 2.04 2.33 

‘M’T 2.44 1.97 1.97 2.24 2.51 

TS 2.51 2.06 1.86 2.00 1.94 
e - 0.05 
s = 10 

‘M 2.99 2.38 2.23 2.51 2.23 
?MT 3.00 2.42 2.42 2.76 2.38 

TS 3.24 2.61 2.32 2.50 1.85 

Table 3. Factorization for the 7,,,- and  test 
E - 0  E - 0.1 E = 0.1 e = 0.05 
s-1 s = 3  s - 5  s - 10 

DR 
TM 0.970 0.771 0.722 0.814 
T M ~  0.973 0.785 0.785 0.894 

0.979 1.569 2.512 3.087 
DX 
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From Table 2 one can obtain similar conclusions as for estimators (see 
Subsection 6.4b): 

1. 
2. 
3. 

rMT is better than T~ for all distributions under consideration. 
T~ is better than T,,,~ when the distribution of e has moderate tails. 
T~ has the better standardized sensitivities (computed at G = a). 

Table 3 gives the factors for the r,,,- and T,rtest. 

7.M. A Numerical Example 

The data to this example are taken from Draper and Smith (1966,1981). We 
have the following variables: 

Y = response or number of pounds of steam used per month, 
X, = average atmospheric temperature in the month (in OF), 
x6 = number of operating days in the month. 

Table 4 shows the data. 
We consider the linear model 

and we want to test the hypothesis 

H,: p6 = 0. 

The factor space is given by Figure 2 and the observations are plotted in 
Figure 3a. 

From Figure 2 we see that there exist two outliers in the factor space. We 
want to study the behavior of the log,,P-values of the F-, p-, and optimal 
7-test when the observation ( y , )  corresponding to the point (X, = 74.4, 
X6 = 11) varies between 0 and 20. (Its actual value is 6.36.) 

The tests under study are defined by the following functions: 
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Table 4 

X8 X6 Y 

35.3 
29.7 
30.8 
58.8 
61.4 
71.3 
74.4 
76.7 
70.7 
57.5 
46.4 
28.9 
28.1 
39.1 
46.8 
48.5 
59.3 
70.0 
10.0 
74.5 
72.1 
58.1 
44.6 
33.4 
28.6 

20 
20 
23 
20 
21 
22 
11 
23 
21 
20 
20 
21 
21 
19 
23 
20 
22 
22 
11 

23 
20 
21 
20 
20 
22 

10.98 
11.13 
12.51 
8.40 
9.27 
8.73 
6.36 
8.50 
7.82 
9.14 
8.24 

12.19 
11.88 
9.57 

10.94 
9.58 

10.09 
8.11 
6.83 
8.88 
7.68 
8.47 
8.86 

10.36 
11.08 

Permission Draper and 
Smith (1966). 

The scale parameter (I was estimated in the full model using Huber’s 
Proposal 2. 

The constants cI and c2 are chosen such that the corresponding tests 
have a given efficiency, say 0.95, at the normal model (i.e., when x i  and e, 
are normally distributed). We obtain the following values: 

c1 = 1.345, c2 = 2.61. 



Figure 2. The variables X, and X,. Permission Draper and Smith (1966). 
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Figure 36 shows the log,,,P-value of the F-, p-, and 7-test when the 
observation (7) moves from 0 to 20. The plot shows that the F-test becomes 
even not significant for 8.7 s y  s 18.7, and again significant (but in the 
wrong direction!) for y > 18.7. This is due to the fact that the least-squares 
line is attracted by one single observation y7. The p,-test shows a better 
behavior. It is significant everywhere (at least at the 5% level for y 2 8.7). 
For y 2 8.7 the robust line (computed using the Huber-estimator) is not 
affected by y7 and the values of the p,-test statistic remains constant. 
Finally, the 7-test shows the best behavior, being strongly significant every- 
where. 

EXERCISES AND PROBLEMS 

Section 7.1 

1. Summarize the optimality properties (and the conditions under which 
-these hold) of the F-test. 

Section 7.2 

2. Describe the relations and differences between the F-test, p-test, and 
r-test. 

Section 7.3 

3. 

4. 

5. 

6. 

7. 

8. 

(Short) Why is the p,-test only the first step for robustifying the F-test? 

To Remark 4; show that the unstandardized sensitivity of R, equals 
the self-standardized sensitivity of ((Tn)n)(2). 

(Research) Investigate the properties of the approximations discussed 
in Remark 5.  

(Research) Show that the use of a robust test statistic in a permutation 
test leads to robustness of efficiency for the test. 

What is the relation between AICR and the test statistic (7.2.4) with 
7(x, r )  = p(r )?  

(Extensive) Apply AIC and AICR to the data set given in Subsection 
7.5d. 

Section 7.4 

9. Prove Proposition 1. 
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10. 

11. 

12. 

13. 

(Research) Use (7.5.4) to approximate the asymptotic distribution of 
7-tests. 

What are the reasons for using a redescending r)-function (like that 
defining the hyperbolic tangent estimator) to define an estimator or a 
test for regression? 

Discuss the results of the numerical example. What happens with the 
LS estimate and the P-value of the F-test as y, increases? What about 
the p and 7-test? 

(Extensive) Compute the log,,P-value of the F-, p, and 7-test for the 
data in Figure 1 (Section 6.2) by moving the point P2 along the 
vertical axis. Discuss the result. 



C H A P T E R  8 

Complements and Outlook 

8.1. THE PROBLEM OF UNSUSPECTED SERIAL CORRELATIONS, 
OR VIOLATION OF THE INDEPENDENCE ASSUMPTION 

8.1% Empirical Evidence for Semi-systematic Errors 

The Occurrence of violations of the famous “i.i.d.” (independent identically 
distributed) assumption, even in physical and technical data, is acknowl- 
edged by eminent applied statisticians. There are old experiences in this 
direction in various subject matter sciences. Physicists have too often found 
that standard errors assigned to absolute physical constants later turned out 
to be too small; some physicists are used to dismissing the classical standard 
error of a mean as “merely statistical” [Jeffreys (1939) 1961, p. 301; p. 2701. 
This mistrust unfortunately seems to be justified to some extent. Thus, 
Youden (1972) cites a sequence of 15 determinations of the astronoinical 
unit (mean distance earth-sun) from 1895 to 1961, where each new value 
was outside the experimenter’s estimate of spread for the previous one! 

It would be too simpleminded to attribute this result altogether to 
(constant) systematic errors, although such systematic errors also occur. A 
nice example is the older determinations of the velocity of light during this 
century, most of which gave about 299,776 km/sec ( r t  a few km/sec), 
while a minority gave about 299,792 km/sec. It turned out (cf., e.g., Ahnert, 
1961, p. 136) that the majority (!) of the data was wrong due to a systematic 
delay of the light caused by one common aspect of the methods, which was 
absent in the smaller group based on otherwise quite heterogeneous 
methods. 

But very often one does not find a clear-cut separation of measurement 
series into a few different constants, corresponding to different systematic 
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errors; rather the “systematic errors” seem to vary themselves in an often 
smooth but rather irregular way. The astronomer Newcomb (1895, p. 103) 
was aware of the existence of such errors and called them “semi-systematic.” 
Karl Pearson (1902) carried out a large experiment himself [already alluded 
to in Subsection 1.2b, (iii)] in order to check the common assumption that 
astronomical observations can be decomposed into a random part and a 
constant systematic error caused by the observer and called the “personal 
equation.” He found that the “personal equation” was not constant, but 
changed in rather peculiar ways, even with correlations among different 
observers. Gosset (“Student”, 1927) discusses several series of chemical 
measurements of the same quantity, obtained with greatest care, which 
should be ideal examples for i.i.d. observations. He also found slow fluctua- 
tions and long-range dependencies and called these errors “ semi-constant” 
errors. Elsewhere [cf. Jeffreys (1939) 1961, p. 2981 he remarks that he has not 
encountered any determination which is not influenced by the date on which 
it is made. A similar experience with engineering data (C. Daniel, orally) is 
in the background of page 59 in Daniel and Wood (1971). It may even be 
suspected that some doubtful “discoveries” in astronomy, such as that of a 
planet of a nearby sun on the basis of slight wiggles of the latter’s position, 
could have been caused by semi-systematic errors. Another striking example 
for such nonperiodic fluctuations is the sequence of 2885.5 (sic!) determina- 
tions of the velocity of light by Michelson et al. (1935). Two more recent 
examples (H. Graf, 1983 and orally; Graf et al., 1984) are series of 500 and 
600 weight determinations of the same weight by the U.S. National Bureau 
of Standards, a section of which is given in Freedman et al. (1978, p. 91); 
one series looks clearly “out of control” and not like i.i.d. data, while the 
other looks like a marginal case; but even the most homogeneous subset of 
about 300 measurements shows weak yet highly significant (P < 1%) serial 
correlations. 

Such violations of the assumption of independence even in science and 
engineering data have consequences for standard errors and related quanti- 
ties. The growing awareness of the problem among top data analysts in 
recent years is reflected by such chapter headings as “Hunting Out the Real 
Uncertainty. How a/ 6 Can Mislead” in Mosteller and Tukey (1977) or 
“Random Sampling and the Declaration of Independence” in Box et al. 
(1978). Already Jeflkeys [(1939) 1961, p. 2971 noted that in his examples 
means of 25-30 observations fluctuated like means of only 2-15 indepen- 
dent observations. The strong effects of even mild serial correlations are 
discussed, for example, in Scheffb (1959, Chapter 10). There remained, 
however, the question of the true correlation structures in real data or, more 
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realistically, of simple correlation models which capture the most important 
correlation features of real data. 

Important pioneering work on this question was done for agricultural 
data by H. Fairfield Smith (1938) almost 50 years ago. He noted that in a 
large uniformity trial the log variances of the average yield over neighboring 
plots against the log numbers of plots were very close to a falling straight 
line, but its slope of -0.7 was clearly above -1, the correct value under 
independence of the yields of neighboring plots. He then studied the 
corresponding plots for about 40 uniformity trials; almost all of them gave 
very neat straight lines, whose slopes ranged fairly uniformly between 
- 0.05 and - 0.80, with some clustering around - 0.4. These findings, which 
are further discussed in Whittle (1956), strongly suggest power laws of the 
form cn-=,  0 < a c 1, for the variance of the mean of n identically 
distributed observations. A somewhat different example, which in retrospect 
also produces such a law (with beautiful straight lines clearly flatter than the 
Poisson line in log-log coordinates), is the standard error of estimates of the 
density of wireworms against the density given in Yates and Finney (1942) 
and reproduced as “error graph” in Section 7.20 of Yates j(1949) 19811. (In 
passing it may be noted that Fisher and Mackenzie, 1922 boldly fit a 
tanh(~f/d,)-~/’ curve to a few rainfall correlations between points in 
distance d, which asymptotically would lead to the same kind of law for the 
variability of the mean rainfall.) The problem is that none of the customary 
stationary stochastic processes, like ARMA models, yields such a law; it can 
only be approximated for some transient stretch of time with a large 
number of parameters, but asymptotically the variance of the mean of all 
these processes with a “finite memory” decreases like n-’. 

8.lb. The Model of Self-Similar Processes for Unsuspected Serial 
Correlations 

Now there are in fact stationary stochastic processes for which the variance 
of the mean decreases like n-‘ for an); a between 0 and 1 (in fact, any a 
between 0 and 2), namely the increment processes of so-called self-similar 
processes. They were invented more than 40 years ago in a rather abstract 
probabilistic setting by, Kolmogorov (1940,1941) and found early use in 
turbulence theory and later also in some other areas of physics. D. R. Cox 
(orally; cf. also Whittle, 1956) derived them as a model for yarn diameter 
variation in textile industry. It was B. B. Mandelbrot (1965; Mandelbrot 
and van Ness 1968; Mandelbrot and Wallis l968,1969a, 1969b; cf. also his 
later papers and his 1977 book) who introduced and established self-similar 



390 8. COMPLEMENTS AND OUTLOOK 

processes in subfields of statistical applications, first in hydrology, and later, 
more generally, for geophysical records. He was the first to give a satisfac- 
tory model for the “Hurst phenomenon” of the floods of the river Nile 
which had puzzled many probabilists (cf. also Feller, 1951). Briefly, the 
heights of the yearly floods were correlated (“seven fat years and seven lean 
years” of the Bible, hence the term “Joseph-effect”) in a way which can be 
modeled by the increments of a self-similar process whose mean converges 
at rate n-o.2 approximately. A related result had been found empirically by 
Hurst (1951, 1956, Hurst et al., 1965) for the cumulative ranges of the Nile 
data. 

Mandelbrot called the self-similarity parameter or parameter of long- 
range persistence of correlations H in honor of Hurst, with H = 1 - 4 2 .  
H can vary between 0 and 1 for stationary increments; H = f corresponds 
to independence, H > f to positive correlations, H < 3 to negative correla- 
tions. In Mandelbrot and Wallis (1969b), estimates of H are given for about 
70 geophysical data series such as river flows, rainfall, earthquake frequen- 
cies, tree-ring indices, thickness of geological layers, and also sunspot 
numbers. The estimates range fairly evenly over the whole range between 
0.5 and 1 and are in most cases clearly above 0.5, giving strong evidence 
that nontrivial self-similar processes (or else more complicated processes) 
are needed for the description of most geophysical records. 

Self-similar processes Z ( t )  on the real line are characterized by the 
property that if the time scale is changed by a factor u > 0, all finite-dimen- 
sional distributions are changed by a factor aH. From this simple scaling 
property follow many important results; thus for the variance of the 
increments Var( Z( t ) - Z(0)) = t ’ Var( Z( 1) - Z(0)) whence the variance 
of the mean, and the autocovariance function at lag s 2 1 for the discretized 
increment process, becomes proportional to (s - - 2s2“ + (s + I)~”, 
which behaves asymptotically like s’”-’ for H > 4. In some ways Gaus- 
sian self-similar processes are as simple and may be expected to become as 
important as the classical Gauss-Markov processes; both have only one 
correlation parameter, and while in one case the serial correlations decrease 
exponentially fast, they decrease hyperbolically in the other case. 

Most mathematical properties of self-similar processes are very difficult 
to work with, however, which seems to be one reason for the late interest in 
them. A relatively simple way of defining self-similar processes is as “frac- 
tional integrals” over white noise; thus, the Gaussian self-similar processes, 
called “fractional Brownian motion,” can be “defined” heuristically with 
Gaussian white noise dB(t)  by 

z(t)“ = ”/’ ( t  - S)H-lfldB(s)/r(H + 1/2). 
-00 
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More precisely, 

H = $ yields ordinary Brownian motion. The “derivative” or “increment 
process,” called “fractional Gaussian noise,” is a Schwartz distribution; 
however, in practice one will usually work with the increments of the 
discretized process (restricted to integer time points). For some further 
properties of self-similar processes, cf. for example, Mandelbrot and van 
Ness (1968); for pictures of computer simulations of the increment processes, 
see Mandelbrot and Wallis (1969a), Graf (1983), and Graf et al. (1984); for 
processes and pictures in higher dimensions, see Mandelbrot (1977). In 
recent years, there has been an increasing interest by probabilists in self-sim 
ilar processes, with many mathematical papers, for example, by Dobrushin, 
by Major, and by Taqqu (cf. the references under these nanies). 

8.1~. Some Consequences of the Model of Self-Similar Processes 

One of the dangers of the autocorrelation function of self-similar processes 
is that although individual correlations may all be very small and hence 
nonsignificant when tested, their sum tends to infinity, implying infinite 
memory and nonnegligible correlation even between the distant past and the 
distant future. On the other hand, such unusual features are just what is 
needed to describe the empirical findings for semi-systematic errors. 

One of Student’s (1927) series of 135 supposedly i.i.d. data (nitrogen 
content of aspartic acid) was analyzed in depth by Hampel and J.-D. Tacier 
(cf. Hampel, 1979; Hampel et al., 1982; Graf et al., 1984). After the first six 
data points, the 99%-confidence interval based on the first n observations 
(assuming independence) does not contain the known true value anymore. 
Moreover, two 99%-confidence intervals based on about the first 50 and on 
almost all data do not even overlap! The variance of the means of nonover- 
lapping subsamples of size k again decreases like a power law different from 
k - l .  A recent estimate for H obtained by H. Graf via the power spectrum 
yields H = 0.83 f 0.06, with a = 0.34 (cf. Hampel et al., 1982). Again 
adopting a self-similar process as the simplest possible model consistent 
with the data, we have to multiply the standard error and the confidence 
interval for the mean of all 135 observations by a factor of about 4.5 (this 
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Figure 1. Simulated realizations of standardized fractional Gaussian noise for three different 
values of the self-similarity parameter H.  Each realization is plotted in two lines and consists of 
1024 points, which have been connected with straight lines. The case H - .5 is Gaussian white 
noise, while H > .5 means long-range dependence. 
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means, the variance of the mean of these 135 data points is about 20 times 
as large as naively estimated by assuming the n - l  rule)! The result is 
shocking, but it yields one reward: the corrected 99%-confidence interval 
based on all data contains the true value again. At least in this example, 
there is therefore no necessity to invoke a systematic error for the observed 
discrepancy between true and observed mean; this can be explained solely 
by our model for semi-systematic errors. 

The strange behavior of Pearson’s series can also be best modeled by 
self-similar processes. Assuming such a model to be true, the ratios y of the 
variance of the means of groups of 25 consecutive observations and of the 
variance of individual observations given in Jeffreys [(1939) 1961, p. 315, cf. 
above] allow simple and crude estimates for H for the six series by equating 
y 2  with 25-”; these estimates rangc fairly evenly with increasing y z  from 
H = 0.58 via 0.63, 0.64, 0.69, 0.84 to 0.91. For the two NBS weight series, 
Graf obtained by more sophisticated methods H = 0.54 (barely not signifi- 
cantly different from 0.5, with a P-value of 6%) and H = 0.79. Thus even 
for such high-quality series from physics, astronomy, and chemistry, long- 
range correlations seem to be the rule, with H anywhere between 0.5 and 1. 

While for geophysical (including meteorological) and agricultural data, 
correlations were to be expected and only the form of the correlation 
function came as a surprise, the widespread occurrence of the same type of 
correlations among supposedly independent data under the most ideal 
conditions of exact sciences must sound revolutionary to many. It is 
contradicted by all elementary and almost all advanced textbooks of statis- 
tics which claim that the standard error of the mean in such situations goes 
to zero like n-’12. However, it is only the quantification of the widespread 
qualitative experience of top statisticians and scientists cited above-includ- 
ing the skeptical physicists who do not believe in statistics. In fact, if 
statisticians insist on such purely mathematical deductions from unwar- 
ranted assumptions as the n-”’ rule for the standard error, without regard 
to real data, they only disqualify themselves in the eyes of any sufficiently 
reasonable and experienced scientist. It is surprising how much blindness 
still exists against facts of which Jeffreys ((1939) 1961, pp. 297/298] wrote 
already many decades ago, in using the term “internal correlation” for the 
correlation structure of semi-systematic errors: “Internal correlation habitu- 
ally produces such large departures from the usual rule that the standard 
error of the mean is n-’12 times that of one observation that the rule should 
never be definitely adopted until it has been checked. In a series of 
observations made by the same observer, and arranged in order of time, 
internal correlation is the normal thing, and at the present state of knowl- 
edge hardly needs a significance test any longer. It practically reduces to a 
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problem of estimation. The question of significance arises only when special 
measures have been taken to eliminate the correlation and we want to know 
whether they have been successful." 

Of course these facts have to be seen in the right perspective; they do not 
imply that all results derived under the independence assumption are 
nonsensical or wrong. For one thing, in special situations there appear to 
exist even very long sequences indistinguishable from sequences of indepen- 
dent data. An example are some 20 million dice throws done with special 
precautions by Longcor (see iversen et al., 1971); even runs of odd or even 
of length 20 or more occurred with frequencies roughly expected under 
independence. Another aspect is that the relative (as opposed to the 
absolute) qualities of point estimates (at least those based on the empirical 
cumulative distribution function, thus disregarding the time order of the 
data) seem to be not too much affected by long-term serial correlations, at 
least for series which are not too long. (For the limiting case of very long 
series, J. Beran recently obtained quite different results; cf. Beran and 
Kunsch, 1985). This makes it possible to discuss robust point estimation in a 
relevant way while disregarding the correlations. All confidence intervals 
and standard errors have to be adjusted, of course-probably roughly by 
the same factor. But a further aspect is that this effect (as far as long-term 
correlations are involved) is usually moderately small for small sample sizes; 
to compute some numbers: the adjustment factor is, in the simplest (though 
here perhaps inadequate) model, n"-1/2. For n = 5 ,  this is below 1.2, 1.5, 
and 2 for H up to 0.61, 0.75, and 0.93, respectively. For n = 20, the 
corresponding values of H are 0.56, 0.64, and 0.72; an H of 0.9 leads 
already to a factor of 3.3 for the confidence interval or 11 for the variance of 
the mean. There is of course the difficult problem of estimating H from 
small samples, so it is only somewhat fortunate that the effects are not as big 
yet. For n = 100, even H = 0.6 leads to a factor 1.6 for the standard error, 
and H = 0.9 to a factor 6.3; hence for supposedly independent data series 
of similar or greater length, a study of the correlation structure and an 
estimate of H should always be made. (For short series, the short-term 
correlations are relatively more important, and at least the first few correla- 
tions should be individually estimated.) It may be surmised that the ob- 
servation that the chi-square test virtually always rejects the null hypothesis 
for sufficiently large samples (Berkson, 1938) is not only due to the null 
hypothesis being almost never exactly true, but also due to the use of a 
wrong critical region. 

The main reason that statistics has been successfully applied in many 
fields despite these semi-systematic errors, seems, however, that one is very 
often not interested in absolute constants, but rather in contrasts. In 
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contrasts, especially if determined in a split-plot fashion, the semi-sys- 
tematic errors will largely cancel out. Another way of treating them in the 
determination of contrasts is randomization, whereby they become a part of 
the proper (independent) random error. The fundamental distinction be- 
tween contrasts and absolute constants is a basic part of knowledge of 
experienced applied statisticians (cf., e.g., remarks by Box, by C. Daniel, 
and by others), though it is not reflected at all in the usual formalism of 
mathematical statistics. 

8.ld. Estimation of the Long-Range Intensity of Serial Correlations 

There appear to be at present four or five main approaches towards the 
estimation of the parameter H of a self-similar process: via the correlogram, 
the power spectrum, the variance-time function, the R/S (rescaled cumula- 
tive range) method by Mandelbrot, and variants of maximum likelihood. 
The correlogram is not recommended because of its many pitfalls (cf., e.g., 
Mandelbrot, 1972), such as artifacts caused by the correlations of the 
correlations; in the present context it is particularly unsuitable because it is 
not the small individual correlations which matter but their large sum. The 
variance-time function considers the variance of the means of nonoverlap- 
ping subsamples as function of the subsample size. It needs an iterative 
adjustment of the variance of the grand mean, but for approximately 
normal data it gives a rather direct picture of what is happening (cf. the 
graphs in Hampel et al., 1982 or Graf et al., 1984). The robustification of 
this method with regard to outliers apparently has not yet been studied. A 
closely related approach is to analyze the components of variance of a 
hierarchical splitup of the data sequence by means of ANOVA methods. 

The method favored and used extensively by Mandelbrot is R/S-analy- 
sis, where R/S is the range of the cumulative process divided by the 
standard deviation of the increment process for some time span (s, s + I ) .  
This quantity is inspired from standard techniques in hydrology, where R is 
the ideal capacity of a reservoir. The plot of log R/S against log I for many 
different time spans clusters around a straight line with slope H (in first 
approximation). This method could be shown to be extremely robust against 
changes of the marginal distribution; even for very long-tailed and skew 
distributions it gives good estimates of H (cf., e.g., Mandelbrot and Wallis, 
1969c, or Mandelbrot and Taqqu, 1979). On the other hand, there are 
indications that for near-normal data this method is less efficient than others 
and that the relative efficiency even decreases with the sample size, suggest- 
ing a slower convergence rate (cf., e.g., Graf, 1983). 
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The power spectrum of a self-similar process has the property that in first 
approximation the regression of log power spectrum on log frequency gives 
a straight line with slope 1 - 2H (with approximately i.i.d. errors following 
roughly the double-exponential extreme-value distribution). This approach 
should lead to fairly robust methods which are in general more efficient than 
R/S. A crude version of this estimation approach has been implemented by 
D. L. Mohr (1981); a more refined version, taking care of various distribu- 
tional approximations, robustifications, and bias corrections, is given by 
H. Graf (1983) [cf. also Graf et al. (1984)l. There are indications (cf. J. 
Beran, 1984) that his nonrobustified estimator is asymptotically as efficient 
as maximum likelihood under a normal self-similar process. Grafs robus- 
tified estimators, while of course losing some efficiency under this strict 
parametric model, allow, for example, downweighting of spikes and of 
high-frequency noise in the spectrum. Also, maximum likelihood estimation 
has been tried (cf. McLeod and Hipel, 1978) which soon becomes rather 
cumbersome with increasing length of the sequence and may possibly be 
quite nonrobust, although for Gaussian processes this and the spectrum- 
based methods are probably most efficient. But there is an approximate 
maximum likelihood estimator (Fox and Taqqu, 1984; J. Beran, 1984; cf. 
also Kiinsch, 1981) which is fairly simple also for large n, can be robustified, 
is flexible in incorporating additional short-term correlations, and for which 
there exists already an asymptotic theory. It certainly will be worthwhile to 
work out general computer programs for it and its robustified versions. 
Otherwise, for general purposes the refined power-spectrum methods seem 
to be best at present, except for extremely long-tailed marginal distributions 
(e.g., without first moments) where R/S might be the safest choice. 

8. le. Some Further Problems of Robustness against Serial Correlations 

So far, we have modeled only the most salient features of observed semi-sys- 
tematic errors by means of self-similar processes. The true correlation 
functions are unknown and will remain so. It is, however, to be expected 
that the simple model of self-similar processes has to be refined somewhat 
for a more accurate analysis. Most likely seems to be a combination of a 
self-similar process with a short-memory ARMA process with just a few 
parameters, to account for special behavior of the first few lags. Another 
question is whether self-similar processes are always sufficient to describe 
the long-range correlations, or whether and when other refinements become 
necessary there, too. We might also consider non-Gaussian distributions as 
basic parametric models and study various estimators under the correspond- 
ing non-Gaussian self-similar processes. 
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The problem of unsuspected serial correlations in supposedly i.i.d. data is 
just a special case of the problem of deviations from an assumed correlation 
structure. For example, it could be that one entertains an AR model with 
three correlation parameters, but that the true correlation structure is 
“slightly different.” This robustness problem for time series is to be dis- 
tinguished sharply from the hitherto treated robustness problems in time 
series, namely those caused by outliers and other changes in the marginal 
distributions (cf. Section 8.3). On a still higher level would be the combina- 
tion of both types of robustness problems. 

Another, still more general statistical problem is the case of higher- 
dimensional sets of observations, such as yields of plots in agriculture, or 
data with some other neighborship structure, as along a tree or network, 
when it can be surmised that neighboring data are more similar than distant 
ones. The question is again how the correlations decay in such a structure, 
and by what statistical methods they can be treated. There is already quite 
some probability theoretic work on higher-dimensional self-similar processes, 
but very little seems to be known about the statistical problems involved. 

8.2. 
STATISTICS 

SOME FREQUENT MISUNDERSTANDINGS ABOUT ROBUST 

8.2a. Some Common Objections against Huber’s Minimax Approach 

It will not be attempted to repeat all the discussions of misunderstandings 
about robust statistics which the interested reader can find, for example, in 
Hampel (1973a, 1978a, 1980). There are also already many such discussions 
earlier in this book, notably in Sections 1.1, 1.2, and in some parts of 1.3, 
especially in Subsections 1.2e and 1.3f. Specific discussions of the rejection 
of outliers can be found in Section 1.4, as well as in Hampel (1985). The 
present section will concentrate on four major topics of discussion in some 
depth. 

We shall first discuss specifically a number of objections against Huber’s 
1964 paper, some of which are just partly justified and some of which 
consist of rather basic though widespread misunderstandings. This subsec- 
tion can be read after Subsection 1.3b. 

There are several reasons for starting with a discussion of this paper by 
Huber. The theory contained in it was the first general theory of robust 
statistics, became historically prominent, and to some extent has set the 
stage for the later theories. Many objections against it-whether justified or 
not-can be and are equally well held against the theory in this book. And 
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at least some statisticians seem to have had merely a superficial glance at 
Huber’s 1964 paper (or nowadays perhaps at his 1981 book), get distorted 
impressions and misconceptions from it, and believe they now can judge 
robust statistics. 

1. “The asymptotic variance is not the actual variance.” True; but the 
asymptotic variance (together with asymptotic normality) yields the only 
simple description of the distribution of the estimate; and in the cases 
considered it is an excellent description down to n = 20 and good even 
down to n = 10, as is known from Monte Car10 studies, for example, the 
large one in Andrews et al. (1972). [For n < 10, one needs more precise 
“asymptotic” methods of describing a distribution, such as those discussed 
in the survey article by Field and Hampel, 1982, which yield highly accurate 
approximations even in the tails down to about n = 3. Besides, there are 
arguments going back at least to Fisher (1922, p. 350), a strong proponent 
of the variance, that in general it is not the variance which should be 
considered as main criterion for finite samples, but rather the intrinsic 
accuracy or information, which reduces to the (“in-”)variance in the cases of 
normality and asymptotic normality.] 
2. “The scale parameter has to be known.” True; but it can (and 

should) be estimated simultaneously. However, it should be noted that scale 
estimation changes the neighborhoods, since distributions with the same 
estimated scale, not with the same background scale of the normal part, are 
grouped together. On the other hand, it is no disadvantage that scale has to 
be estimated simultaneously, unless one is satisfied with a pure location 
estimator in the spirit of nonparametric statistics, which describes only one 
aspect of the data and not (at least approximately) the full data set. 
Contrariwise, scale estimation also allows rejection of outliers in dependence 
of their distance from the majority of the data. This cannot be achieved by 
Gestimators (linear functions of the order statistics) or R-estimators (esti- 
mators derived from rank tests) (cf. also Section 1.4 and Subsection 8.2~). 

3. “The estimate is only defined by an implicit equation and has to be 
computed iteratively.’’ In the age of the computer, this should be no 
argument anymore, for at least three complementary reasons: a simple, 
lucid implicit definition (like the one for M-estimators) is preferable to a 
complicated, inscrutable explicit definition and leads to a simple, elegant 
theory; implicit equations pose no problem for the computer; and for 
“hand calculations,” there are very simple one-step versions (cf. Andrews et 
al., 1972) which are asymptotically equivalent and for finite samples virtu- 
ally equivalent to the fully iterated estimators. Besides, general maximum 
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likelihood estimators always were defined only implicitly, which did not 
prevent them from becoming accepted even in precomputer days. 
4. “The fraction of gross errors E has to be known.” There are several 

counterarguments: in moderately large to large samples, one can try to 
estimate e from the data (e.g., as in Huber’s “Proposal 3”-see Huber, 
1964); an experienced data analyst often has some idea about the quality of 
his or her data; and most importantly, we are lucky numerically since within 
a wide (and most important) range the choice of e hardly matters. Thus, 
according to Huber’s (1964) Table I, for all choices of k between 1 and 1.8 
for the Huber-estimator (corresponding to e between 14 and 1.6%) and all 
true e between 1 and lo%, the asymptotic variance lies at most 7% above the 
minimax variance. 

5. “Minimax solutions are too pessimistic.” In general this may be true, 
but it is not so in our case. Neither are the least favorable distributions 
unrealistic, nor are the efficiency losses at the ideal model a reason for 
concern. The least favorable distributions are rather short-tailed with all 
moments existing, and for small E they are very similar to the normal; 
Huber (1981, p. 91) showed that for e around a few percent, they are quite 
good examples for what the distribution of large samples of high-quality 
data can look like. They are thus shorter-tailed than distributions with 
distant gross errors, showing again that distant outliers are easier to handle 
than “doubtful outliers” nearby and contamination in the flanks of the 
distribution. And again we are lucky with the quantitative aspects: the 
increase in variance over that of the arithmetic mean under the strict normal 
model is 11% for the Huber-estimator with k = 1.0,5% for k = 1.4, and 2% 
for k = 1.8. If one compares these values with the potential increase of 
variance of 2 in a small neighborhood of the normal, which is unbounded 
and which even after rejection of outliers can easily be around 20% (cf. 
Section 1.4)’ the choice should be clear.-It should be noted that we are not 
always so lucky with the quantitative aspects: in robust regression with 
“leverage points” (highly informative and at the same time highly danger- 
ous points, cf. Chapter 6), the efficiency losses of decently robust estimators 
are considerable. 

6. “The gross-error model contains too many unrealistic distributions. 
In particular, for every positive e it contains distributions without any 
moments, but in reality all distributions have all moments since the range of 
their values is always bounded.” It does no harm to have too many 
distributions included as long as the relevant distributions, namely the least 
favorable ones, are not too unrealistic-and this we have just seen. But the 
argument about the existence of moments is a rather deep-rooted confusion 
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between mathematics as a simplified model of reality trying to capture 
relevant features of it, and mathematics taken literally. Already Tukey, a 
long time ago, has tried to explain the difference by means of a Cauchy 
curtailed at f lo”, thus possessing all moments, and a Normal with 
of a Cauchy mixed in, thus possessing no moments. The relevant statistical 
features for not extremely large sample sizes are still those of a Cauchy and 
Normal respectively, and not vice versa. 

7. “A neighborhood based on the first few moments (say, up to the 
fourth, or even only the second) is also rather “full,” rather simple and at 
least as reasonable as the gross-error model.” Such models are unrealistic, 
since moments are a straitjacket. A single outlier can make all moments 
arbitrarily large. If it is objected that all observations are bounded, then 
“arbitrarily” still has to be replaced by “ very.” If the bound on the data is 
so low that the moments cannot be changed by much, then there is hardly 
any robustness problem; but then there is hardly any statistical problem at 
all, since the data are known quite well a priori. It may still be argued that 
moments can be relevant under three circumstances: conditionally, given 
that there are no outliers, or after rejection of outliers, or if one considers 
only those underlying distributions which would not be rejected by an 
appropriate goodness-of-fit test applied to the data. The first situation leaves 
open what to do in the case of outliers and thus does not lead to fully 
specified statistical procedures; the second situation looks only at the second 
part of a statistical procedure and not at it as a whole; only the neighbor- 
hood of “distributions indistinguishable from the true underlying one” (or: 
“compatible with the empirical one”) merits some theoretical interest, but in 
almost all cases, as n -B 00, it will eventually not contain the strict paramet- 
ric model anymore (contrary to a number of so-called robustness theories 
based on “shrinking neighborhoods”), hence it is not clear how to treat it. 
Perhaps Huber’s (1964; cf. also Huber, 1974b) idea of considering the least 
informative distribution in such a neighborhood can lead further, but at any 
rate it would lead to much more complex procedures which are only 
marginally better than the simple ones already existing (cf. also Subsection 
8.2d). 

“The gross-error model is too narrow since it does not contain all 
realistic alternatives to the model.” This is true: neither gaps and troughs in 
the ideal model distribution nor rounding errors and the like are covered. In 
a heuristic sense, the gross-error model is only “half’ of the “ total-variation 
neighborhood” (cf. Hampel, 1968), and we need a neighborhood in the 
weak topology (cf. Section 2.2). However, this weakness leads to an inter- 
esting discussion of the role of mathematical models. On the one hand, the 

8. 
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gross-error model does capture the most important deviations from the 
parametric model, and its “solution,” the Huber-estimators, are also very 
good in the larger neighborhoods as they are little affected (for k not too 
small) by the additional types of deviations. On the other hand, Huber 
(1964, 1981) has also treated a realistic neighborhood, namely that based on 
the Kolmogorov distance, and the solution turns out to be rather similar, 
only more complicated. For these reasons, and since the exact quantification 
of the neighborhood is somewhat arbitrary, we prefer the simpler solution. 
(It also turns out that the simpler solution is also the solution for a simple 
and realistic model, namely the one based on Taylor expansions around the 
parametric model; cf. Subsection 1.3d.) 

9. “The minimax approach cannot be generalized to arbitrary paramet- 
ric models.” Unfortunately, this seems to be a real and important limitation. 
There appears to be no simple general procedure to derive the least 
favorable distribution, and some of Huber’s (1981) solutions require already 
considerable ingenuity. On the other hand, the minimax approach can be 
generalized to the most important and most frequently needed parametric 
models, including the linear model with normal errors and the covariance 
matrices of multivariate normal distributions. 

“The minimax approach works only for symmetric distributions.” 
This is usually to be interpreted that both the model distribution and the 
contamination have to be symmetric. It is one of the worst prejudices 
against robust statistics, because obviously the assumption of exact symme- 
try is as unrealistic as the assumption of an exact parametric model. The 
prejudice has been reinforced by the Princeton Monte Carlo study pub- 
lished in Andrews et al. (1972) which made many statisticians believe that 
robust statistics is “the statistics of symmetric long-tailed distributions.” An 
answer can be given on different levels. 

Most superficially, it can be said that not a single theorem in Huber 
(1964) needs the assumption of symmetry or contains the word “symmetry,” 
and in fact Huber also solves the scale problem where neither the model 
distribution (of the log absolute values) nor the contamination is symmetric; 
moreover, Andrews et al. (1972) contains also Monte Carlo results for 
asymmetric distributions, which were included upon insistence by Huber 
and the present writer. To this can be objected that Huber’s (1964) Theorem 
1 contains a more general but equally stringent condition; that its corollary 
(with the most important application) does in fact assume symmetry; that in 
the scale case Huber seems to waver before settling on the choice of the 
estimator which is Fisher-consistent at the parametric model; and finally, 
that Andrews et al. (1972) does not contain an analysis of the asymmetric 

10. 
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situations (which came about because the computer outputs arrived in 
Zurich too late). 

It seems, however, often to be overlooked that already Huber (1964) 
contains quite a remarkable discussion of the bias caused by asymmetric 
contamination, including its increasing importance with increasing sample 
size and the role of the median as the best choice for very large sample sizes 
(which some folklore in applied statistics also seems to have arrived at on 
intuitive grounds and which is contrary to many “adaptive” and “shrinking 
neighborhoods” theories). Huber uses an approximation to get bounds for 
the bias and treats it separately from his other theory; but the asymptotic 
variance is also only an approximation for finite sample sizes, and about all 
Huber did not do was to combine variance and bias to an (“asymptotic,” 
but sample-size-dependent) mean-squared error. Also the asymmetric situa- 
tions in Andrews et al. (1972) can be analyzed in this way, and while 
providing some interesting additional aspects and broader information, 
their results fit in excellently with the results for the symmetric situations. 
(Cf. also the discussions of bias and asymmetry in Huber, 1981). 

While in Huber’s first approach, the minimax approach, symmetry still 
plays a certain role, though mainly for mathematical convenience, it seems 
to be often overlooked that in two other major theories of robustness, 
namely Huber’s (1965,1968) second approach via robust testing and con- 
fidence intervals, and in Hampel’s (1968) approach, there is not the least 
need for or mention of symmetry. It is amazing how a superficial under- 
standing of just one out of three theories (and not even the most general 
one), and perhaps even more just the existence of a big but incompletely 
analyzed Monte Car10 study, could lead to such a deep-rooted prejudice. 

Probably there is another, perhaps often subconscious reason. Classical 
estimation theory is based on the mathematical fiction of a uniquely defined 
estimand, even though for every finite n only some neighborhood of it is 
identifiable. This paradigm has to be abandoned as soon as an unknown 
though limited distortion of the parametric model is allowed for, since for 
every n this distortion can at most be partly identified, leaving an unknown 
bias which is bounded but in general nonvanishing for n 00, as is already 
shown in Huber (1964). Reluctance to accept this unavoidable fact has 
resulted in a number of attempts to make the bias disappear by artificial 
tricks, but it is time to go beyond the debilitating relativism of many 
mathematical statisticians who are always willing to sacrifice realism of their 
models for some spurious mathematical simplicity. (For a more detailed 
discussion, see Subsection 8.2d.) 

To summarize the discussion of various objections to Huber’s first 
approach: In the conflict between a mathematically elegant and a practically 
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relevant theory, this approach is a very good compromise, treating the most 
important robustness aspects in a manageable way. 

8.2b. “Robust Statistics Is Not Necessary, Because.. . ” 
We shall not discuss that well-known peculiar humor of some statisticians, 
who with regard to modern robustness research say something like: “(i) We 
do not need robust methods at all. (ii) We have always used robust methods. 
(iii) We have done it much better.” 

More serious is that widespread pseudologic which says: “If you don’t 
believe that your model (e.g., of normal errors) is correct, choose another 
one and use maximum likelihood-or Bayesian-methods for the new 
model.” What, if I don’t believe in the new model either? It takes a lot of 
stubbornness to flood the world with a host of rather arbitrary and probably 
hardly interpretable models and claim they are exactly true. The point of 
robust statistics is that one may keep a parametric model although the latter 
is known to be wrong. All that is needed is that it is simple and reasonable 
under the circumstances of the subject matter science, and that it still gives a 
useful approximation for the data (in the sense of: at least for the majority 
of the data). The robust methods are then designed and known to work well 
also in those cases where the model is only approximately valid. This 
property is what is tacitly hoped for when classical methods are used, and it 
is even more tacitly hoped for (though perhaps for narrower neighborhoods) 
by those who propose to drop the old models and replace them by 
collections of new ones. 

It might also be noted that the advice regarding change of the model 
instead of using “robust” methods on p. 344 in the second edition of the 
well-known book by Draper and Smith (1981) is obviously purely academic, 
since virtually the whole book is about normal theory methods. 

A frequent objection to robust statistics as a whole is that “it is not 
necessary, since statisticians have always been getting along without it.” To 
take a specific example, there is no need for the median since statisticians 
have for centuries used the “good old’’ arithmetic mean and were happy (?) 
with it. On the surface, the argument is debatable but unrealistic, since if we 
would follow it, we would still live in the Stone Age, carving and using 
Stone Age tools, since we have done it successfully for untold millenaries. 
Or, to consider a more contemporary situation, we would not use high-speed 
computers at all since we could always do our calculations with a desk 
calculator or even by hand. 

Looked at more closely, the argument is plainly wrong. Good statisticians 
have always used the median along with the mean; they have switched to 
the median in view of long-tailed data; they have rejected outliers and 
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considered them separately. They have used and do use at least informal 
robust methods. It i s  true that they had no theory and hence no deeper 
formal understanding of what they were doing, and the consequences can 
still be seen in the clumsy treatment of formal rejection of outliers in the 
recent literature (cf. Section 1.4). But the informal intuition of many 
statisticians was already excellent and included robustness considerations as 
a matter of fact. 

Thus it can only be claimed that the theory of robustness is new. Is it 
necessary? Of course not always. With fairly simple data sets, one can do a 
very good job without using the additional insight and technology provided 
by robustness theory. Even with complicated data sets, it is possible to do a 
fair job with a lot of effort and quite a bit of ingenuity. But already in rather 
simple situations, robustness theory can at least help by improving under- 
standing, ease, and efficiency. And to a large extent, it is also due to the 
computer revolution, with the large and highly structured masses of data 
processed nowadays, that formal robust methods and good understanding 
of their theoretical properties become more and more necessary, not only 
convenient to.have. It is in multiple regression, high-dimensional covariance 
matrices, and the like, not in simple location estimates, that formal robust 
methods become indispensible, at least as a control and, if necessary, 
corrective for classical methods. 

This does not imply that classical methods, like least squares, should not 
be used anymore. As far as robust substitutes have been developed, it is not 
neceSSary to use the former anymore, and they should certainly never be 
used alone without at least informal outlier checks and the like; but whether 
one wants to use them in addition along with robust methods, is more a 
matter of taste. 

Thus, it would be foolish to demand that the arithmetic mean should now 
always be replaced by the median. On the other hand, if one wanted to set 
up an artificial alternative only between mean and median (e.g., for a very 
short beginners’ book), one would have to weigh between the reliability and 
rather constant moderate inefficiency of the median and the mathematical 
simplicity and greatly variable and unreliable behavior of the mean which 
makes special measures like rejection of outliers not only desirable, but even 
necessary. It has to be repeated again (because it is so often forgotten or 
misunderstood) that the mean combined with some reasonable form of 
rejection of outliers is quite often quite good, and that only the plain mean 
as done by the computer is highly risky. Those who sti l l  believe that the risk 
is low because outliers were rather rare, should read the corresponding 
discussions and examples given and cited in this book; probably they, too, 
have already unknowingly overlooked outliers or deviating substructures, 
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even if they belong to that group of statisticians which deals only with 
high-quality data and have n3 understanding for their less fortunate col- 
leagues. 

Clearly, classical methods often have a great siinplicity and esthetic 
elegance which is appealing. But many robust methods are not much less 
elegant, and there are two properties which are often claimed for classical 
parametric methods but which they do not possess: namely that they are 
“exact” and “optimal.” They are exact and optimal only under strict 
assumptions which are virtually never fulfilled, and then their alledged 
properties hold only as approximately as, or rather even “less” approxi- 
mately than those of robust methods, and their efficiency losses, usually 
unnoticed, are frequently in the region between 5 and 50%. It is strange that 
often the same persons who insist on the usual classical methods also 
denounce efficiency losses of, say, 5% as unacceptable. This attitude is 
self-contradictory and untenable. Either one prefers classical methods for 
reasons of simplicity and accepts the resulting avoidable efficiency losses, or 
one uses the best robust methodology available. 

Sonie other claims that robust statistics be unnecessary stem from 
misinterpreted mathematical theorems. Thus, it is true that the arithmetic 
mean is the best estimate of the true expectation of the underlying distribu- 
tion in a nonparametric sense, when no assumptions (except a moment 
condition) are made about the shape of the distribution, but who is ever 
going to be interested in the expectation of the actual underlying distribu- 
tion (distorted by gross errors, rounding, etc.), except in a truly nonparamet- 
ric situation? The Gauss-Markov theorem tells us that for linear models the 
method of least squares gives us the best linear unbiased estimators (BLUEs), 
but as Fisher has already stressed, all linear estimators are good at most in 
a very small neighborhood of the normal error distribution, and often they 
are very bad. Rejection of outliers is nonlinear, and so is any decent robust 
estimator. While it is probably fair to say that most work on BLUEs has 
been and is being done mainly because of mathematical convenience, the 
results may still be of broader usefulness, namely as starting points for 
robustification. 

Many statisticians are proud of the so-called robustness of the 1-test and, 
more generally, of the tests in fixed-effects models in the analysis of 
variance. But this robustness is only a rather moderate and limited robust- 
ness of the level (“robustness of validity”); the power (“robustness of 
efficiency”) and hence also the length of confidence intervals and size of 
standard errors is very nonrobust. Consequently, a significant result can be 
believed, but nonsignificance may just be due to the inefficiency of least 
squares. The robustness of validity stems from the use of an asymptotically 
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nonparametric (i.e., valid) measure of variability (of a nonrobust statistic, 
though), contrary to the tests for variances and in random-effects models in 
the analysis of variance which make strong use of the fourth moment of the 
normal distribution and hence cannot even keep the level approximately. 
Nonparametric tests keep the level exactly; but it is perhaps more a 
fortunate accident that most rank tests are also stable with regard to their 
power, while customary nonrobust randomization tests are again badly 
unsafe with regard to their power. 

To summarize, informal robust statistics was always necessary, and 
formal robust statistics becomes necessary as soon as standards are high or 
the capacity for informal data analysis is surpassed; this latter situation is 
the rule in the computer age. 

*8.2c. Some Details on Redescending Estimators 

There is hardly any group of robust estimators about which opinions are so 
strongly divided among “robust” statisticians as they are about redescend- 
ing M-estimators (cf. Section 2.6). Some statisticians enthusiastically advo- 
cate them and use them, sometimes even carelessly, on every occasion; 
others try to downplay them and their qualities, and emphasize their 
dangers. Since the reasons for this unbalance of judgment are partly 
historical, and since the thoughts behind the construction of the first fully 
redescending M-estimators were never put into print before, it may be 
suitable to discuss the historical background of these estimators in some 
detail (cf. also Subsection 1.3d). 

Estimators with nonmonotone continuous influence functions were dis- 
cussed by such statisticians as Newcomb (1886) and Jeffreys (1939); further- 
more, many maximum likelihood estimators have this property, and for all 
hard rejection rules the IF even jumps back to zero. Nevertheless, when 
during the Princeton Monte Carlo study (see Andrews et al., 1972 for the 
estimators to follow) the first (two-part) redescending M-estimator (HMD) 
was proposed, with continuous IF becoming exactly zero outside an inter- 
val, “in order to do with M-estimators what every decent data analyst does 
informally” (cf. also Section 1.4), hardly any participant in the study 
believed it would work at all. There was some fear that something terrible 
might happen. The programmer even changed a parameter value in the 
definition (from 6 to 5.5) to give it, in his opinion, a slightly better chance at 
least to converge. According to the first computer outputs, HMD did in fact 
work, though it was strangely and mysteriously similar to the mediocre 
median. In order to play it safe, a flat piece was then added to the influence 
function, and a range of parameter values tried, defining the three-part 
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redescending M-estimators from 25A to ADA. The next round of computer 
outputs happened to contain only rather long-tailed distributions, and in 
each case the whole new group came out in front of all other estimators 
included till then (which were ordered in the outputs by their variances). 
This caused an overly strong psychological impact, which later provoked 
some counterreactions. The mystery about HMD was partly resolved when 
the first stylized sensitivity curves (a version of empirical influence func- 
tions; cf. Subsection 2.le) were drawn by the computer: the strange behav- 
ior was due to a programming error, causing twice two jumps in the IF, and 
the corrected version of HMD behaved about as it should have, though it 
never became particularly popular. 

Now what are the main dangers of redescending M-estimators? First, 
that too many data are on the rejecting (zero) part of the I F  at the start or 
sometime during the iterations, causing convergence (if any) to the wrong 
local solutions of the M-estimator equation; second, that too many data are 
on the redescending part, causing problems with the iterations and the 
asymptotic variance. In fact, iterations and variance may explode when the 
denominator / V d F  of the IF becomes zero. It is therefore important to 
keep /p(x - T) dF,(x) bounded away from zero also during the iterations 
for T. A large part of the problem is merely one of the (e.g., Newton- 
Raphson) algorithm, but it can occur for most underlying distributions. 
Even choosing a safer algorithm, however, does not help for those specific 
distributions where the asymptotic variance becomes infinite. The danger is 
considerably increased in regression, because the effect of the negative slope 
is multiplied by the influence of position. For example, in simple (Huber- 
type) robust regression through the origin, a single distant leverage point 
can cause rather peculiar effects (such as repulsion of the fitted line away 
from the data) with redescending estimators. 

In the location case, the following precautions were taken for the HMD 
to ADA group: the starting value for the iterations was always the highly 
reliable median, and the scale was kept fixed at the equally reliable median 
deviation. The first corner point was always at least one median deviation 
away from the median, thus ensuring that at the start at least half of the 
observations were on the ascending part. With the exception of the experi- 
mental 22A, all descending slopes were much flatter than the ascending 
slopes (mostly about f to a as steep), so it would need a strong proponder- 
ance of data on the negative slopes to cause trouble; and the definition of 
22A at least ensured that more than half of the data were on the ascending 
slope when T was in a small neighborhood of the median. With the 
exception of HMD, all estimators had a “safety zone” of constant influence 
between the ascending and the descending part. There were still some finer 



408 8. COMPLEMENTS AND OUTLOOK 

points involved in the construction of the estimators, but the preceding 
remarks should suffice to show that the construction was not done thought- 

Subject to the safety constraints given, the parameters were chosen to 
give good to decent efficiency at and near the normal and decent behavior 
for long-tailed distributions. The straight-line pieces were chosen just for 
simplicity, though later they appeared to possess also a (not very important) 
optimality property of their own (cf. Subsection 1.3d). In retrospect, HMD 
descended towards zero too early and too steeply to have good efficiency 
near the normal. It seems easy to underestimate the efficiency loss due to 
redescending parts of the IF, compared with a monotone IF. The three-part 
descending estimators have their (mildly) weak spot at their second corner, 
as became clear rather soon: A relatively large increase of the numerator of 
the asymptotic variance, linked with a relatively strong decrease of the 
denominator, could be caused by additional probability mass at that corner. 
Smoothing the corner led to the discovery of the hyperbolic tangent (tanh) 
estimators in 1972 (cf. Subsections 1.3d and 2.6). The sine estimator 
(Example 2 in Subsection 2.6a) in Andrews et al. (1972) smoothed in effect 
both corners of the three-part descending estimators; this was a deteriora- 
tion for the iirst corner and the central part of the IF (which ceased to be an 
optimal compromise between robustness and efficiency), but it was an 
improvement for the second comer. Hence the sine estimator should tend to 
be relatively worse for shorter-tailed distributions and relatively better for 
longer-tailed distributions (with more mass near the second corner); this 
delicate effect actually showed up in the Princeton Monte Carlo study and 
was also noticed empirically by Tukey in Andrews et al. (1972, p. 155). 

The main motivation for Andrews's proposal of the sine estimator was 
Jaeckel's observation that with it the solution of the M-estimator equation 
can frequently be found in a single step. Apart from this computational 
aspect, the sine estimator does not seem to have any specific optimality 
property. On the contrary, if it is combined with the median deviation, as 
proposed by Andrews, there is, with sufficiently large samples, always the 
(theoretical) possibility that C+'(xi - T) < 0 in the first iteration step, 
although this is usually unlikely in practice. (Cf. also the empirical findings 
of Rey, 1976, about the dangers of careless use of redescending estimators.) 

Tukey's biweight (Example 3 in Subsection 2.6a) may be considered an 
improvement over the sine function, as its steepest descent is only 3 of its 
steepest ascent; hence CV > 0 in the first iteration step as long as its 
parameter r (the rejection point) is greater than about 5.4 median deviations 
when scaling by MAD is used. Its greatest virtue, apart from its nice 
smoothness, is probably its very elementary and simple analytical form. It 

lessly. 
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does not seem to be distinguished by any optimality property either, and its 
steepest descending slope may still be considered dangerously steep. See 
also Table 3 in Subsection 2 . 6 ~  for a numerical comparison of various 
redescending estimators. 

Actually, also some tanh estimators descend too steeply. If the rejection 
point approaches the first corner, the estimator approaches a hard rejection 
rule (this holds correspondingly also for other redescending M-estimators); 
the properties and dangers of hard rejection rules were discussed at length 
in Section 1.4. If a tanh estimator descends too steeply or if, in other words, 
there should be a tighter bound on the change-of-bias sensitivity in addition 
to the bound on the change-of-variance sensitivity, it seems advisable to 
replace the last part of the tanh by the tangent at the last tanh point used 
(cf. Hampel, 1974, p. 393). Perhaps one can also investigate some simple 
approximations to these combinations of tanh estimators and two-part 
descending estimators. 

There are many more aspects of redescending estimators which have been 
discussed elsewhere. A detailed study of convergence of the iterations is 
contained in Clarke (1984a). The breakdown aspects are analyzed in Huber 
(1984). The gains of good redescenders over Huber-estimators in the pres- 
ence of distant outliers are often about 5-20% (cf. Table 1 in Subsection 
1.4b and Table 3 in Subsection 2.6~; cf. also Hampel, 1983a, p. 227f., and 
its discussion of Huber, 1981, p. 103), while the losses of the tanh estimators 
against Huber-estimators in Huber’s minimax setup are typically only one 
or a few percent; the losses of the 25A-12A group as in Huber’s (1981, p. 
145) Exhibit 6.6.2 are somewhat higher, but they occur only for highly 
specific contamination and are not representative of the full potential of 
redescending M-estimators. 

It may also be pointed out again that L- and R-estimators are not able to 
reject outliers properly, that is, depending on their distance from the bulk of 
the data (R-estimators either “reject” always or never, in the sense of giving 
zero influence, and “rejection” with L-estimators is rather delicate). An 
empirical and theoretical discussion of what can and cannot be achieved by 
R-estimators with redescending IF is to be found in Hampel (1983a). 

*8.2d. What Can Actually Be Estimated? 

The question raised in this subsection has already been discussed briefly at 
the end of item 10 in Subsection 8.2a. but as it seems to be one of the most 
difficult philosophical questions in the background of robust statistics, and 
as the fact (some would say claim) of the “unavoidable bias” of robust 
estimators still met with difficulties of understanding, for example, at the 
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1984 Oberwolfach meeting on robust statistics, a more detailed discussion 
should be attempted. The problem can be viewed from different angles, and 
we shall try to discuss several aspects. However, we shall not discuss 
nonparametric estimation. 

Our basic ingredients in parametric and in robust estimation are data, 
parametric models, and the parameters of the models. What do we mean by 
that? 

The parametric models, together with the parameters (which are often 
merely simple and convenient but otherwise arbitrary identifiers of the 
model distributions), are concise and complete descriptions of stochastic 
mechanisms or laws. Thus, ordinarily they contain information about 
arbitrarily large data sets, which is more than the information contained in 
any fixed finite data set. Hence it is not possible in general to deduce a 
model, let alone its parameters, exactly from the data alone. It may be 
possible to deduce a model from a physical or similar law, but, with few 
exceptions perhaps, such models are only approximations to reality and are 
only conceived as such. Even given an exact model, its parameters are in 
general not exactly determined by any finite data set, but only up to the 
fuzziness described by a standard error, confidence interval, or the like. 

We thus have the fuzziness of the model superimposed on the fuzziness 
of the parameter, for any fixed finite data set. The meaning and also the 
value of the parameter will change with the model, even though one can 
sometimes identify some restricted subclasses of models, such as symmetric 
distributions about some 6, for which the value of the parameter does not 
change (yet the meaning does; remember, we are not talking about a 
“nonparametric” center of symmetry, but about the complete description of 
a stochastic model). 

Now it seems to be a standard argument of classical frequentist theory 
that the fuzziness of the estimated parameter can be made to disappear by 
letting the number n of observations tend to infinity. Then we “know 
exactly what we are estimating.” But several questions arise. Is it always 
legitimate to increase the (hypothetical) number of observations, even 
beyond any limits? For what model do we want to define our parameter? 
And what do we do if our model turns out to be wrong? 

The step of simply and naively letting n tend to infinity has been 
criticized by de Finetti, Jeffreys, and other Bayesians, and with some deep 
justification. Even if it is possible, at least in principle, to obtain more 
observations, the “model”-if we believe in such a hypothetical construc- 
tion-will change in general for the new data, since the circumstances 
change; or, if we use a slightly different concept of a “true model,” it has to 
be augmented and to become more complex in order to incorporate the new 
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data; or, in a third variant, we cannot identify the “true model” even 
approximately with finitely many data. Contrary to what extreme subjecti- 
vists seem to say, the idea of a “ true model” appears to be a useful concept 
in science, and we can leave the question open whether such “true models” 
exist only in the minds of some scientists or in some “objective reality”; but 
there seem to be relatively few cases (like the Longcor data, cf. Subsection 
8.1~) where a simple “true model” appears to continue to hold even for 
huge data sets. Frequently, theories become more refined,when more (and 
more exact) data become available. To put it sharply, the operational “true 
model” depends on the sample size. 

We have assumed here that the sample size can be increased arbitrarily, 
as is often the case in the physical sciences. But frequently we have only a 
limited sample (of experiments or observations), perhaps even a sample of 
size one, like the natural history of the earth, and moreover it is sometimes 
not clear at all of which population a given data set can be reasonably 
assumed to be a sample; or else, to which (larger) population its results can 
be extrapolated, even if it happens to be a proper random sample from a 
well-defined population (e.g., of the properties of a certain strain of labora- 
tory mice at a certain time and place). Clearly, the concept of a “true 
model” becomes even less sharp in such situations. 

Another way of talking about estimation starts by talking about “true 
constants” to be estimated, such as the velocity of light in vacuum (or of 
neon light in beer, if one prefers). Our belief in such “true constants” is tied 
to theories and assumptions about the real world. First, one had to discover 
that there exists something like a finite velocity of light; not long ago, its 
velocity in “ vacuum” would have been considered meaningless, and one 
expected different velocities in different directions on the earth; and fairly 
recently there were some doubts whether the speed of light was really 
constant over time, until another explanation was found for the contradic- 
tory experimental results (cf. Subsection 8.la). But even if one believes in a 
“true constant,” its value is tied to our practical experience only through 
measurements with their errors (including “pure” measurement errors, gross 
errors, semi-systematic and systematic errors), and as long as we assume 
nothing about these errors, we learn nothing about the constant. In fact, the 
scientist will make a breakup of the error similar to the one given; will 
estimate the size and distribution of the unavoidable random error from 
replications; will try to avoid or eliminate gross errors; and will do every- 
thing to make the systematic and semi-systematic errors small and will try, 
by judgment and experience, to assess approximate bounds on them. But 
the systematic and semi-systematic errors are virtually always there, and this 
means that in addition to the fuzziness of the parametric model for 
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replications and to the fuzziness of its estimated parameters, there is also the 
fuzziness of the unknown systematic and semi-systematic errors (which can 
of course be integrated into the uncertainty of the error distribution by 
adding an unknown and only approximately bounded shift). Cf. Section 8.1 
for more details on semi-systematic errors; they and the systematic errors 
are another obstacle to a sharp mathematical and applicable definition of 
“what we want to estimate.” 

Let us now ignore the problems of existence of a “true model,” of the 
possibility of replications, and of systematic and semi-systematic errors, and 
let us assume we have a data set obtained under well-defined conditions, 
with the possibility for replications if desired. What does our data set leave 
us with? It leaves us, to start with, not with a single model distribution, but 
rather with the totality of all model distributions “compatible” with the 
data. “Compatible” may mean not rejected by some goodness-of-fit test on 
some level. We shall ignore the additional fuzziness of “compatible” re- 
flected in the level of the test, which after all may be chosen arbitrarily 
small. Another, not unimportant question is the choice of the goodness-of-fit 
test or the metric used for it. A simple choice is the Kolmogorov-Smirnov 
test: The true distribution ought to lie between two confidence bounds 
above and below the empirical cumulative distribution function, and the 
width of the confidence strip shrinks to zero as n tends to infinity. However, 
the Kolmogorov distance does not generate the weak topology, which is a 
disadvantage under some robustness aspects, and it is intuitively not opti- 
mal in “distinguishing what can be distinguished” (the test is generally 
considered to have too little power in the tails of the distribution). Locally, 
and ignoring the rounding and the discreteness problem, the Hellinger 
distance with its difference between two root densities and its relation to the 
chi-square test and the information statistic might come closer to measuring 
discernible differences appropriately, but there is still the question whether a 
supremum rather than an integral or some combination of both might be 
more suitable. Other distances might be discussed equally well. In addition, 
there is the problem of correlations-most tests are valid for i.i.d. observa- 
tions, but in reality correlations are present, and trying to estimate them and 
bounds for them blows up the confidence set of “compatible” distributions, 
up to nonergodicity and complete unidentifiability of parameters if no 
restrictions are made. These effects are tied to the systematic and semi-sys- 
tematic errors discussed above, and the restrictions are tied to the simplicity 
of models discussed below. But if we ignore correlations, we can find to each 
data set a fairly simple confidence set of compatible distributions, which 
shrinks with increasing n, and under the usual idealistic assumptions of 
mathematical statistics these sets even shrink towards a single distribution, 
the “ true model” (leaving aside all the reservations made before). 
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Given our data and the set of all probability distributions which might 
have generated them, how do we select a model distribution to describe the 
data? A parametric model should be “simple,” and it should be “useful” for 
describing the data. Both concepts are ill-defined, but there is some intuition 
about them which makes them often applicable in specific situations. Now it 
might be considered a general policy to select a model distribution from the 
set of compatible distributions-be it any simple one, or be it the “simplest” 
one in the set if “simplest” can be defined, or be it, for example, the 
distribution with the smallest Fisher information in this set. The problem 
with this policy (which clearly contains adaptive and nonparametric fea- 
tures) is that in almost all cases the “ true model” will be very complicated, 
and hence more and more simple models will be excluded as n increases, 
until only a very complicated and almost useless (and most probably 
nongeneralizable) description remains. Hence what might have looked as an 
endorsement of shrinking neighborhood approaches (namely the recognition 
of shrinking neighborhoods of undiscernible distributions) ultimately shows 
their unsuitability in parametric and robust (though not in nonparametric) 
statistics. The point is that the shrinking neighborhoods of parametric 
models which are considered in such approaches eventually do not overlap 
anymore with the shrinking neighborhoods consisting of the distributions 
compatible with the actual observed distributions as n increases. It is quite 
possible that some extrapolations obtained from these approaches for fixed 
finite n may be useful in practice, and there is even a subgroup of shrinking 
neighborhood approaches which recaptures the extrapolations used in this 
book in a mathematically rigorous way; but frequently the basic philosophy 
of their limiting statements is that of a simple parametric model which is 
exactly true, combined with the (more or less realistic) restriction that we 
are not sure about this for finite n. 

We are not discussing the technical details of various shrinking neighbor- 
hood approaches, but it should be kept in mind that it would be important 
to distill the true intuitive meaning from the mathematical formalism if one 
wanted to pursue such an approach. Thus, during the 1984 Oberwolfach 
meeting on robust statistics, H. Rieder analyzed the meaning of the LAM 
(local asymptotic minimax) condition and found it highly restrictive and 
rather different from the vague intuitive beliefs usually associated with it. 

Once we realize that as a rule all simple models will eventually be 
rejected by the data as more and more data are obtained, we may consider 
entertaining a simple model of which we know that it is wrong. This is not as 
counterintuitive and impractical as it may seem first. Every honest data 
analyst considers his or her model only as an approximation to truth. The 
deviations from the model may even be statistically highly significant but 
not relevant in the given situation. Furthermore, experience shows that 
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simplified models which do not explain all idiosyncrasies of the data, are 
often much better generalizable than more complicated ones which are not 
rejected by the data. Of course, some peculiarities of the data may turn out 
to be most interesting, but then there is a lot of subject matter science 
experience and judgment involved, and the point is not that the scientist 
should always discard part of the information of the data, but that he or she 
should have a chance to do so if he or she deems it reasonable (e.g., 
sometimes in the case of gross errors), and that the scientist may want to 
analyze the coarser and the finer features of the data step by step, or layer 
by layer. We now can contemplate the possibility of keeping the same 
simple model for all n, although explicitly only as an approximation. But 
this is what is done in the theories of robust statistics discussed in this book. 
They do not destroy the beauty of classical parametric models, they rather 
keep them and only fortify them against mishap. The price is that any 
model distribution and hence any parameter in some neighborhood of the 
actual distribution may be chosen to describe the data, but this fuzziness is 
only one out of several ones existing already for other reasons. And there is 
no necessity to invent any new supermodels. 

Sometimes it is argued that one should use a minimum distance estimator 
for some distance and minimize the distance between the actual and the 
chosen model distribution. This, it is said, would give a unique estimand. 
But choosing a distance is about as arbitrary as choosing an estimator (in 
fact, many estimators can be viewed as minimum distance estimators for a 
suitably chosen distance), hence the problem is only shifted from the choice 
of the estimator (which also defines an estimand) to another arbitrary choice 
(unless, of course, one can give compelling reasons for choosing one 
particular distance). If a distance is chosen for the good robustness proper- 
ties of the estimator it yields, the choice is really one of the estimator and is 
guided by robustness theory (which leads to reasonable but not Unique 
choices). If the distance is chosen without any regard to robustness proper- 
ties of the resulting estimator, this estimator may be quite foolish. For any 
minimum distance estimator considered, one ought to compute the break- 
down point and, if possible, the influence function (or some other descrip- 
tion of the local properties). Some distances which are rather attractive in 
robustness theories, such as the Prohorov and the Uvy distance, lead to 
estimators which are quite difficult to handle both in theory and in practice, 
even though Kozek (1982) was able to obtain some theoretical results; these 
estimators therefore do not seem to be very useful in practice. 

We can go one step further in our modeling and postulate that the actual 
distribution has arisen from distortion of an ideal model distribution (e.g., 
local changes, like rounding, of all data, and replacement of a few data by 
arbitrary gross errors, which fills out neighborhoods in the weak topology). 
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This distortion is the same for all sample sizes (unless, of course, we change 
the accuracy of the data with the sample size; even then, we can imbed our 
situation for a given n into a sequence with constant distortion). Then we 
have an ideal parameter to be estimated, but one that is not definable from 
the observed distribution, since this distribution can have arisen from 
different model distributions. Our estimand will change in general when we 
distort the model distribution; it has to change at least sometimes in most 
parametric models, since some distortions (such as the same small shift for 
all data in location problems) generate neighboring model distributions, and 
even if we are free in what we want to estimate outside the parametric 
model, we almost certainly want to estimate the correct parameter if an 
ideal model distribution is true (i.e., we require Fisher-consistency). Now all 
we can do is to keep the supremum of the unavoidable change of the 
estimand small for a small distortion. But in the infinitesimal approxima- 
tion, this change is bounded by the sum of multiples of the gross-error 
sensitivity and the local-shift sensitivity. It  suffices therefore to put bounds 
on these two quantities separately. Very often the local-shift sensitivity is 
already sufficiently low, and then we are back to the problem we have 
discussed at great length in this book. We know that there is a positive lower 
bound on the gross-error sensitivity since the estimand (the value of the 
functional, or the limiting value of the estimator) must be able to follow the 
changing parameters of the parametric model (i.e., must keep Fisher-con- 
sistency). And we know that in general there is a conflict between the 
requirement of low gross-error sensitivity and the requirement of efficiency 
or low asymptotic variance; the optimal compromises are a central theme of 
the book. (Those who like game theory may also consider the game where 
Nature chooses an ideal model distribution as well as an arbitrary but 
bounded contamination, and the statistician tries to minimize his or her 
maximum approximate (extrapolated) mean-squared error, as described in 
Subsection 1.3e.) 

We may expand the present theory and include consideration of the local-shift 
sensitivity in the search for optimal compromises. In doing this, we may also replace 
the local-shift sensitivity by a lower bound which will be a better approximation but 
also more complicated, namely the “mean shift sensitivity” v(T,  F) := JIIF’I dF + 
C l h ( x i ) l f ( x i ) ,  where the xi  and the h ( x , )  are the places and the heights of the 
jumps of the IF of T at F [and IF’ is the derivative of the IF with respect to x, and 
! ( x i )  is the density of F in xi  assumed to exist, otherwise we may put u = 001. 

Whichever variant we choose (and the one chosen in this book is the 
simplest one, at the same time being already quite useful), the idea is to 
choose an estimator which estimates the correct quantity if the model were 
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exactly true, and which changes as little as possible in neighborhoods of the 
model, subject to the constraints of Fisher-consistency as mentioned and of 
a certain asymptotic efficiency under the ideal model. We believe and 
assume that we are in a certain neighborhood of an ideal parametric model 
distribution (as long as we retain the model, of course), a neighborhood 
which does not change with n and into which we can extrapolate from the 
model as long as its maximum radius (e.g., in Prohorov distance) is clearly 
and sufficiently smaller than the breakdown point. We assume our actual 
underlying distribution has been generated from a model distribution with 
“ideal” but unknown parameter by some unknown tut  bounded distortion; 
this distortion causes a bounded but unknown and unavoidable bias. In 
practice, we often have some idea about the likely percentage of gross errors 
and the size of rounding and grouping effects, and hence also about the size 
of the neighborhood and that of the bias. We then project our actual 
underlying distribution back onto the parametric model, in trying to fit a 
well-fitting model distribution from which the actual one also could have 
arisen by a small distortion, ending up, at any rate, in a small neighborhood 
of the original (ideal or fictive) model distribution, which is still augmented 
somewhat by the random variability. Since the “projection” is done in terms 
of the locally approximately linear functional used as estimator, hence is an 
approximation to a simple linear projection, we also might consider our 
procedure as an approximate minimum distance estimator, thus finding a tie 
to this general idea discussed above. 

There is one finer additional point that may be made to our approach: In 
practice one will often want to use a more complex parametric model when 
more data are available. This is connected with the fact that a larger number 
of meaningful parameters may become estimable; but they usually do so in 
a more complex design. Thus, in most cases we shall not want to estimate a 
many-parameter distribution for a location problem, but rather augment the 
location problem to one of a many-factor analysis of variance or regression 
(with a simple model error distribution). In order to apply our extrapola- 
tions, we may then start with the sample size and design complexity and 
contemplated model complexity at hand and from there on increase the 
fictitious number of observations for this fixed design and model until we 
are in the limit of local properties of functionals from which we can 
extrapolate back to our actual finite sample size. 

83. ROBUSTNESS IN TIME SERIES 

8.3a. Introduction 

Robustness for dependent data has been a neglected area for many years 
although it has been known for a long time that a few outliers or transient 
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phenomena can have disastrous effects on the classical procedures. This 
neglect is not surprising in view of the many new difficulties that arise in 
this area. To name just a few of these: (1) Many more types of deviations 
from a model have to be considered. (2) The pattern of time points where 
the contaminations occur becomes very important, for instance, scattered 
and patchy outliers can have quite different effects and both occur in reality. 
(3) From a theoretical point of view limit theorems become much more 
delicate. Moreover, in time-series analysis the nonparametric spectrum 
estimators play a prominent role, but the classical robustness theory was not 
developed for such a problem. 

Nevertheless, in the last years the subject developed quickly and it is not 
possible to give an overview of the whole field on a few pages. We 
concentrate here on the influence function for time series defined in Kiinsch 
(1984) and Martin and Yohai (1984a) since this provides much insight in the 
problem and it is the main topic of the book. Some other areas are 
mentioned in the last section, but for more details and problems not treated 
here, like the different proposals of estimators for ARMA processes, we 
refer the reader to Kleiner et al. (1979), Martin (1979, 1980, 1981), Martin 
and Yohai (1984b). 

8.3b. The Influence Function for Time Series 

To begin with a relatively simple case consider an estimator which is 
obtained from 

Xi, 4, and T, can all be vector valued. In analogy to (2.3.3) we call such an 
estimator an M-estimator although often this term is reserved for a much 
smaller class. If the observations (XI, X, ,..., X, ,...) are distributed 
accmding to a stationary ergodic distribution F, then under mild regularity 
conditions T, converges as. to T( F'")). Here F("') denotes the m-dimen- 
sional marginal of F and the functional T acts on probability measures on 
the rn-fold product space and is defined by 

(8.3.2) 
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Formally, we can define like in the i.i.d. case 

IF(X,, ..., x,;T,F(")) = lim 
T((1 - h ) F ( " ) +  h A ( l l , . . . , x n ) )  - T(F'"') 

h h 10 

= M(JI,F("))JI(x, ,..., x , ; T ( F ( " ) ) ) ,  (8.3.3) 

where 

(8.3.4) 

However, the mixture (1 - h)F(")  + h A ( l l , . , , , x m )  is not directly related to 
any contamination of the original series, for example, substituting some 
values by gross errors. We neither can add an additional m-tuple of 
observations to a series because it is important where to add them. Never- 
theless, we are going to show that the function defined in Eq. (8.3.3) 
contains all the relevant information on the asymptotic covariance, on the 
asymptotic bias, and on the effect of changing a finite number of observa- 
tions in a large series. 

Let us first treat the asymptotic covariance. By a Taylor-series expansion 
similar to the derivation of Eq. (2.3.5) we obtain 

1 "  
T, - T( F'")) = - IF( A',, . . . , T, F'")) + remainder. 

I - m  

(8.3.5) 

Under regularity conditions the remainder is of order o,(n-'/*).  Hence 
under a condition of sufficiently weak dependence 

6 ( T n  - T(F'm'))w:*N(O,V(T,F)) ,  

where 
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This complicated expression simplifies in an important special case. If 

EF [ 4 ( Xi ,  * * * 7 T ( F ( m ) ) ) ~ X , - . l ,  &.*,...] = 0, (8.3.7) 

then V, = 0 for all k # 0 whence 

T 
V(T,  F) = /IF( x,, . . . , xl; T ,  F("))IF( x,, . . . , xl; T ,  F"")) dF 

like in the i.i.d. case. Moreover, under (8.3.7) no assumption of weak 
dependence is needed because lF(Xi,. . . , T, F("')) is then a so- 
called martingale difference (cf. Billingsley, 1961). If the X, form a higher- 
order Markov process, then it is no essential restriction to assume (8.3.7) (cf. 
Kiinsch, 1984, Theorem 1.3). Moreover, (8.3.7) holds for many of the 
proposed choices of rC, for ARMA processes. 

In order to examine the asymptotic bias, consider the contamination 
model 

xi" = (1 - V , h ) Y ,  + V;:hZi, (8.3.8) 

where <h is a stationary ergodic 0-1 process independent of all q, Zi with 
P[<" = 11 = h.  Such a model contains many different types of contamina- 
tions since we can choose the dependence of the 6" and the dependence of 
Zi on the clean process arbitrarily. If the K'' are independent we have for 
small h isolated outliers, while patchy outliers can be modeled by a strong 
dependence of the 6". Zi independent of & leads to so-called substitution 
outliers, but with a suitable Zi we can also model additive outliers. 

Denoting by Fh the distribution of Xi" it is easily seen that Fj'") is not a 
mixture of FJ") with some contamination H, but we have the following 
expansion of the asymptotic bias: 

= h/IF(x, ,..., xl; T ,  FJ'"))c,,,dG("'). (8.3.9) 

Here c, is a positive constant depending only on the distribution of the vh 
and G(") is a probability measure depending on yh, q, Zi but not on T. 
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The calculation of G("') is usually straightforward; for example, for inde- 
pendent F", c, = m, G(") = (1/m)C[C-,Gk,,,, where G k , ,  is the joint 
distribution of (Y,,. . . , Y,-,, Z,, Yk+,,. . . , Y,,,). Equation (8.3.9) says that 
the "arc" (F'm))r;ro in measure space is differentiable with derivative 
C,, , (G(~)  - FJ")), and that for the infinitesimal bias we may replace the 
"arc" ( Fim)) ,  r O  by the segment (1 - c,h)F$'") + c,hG('"). Note that such 
an argument is possible also for other contamination models instead of 
(8.3.8), for example, for innovation outliers in a linear time-series model or 
for small changes in the correlation structure of a Gaussian model. 

Finally, consider a large series of observations (X,, . . . , X,) with distribu- 
tion F and let (Y,, . . . , Y,) be another series with Y, = Xi for all i except 
i,, . . . , i,. Letting n tend to infinity while keeping r and i,, . . . , i ,  fixed, we 
obtain by the usual Taylor expansion: 

lim { .( T,( xl,. . . , x,) - Tn( y1, -, Yn))} 

= C (IF( x,, . . . , x,- ,+ ; T, ~ ( ~ 1 )  - IF( Y, , . . . , Y,-,+ , ; T ,  P))), 
k € I  

(8.3 .lo) 

where I -  {k;k = i,+ q for somej, 1 s j  s r and some q, 0 s q < m } .  
Thus the influence of an observation depends on its neighboring values on 
both sides and this "conditional influence" is not additive. 

Equations (8.3.6), (8.3.9), and (8.3.10) show that the function IF defined 
by (8.3.3) is also in the time-series context a fundamental object, and for 
this reason Ktinsch (1984) calls IF the influence function. Because of Eq. 
(8.3.9), Martin and Yohai (1984a) propose to call c,,,/IF(x,,,, ..., xl; 
T, F("')) dG('") the influence function which is then a function of the 
contamination model. There is a similar controversy over the definition of 
the gross-error sensitivity: By (8.3.9) it has to be some supremum of 
~~jIF(x,,,, . . . , x,; T, Fcm)) dG(")II, but it is not clear over what kind of 
G('")'s this supremum should be taken. Martin and Yohai suggest to take a 
supremum separately over the different subclasses of the contamination 
model (8.3.8), that is, one would have a gross-error sensitivity for isolated 
substitution outliers, another one for patchy substitution outliers, and so on. 
On the other hand, Kiinsch argues that even the supremum over all models 
(8.3.8) is not sufficient because this gives no bound for the right-hand side of 
(8.3.10). He proposes therefore to bound sup, ,,I~IF(x,, . . . , x,; T, F("))ll 
or some standardized version of this. In doing so some care is needed 
because different $3 can give rise to asymptotically equivalent estimators, 
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but this difficulty can be overcome and the same optimality results as in 
Chapter 4 are obtained for autoregressions. 

The class of estimators defined by (8.3.1) can be extended to functionals 
on the m-dimensional marginal distributions (see Kunsch, 1984), but a far 
more severe restriction is the finite range m of the function #. For instance, 
in ARMA models not even the classical efficient estimators can be put in 
this form, and also for AR models an infinite argument of JI might be 
helpful for robustification. Martin and Yohai (1984a) introduce the class of 
estimators defined by 

where the sequence of functions #i(xo, x - ~ ,  . . . , x - ~ + ~ ;  1 )  converges to 
some #(xo, x - ~ ,  . . . ; t ) .  The asymptotic functional is then given by 

j# (xo ,  x-1,. . . ; T( F ) )  dF = 0 (8.3.12) 

and formally 

(8.3.13) 

The formula (8.3.6) for the asymptotic covariance still holds as well as 
(8.3.10), but the analog of (8.3.9) becomes more delicate. They show that 
there is a linear functional D defined on a certain class of functions such 
that 

T(F,,) - T(Fo)  hD(IF(xo,x-l ,... ;T ,Fo) ) .  (8.3.14) 

However, D is not given by a measure like in (8.3.9). Even for bounded It/, 
the supremum of 11 D(IF(x,, x - ~ ,  . . . ; T, Fo))(I over different q, Zi and fixed 
V;" can be unbounded. This means that for an infinite range boundedness of 
# is not sufficient for robustness. 

Staab (1985) discusses also influences for time series. He uses shrinking 
contaminations of the transition probabilities. 
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8.3~. Other Robustness Problems in Time Series 

Generalizations of qualitative robustness and of the breakdown point have 
been discussed by Papantoni-Kazakos and Gray (1979), Cox (1981), Boente 
et al. (1982). The problem consists of choosing a metric on the set of 
distributions of stochastic processes and has not yet been settled completely. 

An entirely different approach to robust inference is the so-called robust 
filter of Kleiner et al. (1979) (see also Martin and Thomson, 1982). The idea 
consists in cleaning the possibly contaminated data Xi. If X, differs too 
much from a robust prediction 2, based on the other values, then X, is 
replaced by a value closer to 2,. This procedure is expected to have a high 
breakdown point and is intuitively very appealing. It provides a simple 
robust nonparametric spectrum estimate by the application of the classical 
procedure to the cleaned data. However, there are also some problems. The 
spectrum of the cleaned data seems to be different from the spectrum of the 
original data also when the latter are uncontaminated. (In fact, it has to this 
date not even been proved that the cleaned data are stationary.) Moreover, 
for the prediction 4 we have to fit first some AR model. In order to 
overcome these problems Martin and Yohai (oral communication) suggest 
to determine all necessary constants for the filter by minhhing a robust 
scale estimate of Xi - &, but there still remain many gaps to close. 

Another problem is the effect of slowly decaying correlations mentioned 
in Section 8.1. For the M-estimators defined by formula (8.3.1) the asymp- 
totic value depends only on some finite-dimensional marginal, so it is robust 
against such departures. However, the asymptotic covariance V(T, F) of Eq. 
(8.3.6) depends on the whole distribution of the process and is necessarily 
very sensitive to deviations in the dependence structure of F. V(T, F) wil l  
tend to infinity if we come closer to a process with long-range dependence 
and in this sense there can be no V-robustness in time series. The problem 
of constructing robust confidence intervals for parameter estimates in time 
series is a difficult one and has not yet received sufficient attention. 

*8A. SOME SPECIAL TOPICS REIA'IED TO THE 
BREAKDOWN POINT 

8.4% Mast Robust (Median-Type) Estimators on the R d  Line 

This section discusses two parts (2.2 and 3.1) of Hampel (1975) which are 
concerned with structural and breakdown-point aspects of three- and more- 
parameter models on the real line and of the analysis of variance, respec- 
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tively. On the one hand, these structural aspects of statistics have been 
unduly neglected, although some growing awareness for them can be found 
in the recent interest in exploratory data analysis, probability-free data 
analysis, projection-pursuit-related work, and a theory of data analysis. On 
the other hand, the paper cited has proven to be rather inaccessible. 
Furthermore, because of the imposed page limit, it was condensed so much 
that it was mistaken for a program for future research instead of for a 
summary of past research. Some of the material can also be found briefly in 
Hampel (1980, 1.4.2-4, 1.5.4). 

The aim of the present subsection is to find median-like estimators for 
three- and four-parameter models on the real line (and for more-parameter 
models if desired). Some interesting parametric families of this type are the 
threaparameter power transformations of the normal distribution, the 
three-parameter Gamma distributions (with shift), and the four-parameter 
Pearson curves. Clearly, there are many others. The optimal robustifications 
of the maximum likelihood estimators can be found by the theory in this 
book (cf. Section 4.3). (It may be noted that the partial superefficiency of 
the maximum likelihood estimator for the shift parameter of the Gamma 
distribution disappears again with the robustification, as for the rectangular 
distribution-cf. Subsections 1.2b and 1.3f. The same is true for the Pearson 
curves.) In addition, it is important to have a simple family of estimators 
with high breakdown point for all parameters. They may be used as a 
starting point for the iterations for the robustified maximum likelihood 
estimator; as crude but reliable estimators themselves if the sample is large 
enough and no higher accuracy is required; as a check for more refined 
estimators; and possibly as a basis for rejection of outliers if desired. 

Let a data set x,, . . . , x, on the real line be given. Two simple “most 
robust” estimators of location and scale with joint breakdown point 4 are 
known to be the median m = med(x,) and the median deviation d = 
med(Ix, - ml). (We remember that the interquartile range has only break- 
down point $.) An equivalent but perhaps more natural choice for scale 
would be log d - med(loglx, - ml). 

It might be tempting to use the fraction Q of data between m and m + d 
(which is related to the quadrant correlation) as the basis for a measure of 
skewness. However, when Qo denotes the “true” or basic fraction of mass 
between m and m + d, the gross-error breakdown point (or its finite-sam- 
ple variant with replacement, cf. Subsection 2.2a) is only - 2)Q0 - $ I = 
min(2Qo,1 - 2Q0), since a global shift of such a data mass reaches an 
extreme limit of skewness. 

A better choice is possible in the case of the power transformations of the 
normal: determine that power transformation which yields Q = for the 
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transformed data and use it as estimate, together with median and median 
deviation of the transformed data. We can also test the null hypothesis of 
the identity transformation (symmetry, as measured by Q: equal masses in 
the four intervals determined by m and m f d) with an approximate sign 
test. It is clear that these methods are not very efficient and make sense 
mainly in large samples, but they are very robust and fairly simple and 
complement the nonrobust classical methods and their less extreme, mod- 
erately robust, and more efficient optimal robustifications. 

We now devise a general sequence of median-like analogs of moment 
estimators for higher moments. Naturally, in order to apply them to any 
specific three- or more-parameter model, one has to gauge them specifically 
for that model, that is, one has to find a one-to-one correspondence between 
the median-like parameters (estimators, functionals) and whatever parame- 
trization one uses otherwise. The most natural correspondence is again the 
one at the model distributions themselves, that is, we require Fisher-con- 
sistency (and not, e.g., unbiasedness). But apart from their use for specific 
parametric models, the new statistics can also be used as general descriptive 
statistics. 

We start again with our data set of x’s on the real line and split the line 
by the median m which serves as our location measure. 

Then we map each piece of the real line on the full real line again by 
taking 1og)x - mi.  (Other choices are possible, of course, but this one 
appears to be especially simple.) We obtain a certain superposition of the 
two pieces, and now we can make another split by taking the median again 
to obtain log d = med(log)xi - ml)  as our scale measure. For brevity, we 
put yi = (xi  - m ) / d .  

We now have (by m and m f d)  four quarter pieces on the original real 
line, and we can again map both original halves on the full line, but this 
time such that the first quarter is mapped on the third (and not the fourth) 
quarter, and the second on the fourth one. This is achieved by taking 
sgn(x - m )  (loglx - ml - logd), and we obtain a skewness measure by 

For obtaining a measure of kurtosis, we have to assign the data near m 
and rt a0 large positive values and those near m f d large negative values. 
This is achieved by mapping each quarter piece on the whole real line with 
the function log llog lx - m I - log dl , and our kurtosis measure becomes 
med(logIlogIyil)) or else k = med(llogIyill) if we want it to be nonnegative. 

If desired, we can continue the construction to the analogs of higher- 
moment measures. As examples, we give the analogs for the fifth to seventh 
moment. We note that k together with m and d divides the real line into 
eight pieces (by the four points which yield k). These eight pieces can again 

taking md(sgn( Yi )log IYi I 1. 
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be mapped to yield the desired pattern. The estimators then are: 

or, to write the last formula in more detail, 

med(sgn(xi - m)sgn(log/xi - ml - logd) 

x(log~log~xi - rnl - logdl - logk)). 

We note that we have to imitate the sign pattern of a polynomial of the 
corresponding degree with positive leading coefficient and maximum num- 
ber of zeros. The sign patterns for the zeroth- to seventh-moment estimators 
in our eight pieces of the real line determined by m, d, and k are: 

+ + + + + + + +  
+ + + +  

+ + - - - -  + +  
- -  + + - - + +  
+ - - + + - - +  
- + + - + - - +  
+ - + - - + - +  
- + -.+ - + - + 

- - - - -  

These orthogonal patterns are familiar in the analysis of variance. 

8.4b. Special Structural Aspects of the Analysis of Variance 

We shall now discuss various points connected with the question of how one 
can establish the presence of outliers in the analysis of variance, and how 
one can identify them. One reason for considering this question separately is 
that typically in ANOVA there are many parameters compared with the 
number of observations, such that often only a few degrees of freedom (if 
any) are left for error, and the problem of redundance necessary for being 
able to identify outliers becomes rather acute. Another reason is that there 
are some interesting structural aspects in ANOVA connected with the 
intuitive meaning of models and parameters. We shall mainly think of a 
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balanced fixed-effects two-way layout without replicates as a prototype 
analysis of variance, although the points made are of course more general. 
(The usual model is written qj = p + A ,  + Bj + eij.) 

First, we have to recall some general points of data analysis. Every design 
(in the narrow sense, as the structure of the data) is associated with a 
partially ordered class of estimable models. For an unreplicated two-way 
layout, the most obvious models are: a constant (no effects), A-effects only, 
B-effects only, A-  and B-effects, and A- and B-effects with AB-interactions 
(and, alas, no error estimate and no redundance); but there are some other, 
less important ones. The partial order is given by the terms in the model. 
Clearly, if some factor (on more than two levels) is quantitative, there are 
still more possibilities. The data themselves can be used to define new 
models, such as done with Tukey‘s one degree of freedom for nonadditivity 
(odoffna) or, more generally, with Tukey’s vacuum cleaner (cf. Tukey, 1962). 
General statistical experience puts a high plausibility on some models and a 
very low one on others (e.g., a pure interaction model). The general prior 
knowledge of the subject matter science and the specific prior knowledge 
about the data and their immediate background can make many more 
models identifiable. 

For example, the error may be known a priori, allowing tests even in a 
fully saturated design. Prior assumptions and beliefs, if only tentative, allow 
even “super-saturated” designs. Thus, in the “desperado designs” consid- 
ered by Hampel in consulting more than a decade ago, one puts 22*-1 - 1 
factors on two levels each into a 2k-factorial design-for example, 127 
factors on 8 runs (!)-by identifying each main effect with a nontrivial split 
of the data, in the desperate hope of finding that one main effect (if existent) 
that clearly dominates all the rest. 

It often happens that not a single cell but rather some bigger substructure 
of the design such as a row or a group of rows behaves like an outlier, that 
is, shows an unusual behavior (cf. Daniel, 1976 for examples). In such a case 
the absolute residuals in this substructure tend to be large, especially the 
residuals from a robust fit (which brings out outliers much more clearly than 
least squares). If a majority of the residuals in the substructure are large, 
this larger variability might be found by a robust analysis of variance of the 
absolute residuals from a robust fit. In some cases perhaps a least-squares 
analysis of the absolute residuals from a robust fit might be more informa- 
tive (namely if only a decided minority of the substructure, but no single 
cells, show outlying behavior).-It is well known that in the analysis of 
residuals there are many regressions based on residuals, fitted values, and 
estimated effects which may produce useful information on improving the 
model. We have already mentioned odoffna; another method would be, for 
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example, to regress the absolute residuals on the fitted values to detect some 
systematic heteroscedasticity, and the data analyst is encouraged to find 
other sensible plots and relationships. 

The desirable structure of an ANOVA is usually that apart from factors 
with no effects at all one would like some clear main effects. Mathemati- 
cally, main effects are defined after determination of the grand mean, which 
involves all data, and with a somewhat arbitrary side condition, but the 
operational meaning of a clear main effect is a practically constant dif- 
ference between two rows, say (not involving any other rows). We therefore 
call any difference qi - qti an “element” of the main effect between rows i 
and i’. These elements are very useful in practical work; an example is given 
in Section 4.7 of Daniel (1976). If the elements qj - Xtj for all j are about 
constant, we have a clear main-effects difference A, - Ai t ;  if at least the 
majority is constant, we still can speak of a well-defined main-effects 
difference, but only for part of the data, and we know that the remaining 
pairs of data contain outliers, though we still do not know which value in 
each pair is the outlier. We may be able to tell this by comparison with 
other rows. We thus hhve found a useful tool for the identification of 
outliers in a main-effects model which we shall discuss in more detail below. 

The “elements” of first-order interactions are clearly the tetrad dif- 
ferences - qj, - q.,j + q.,?, while the “elements” of the grand mean 
are the qj themselves. When we want to determine a grand mean, we first 
have to fix the main effects if there are any (e.g., decide whether their mean 
or median should be zero) and take them out of the data to obtain a 
near-constant set of “adjusted elements” for the grand mean. Similarly, if 
there are interactions, we first have to take them out of the data before we 
can determine the main effects. The order of operations is thus the reverse 
of the usual mathematical one where main effects are differences against the 
grand mean, and so on. 

Disadvantages of the elements are that there usually are too many (many 
more than parameters, yielding a lot of redundance), and that they are not 
independent (e.g., qj - q,j, yl,j - &j, and - qj). The main ad- 
vantages are that they describe directly the most relevant features of the 
model, and that they are purely local, depending only on the minimum 
number of data necessary for defining the features. One is also reminded of 
the role of cross-product ratios in contingency table analysis. 

An example showing the properties mentioned is a main-effects model 
with a big outlier put into one cell. Then all and only all tetrad differences 
containing this cell will be big in absolute value, while all others will be 
practicdly zero, thus showing that part of the data still obeys a main-effects 
model. The task is then to find the outlier or outliers. By contrast, the 
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least-squares analysis of variance distributes the outlier over the whole 
design, causing “interactions” everywhere, and blows up the interaction 
mean squares of all orders. It is an important experience that isolated 
outliers or local outlying substructures (such as single rows) are the most 
common source for high-order interactions (cf. Daniel, 1976). 

We now discuss the identification of outliers (such as big gross errors) in 
detail. We shall think only of clear, distant outliers, not of marginal cases. 
Outliers exist relative to a model: an outlier in a main-effects model is 
merely a big interaction in a saturated model. The treatment of outliers is 
more difficult than that of missing values because first the cell containing 
the outlier has to be identified before it can be treated like in the case of a 
missing value and fitted with a fitted value not influenced by the outlier. 

A principle which we shall follow is that we try to get along with the 
smallest possible number of outliers. Clearly, if we find one outlier, it could 
be theoretically that this is the only “good” value and all the others are 
“wrong.” If there is little redundance (e.g., only three values), our outlier 
identification may be shaky, but it is the best we can do (apart perhaps from 
pointing out some less likely alternative solutions). 

Sometimes one is able to say that at least one outlier exists in a data set 
without being able to pinpoint its location. An extreme example is a 2 X 3 
design with a main-effects model where the last column does not fit the 
pattern (with one vanishing tetrad difference) set by the first two columns. 
Either or both values in the last column are outliers, since the unknown last 
column effect can accommodate any one value, but not both. If, however, 
the column effects are block effects or other random effects of which we can 
assume that they have the same order of magnitude, then we have one 
degree of freedom for estimating their variability and may be able to 
exclude extreme values of the third column effect and thus sometimes 
exclude just one data point. 

If we have several outliers, we may be able to say something about their 
structure, and assumptions about their structure may make a big difference 
in what outliers we can identify. The two extreme cases are those of “wild 
outliers” where every outlier is totally unrelated to eveq other one and to 
the “good” data, best modeled by occasional independent random errors 
with huge (possibly infinite) variance; and “mean contamination” where we 
assume Nature tries to be mean to us and play tricks on us, usually by 
building a piece of another nice model elsewhere with suitably chosen 
outliers, so that we have problems deciding which piece of a nice model we 
shall believe in. Overall, mean contamination will be rarer, but there may be 
specific reasons for it, such as a temporarily shifted origin, a part of the data 
measuring a different population, or just an instrument getting stuck re- 
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peatedly at the same value. Mean contamination is also more difficult to 
deal with. Take, for example, a 4 X 4 design (with main effects) and two 
outliers in the last column. If they are wild outliers, they will in all 
probability not form any vanishing tetrad difference (or a “good” main- 
effects element) and hence can be easily identified. But if they are “mean,” 
they behave like good data belonging to another column effect (i.e., they 
equal the original good data shifted by the same amount), and without 
additional outside knowledge we have no means to identify the true column 
effect, both possible values being indicated by two observations. 

In situations with little redundance, as often in the analysis of variance, 
the role of prior information may be crucial. We mean the vague prior 
information which tells us whether some effect or error is quite possible or is 
very surprising and unlikely. For example, sometimes an effect should be 
positive, or in some region of plausible values; sometimes the error should 
be small compared with the absolute values of the observations; or the error 
is quite well determined or at least bounded by a single observation or even 
without any observation because of some model assumptions, as in some 
models for counting data (binomial, Poisson, root Poisson, etc.). Various 
levels of prior information together with various levels of assumptions about 
the meanness of contamination can lead to various stages in the assessment 
of outliers. We shall exemplify this by considering the simplest cases of very 
few observations for a location parameter. 

If we have a single observation, we need prior information both on the 
possible range of the true parqmeter value and on the possible size of the 
random error in order to be able to identify at least sometimes a distant 
outlier as an outlier. There is no redundance, hence no possibility to use 
other data to correct the value, and the latter is lost (apart from the 
possibility of checking on its origin, or on the likely source of a gross error 
-such as a wrong decimal point-and correcting it in this way). 

If we have two observations, we may be able to reject one or both with 
prior knowledge about parameter and error. Moreover, it now suffices to 
have prior knowledge about the possible size of the error in order to be able 
to say that at least one value is an outlier if they are improbably far apart; 
but we cannot say which one. The practice of dissolving the dilemma by 
taking a third observation in this situation has been discussed in Subsection 
1.4a. 

Three observations provide minimum redundance both about the param- 
eter (or fit) and the error. If two values are close together and the third one 
is very far away, then the third one is likely to be an outlier (except in the 
improbable case of “mean” contamination by two instead of one outliers, 
where the third one may be the only “good” value). Of course, the one 
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degree of freedom for error in the closest pair of data yields very meager 
information, and the information given by the data alone can easily be 
reinforced or superseded by prior information on parameter and/or error. 
Thus, it could be that all three values are rejected as implausible a priori, or 
that only one in the closest pair is retained if the error is known to be much 
smaller than the span of the closest pair and if the range of plausible 
parameters also excludes the other value. Clearly, there are already many 
possible combinations of prior knowledge and information given by the 
data themselves. 

While three observations are the minimum number to provide shaky 
evidence against a single outlier by the data themselves (shaky both because 
of the weak 2:l majority and the extremely badly determined error scale), 
four observations can provide a fairly comfortable 3:l  majority with a 
considerably better (though still not good) error estimate against a single 
outlier. They can also provide very shaky evidence against two “wild” 
outliers (when only one pair is very close together), but they can only 
suggest the existence of two “mean” outliers in the case of two very close 
pairs of data far apart, without being able to tell which pair (if any) is the 
“proper” one. Various prior information can again help and confirm or 
correct the indications by the data alone, especially in the cases of two 
outliers (and prior information may even identify three or four outliers). 

Five observations can provide comfortable evidence against a single 
outlier, good evidence against two wild outliers, shaky evidence against two 
mean outliers (which are barely in the minority), and even very shaky 
evidence against three wild outliers; all this without using prior knowledge 
(which again could lead to much more information). 

These considerations, which clearly can be worked out and extended, are 
equally valid for parts of an ANOVA design, for example, the three 
observations in a row of a k X 3 design which besides other effects 
determine the row mean just by themselves, or the three elements of a 
main-effects difference which may describe a full or partial or absent 
“main-effects property” for the two rows concerned. An important ad- 
ditional feature is that one can “borrow strength,” to use Tukey’s terms, 
from the other parts of the data: usually they provide an error estimate, and 
sometimes also information on the effects (as in the 2 X 3 example above 
with the block effects). This collateral information takes the place of (or 
complements) prior information. 

The elements can be used to identify parts of the data which obey the 
same simple model. For example, several row differences which are equal 
within random error identify a subset of data points which can be described 
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by a main-effects model. The redundance can also be supplied by a closed 
chain of elements: thus, if (Yl l  - Y.J + (Y22 - Y32) + (Y33 - Y I 3 )  2: 0 
within random error of such an algebraic sum, these six values are close to a 
nice simple main-effects fit. If we believe only in wild outliers, any such 
piece of a nice fit is very unlikely to have arisen by chance from some 
outliers and hence identifies part of the true model. In principle, we need 
only two equal elements or one closed chain as above to identify part of the 
fit, although we will be happier if we have more redundance. If we fear 
mean outliers, however, we have to check many more elements and closed 
chains of elements, since it may easily happen that we get several contradic- 
tory parts of nice fits. (The outliers can “cooperate” to deceive or at least 
confuse the statistician, as in the 4 X 4 example above.) If there is a clear 
majority of data or elements in one nice fit, we shall tentatively believe in 
this one; but there are easily cases (e.g., with two mean outliers in a 3 x 3) 
with several equivalent-looking fits. 

It is very instructive to study how many wild outliers and how many 
mean outliers in various positions of various designs can be identified or at 
least indicate the presence of outliers somewhere. These investigations are 
important if one fears a certain percentage of gross errors and wants to 
build a design sufficiently large and redundant so that certain effects can 
still be safely identified. As mentioned (cf. also the 2 X 3 above), we need 
more redundance than for estimation of missing values, even if we fear only 
wild outliers, and still more if we fear also mean outliers.- 

To round off this section, we may add a few words about the remaining 
contents of Hampel (1975) for those who have read the paper. While “most 
robust” estimation of single correlations is treated, there is still the question 
of how to achieve a positive semidefinite correlation matrix. The claim for 
the breakdown point of the “rather strange-looking method” for covariance 
matrix estimation (Part 2.3) is wrong, as was found by Stahel (1981a); but 
the method itself, also according to Stahel, still deserves closer considera- 
tion. The “most robust” regression estimator has meanwhile been worked 
out in detail, generalized and programmed by Rousseeuw (cf. Subsection 
6.4a). The .infinite sequence of estimators containing the “shordth” still 
merits a closer look. In particular, the minimum shordth deviation estimator 
can be used to describe data containing two different systematic errors (in 
all data) and being contaminated by up to n/2 gross errors, and the 
following members of the sequence describe contaminated data containing 
an additive overlay of several systematic errors, as described in Youden 
(1972). Most other points in the above-mentioned article are discussed 
extensively in this book. 
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*83. SMALLSAMPLE ASYMPTOTICS 

8.5a. Introduction 

Very often it is an intractable problem to find the exact finite-sample 
distribution of robust estimators and test statistics and approximations must 
be used. If the statistic is asymptotically normal, the first natural candidate 
is the normal approximation which can be carried out using the influence 
function [cf. (2.1.8), and (4.2.2)J. Although this approximation is often 
sufficient for simple robust estimators and simple models (e.g., M-estima- 
tors for location), it deteriorates quickly when accuracy is required for 
small-sample sizes and more complex models. In particular, numerical work 
by Maronna (1980, personal communication) for regression through the 
origin indicates that the density of M-estimators converges slowly to the 
asymptotic normal density especially when the design is unbalanced. 

One might try to improve the normal approximation by using the first 
few terms of an Edgeworth expansion (cf. Feller, 1971, Chapter 16). This is 
an expansion in powers of n-'/*, where the constant term is the normal 
density. It turns out in general that the Edgeworth expansion provides a 
good approximation in the center of the density, but can be inaccurate in 
the tails where it can even become negative. Thus it can be unreliable for 
calculating tail probabilities (the values usually of interest) when the sample 
size is small. In this section we discuss techniques that overcome this 
problem. 

Saddlepoint techniques, already widely used in statistical mechanics (cf. 
Khinchin, 1949), were used by H. E. Daniels in a pioneering paper in 1954 
to derive an approximation, to p,,, the density of the mean of n independent 
identically distributed observations'x,, . . . , x, with the underlying density f. 
The key idea is as follows. The density p,, can be written as an integral on 
the complex plane by means of a Fourier transform. Since the integrand is 
of the form exp(n - w(z)), the major contribution to this integral for large n 
will come from a neighborhood of the saddlepoint to, a zero of w'(z). By 
means of the method of steepest descent, one can then derive a complete 
expansion for pn with terms in powers of n-'. Daniels (1954) also showed 
that this expansion is equivalent to that obtained using the idea of the 
conjugate density (see Cramer, 1938; Khinchin, 1949). The key point can be 
summarized as follows. First, recenter the original underlying distribution f 
at the point t where p,, is to be approximated, that is, to f define its 
conjugate (or associate) density h,. Then use the Edgeworth expansion 
locally at f with respect to h, and transform the results back in terms of the 
original density f. Since r is the mean of the conjugate density h, the 
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Edgeworth expansion at t with respect to h ,  is in fact of order n - l  and 
provides a good approximation locally at that point. 

Other “small-sample asymptotic techniques,” which are closely related to 
saddlepoint techniques, were introduced independently by Hampel (1973b) 
and are explicitly based on the idea of recentering the original distribution. 
The key difference is the expansion of the logarithmic derivative p;/p,  
instead of p,. A consequence of this is that the normalizing constant, that is, 
the constant that makes the total mass equal 1, must be determined 
numerically. This turns out to be an advantage since this rescaling greatly 
improves the approximation. The striking characteristic of these approxima- 
tions is that the first few terms (or even just the leading term) of the 
expansion give very accurate approximation even in the extreme tails and 
down to small-sample sizes (n = 3,4). 

8Sb. Small-Sample Asymptotics for M-Estimators 

In this subsection we derive briefly the small-sample asymptotic approxima- 
tion to the density of a location M-estimator T, defined by 

[cf. (2.3.3) and (2.3.9)]. We follow the presentation in Field and Hampel 
(1982). For details, numerical results and a deeper discussion we refer to 
that paper. 

To begin, assume + is strictly monotone. Then 

where the integrals are over the range 

and g, is the density of +(xl - 1) .  Since ja/atg,( y )  dy = f( $ - ‘ ( y )  + t 1, 
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we get from (8.5.1) 

(8.5.2) 

The key step is to recenter g, about t by replacing g, with the conjugate or 
associate density h,. 

Let 

h,( Y) = cr eda ,y )g , (  Y 1, 
where the constants c, and a, are determined by 

Jh,(Y) Q = 1 and JYh,(Y) Q * 0, 

and denote by jv,,  the density of the s u m  of Y independent random 
variables each with density h,. Then, after some calculations, we obtain 
from (8.5.2) 

and similarly 

(8.5.4) 

whence p;( t)/p,,( t)  is obtained as a fraction not involving c,. 
The last step is to approximate jJs) / j , , , (O) by a series with the 

coefficients determined by the Edgeworth expansion of jn,,(s) at the origin. 
This enables us to use locally the good properties of the Edgeworth 
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expansion at the origin. We finally obtain the following expansion: 

P;(t)/Pn(t) = (. - m 2 , , +  X , * I A , f / ( 2 4  - A 4 , l A , , J ( ~ , Z ~ , , , )  

-A6,1/(2u:)  + A 5 , f / A 1 , t  + u ( l / n ) ,  (8.5 -5 )  

where 

where all the integrals are over the range (- 00,oo). 
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10 

Remark 1. Although it is theoretically less satisfactory, it is technically 
simpler to derive an expansion directly for pn(t). To second order this is 

-1/Zn1/2 c, - n  a, - 1  A l , , { l  + O(l /n ) } .  (8.5.6) pn(t) = (28)  

This expression coincides with the saddlepoint approximation (the leading 
term of the saddlepoint expansion). For higher accuracy in numerical 
computations one will determine the normalizing constant empirically by 
numerical integration, and thus one needs only the approximation 

p n ( t )  a c ; ~ o ; ' A ~ , , *  (8.5.7) 

- 

9 -  

n = 9  
Exact 
Approx. 

, Exact / / Approx. 
n = 5  

n = 3  
Exact 

n = l  

0 0.5 1 1.5 2 2.5 3 t 

0.99999 

0.9999 

0.999 

0.99 

0.95 

0.9 

Figure 1. Exact and approximate cumulative [using (8.5.5) or (8.5.7)j of Huber-estimator 
( k  = 1.4) under 5%-contaminated normal (with contamination at f 00) in logistic scale. 
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Remark 2. The formulas (8.5.5) and (8.5.6) remain true if the condition 
of strict monotonicity of + is replaced by that + is a bounded monotone 
increasing continuous function. 

Remark 3. Direct saddlepoint techniques can be used to derive small- 
sample asymptotic approximations to p,, (cf. Daniels, 1983). It turns out 
that the second-order formula (8.5.5) and the saddlepoint approximation 
with renormalitation give identical results (see Field and Hampel, 1982; 
Daniels, 1983). 

in (FA1 - F ) )  
12 - 
11 

10 

- 

- 

9- 

8 -  

7 -  

6 -  

5 -  

4 -  

n=9 
Exact 

0 1 2 3 4 5 6 7 8  t 

0.99999 

0.9999 

0.999 

0.99 

0.95 

0.9 

Figure 2. Exact and approximate cumulative [using (8i5.5) or (8.5.7)] of Huber-estimator 
( k  = 1.5) under Cauchy in logistic scale. 
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Figures 1 and 2 show the excellent approximations to the density of the 
Huber-estimator down to very small-sample sizes. 

8.k .  Further Applications 

In the last few years there has been a revival of interest in this area. Daniels 
(1980) showed that the normal, Gamma, and inverse normal are the only 
possible densities for which the renormalized saddlepoint approximation 
reproduces exactly the density of the mean. Field (1982) extended the 
results presented in Subsection 8.5b to multivariate M-estimators (as de- 
fined in Subsection 4.2~). Durbin (1980) applied similar techniques to derive 
approximations of the density of sufficient estimators. Field and Ronchetti 
(1985) derived small-sample asymptotic approximations to the tail area of 
M-statistics and used them in robust testing (see subsection 3.2~). Easton 
and Ronchetti (1984) extended saddlepoint approximations to general sfa- 
tistics and applied them to approximate the density of linear combinations 
of order statistics. 

We refer to the papers by Barndorff-Nielsen and Cox (1979) and Field 
and Hampel (1982) for an overview and comparison between these new 
techniques and the classical ones. 

Some subjects of ongoing research include the application of these 
techniques to robust regression and to the problem of finding optimal 
robust estimators for fixed finite n as mentioned in Field and Hampel, 
(1978, p. 11). 

EXERCISES AND PROBLEMS 

The attentive reader who has worked through the book so far will have 
noticed that the main text of Chapter 8 is full of potential exercises and 
problems, and he will not need a separate list of them. Some major types of 
exercises are the following: 

(i) Work out the details of the proofs or arguments only sketched in 
the text. 

(ii) Work out numerical examples for statements in the text, 
(iii) Find real life examples illuminating the text. 
(iv) Work on the open research problems. 
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Computer 
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Fisher, 48, 54, 227, 415 
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approximate minimax problem for, 49-52 
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Correlogram, estimator of Hurst parameter via, 
395 

Covariance, estimators of, see also covariance-
location, 271 

autocovariance function of self-similar 
processes, 390 

Covariance matrix, asymptotic (covariance 
matrix as parameter, see covariance-
location) 

of estimators 
of covariance matrix and location, 282, 

304 
of location and scale, 232 

of M-estimators, 231 
of covariance and matrix and location, 

286 
of location and scale, 233 
for regression, 316 
for time series, 418, 422 

Covariance-location (or covariance matrix and 
multivariate location) 

definition of (pseudo-) covariance matrix, 
273 

distribution of squared radius, 275 
estimation of, 270-306 

breakdown point of, 296-303 
elementwise e. of covariance matrix, 271, 

305 
nonequivariant e. of covariance matrix, 

297 

estimators of (equivariant), 280-289 
breakdown point and breakdown point at 

edge of, 299 
consistency (Fisher) of, 281 
covariance matrix (asymptotic) of, 282, 

304 
gross-error sensitivities of, 283 
high breakdown (or projection) e., 

300-303 
influence function of, 281 
minimal covariance determinant e., 303 
minimal volume ellipsoid e., 303 
sensitivities of estimated location, size 

and shape, 283 
W-e., 289 

in factor space, 323 
information for c. model, 282 
M-estimators of, 270, 283-289 

breakdown point of, 297-299 
computation of, 266, 288 
computer program for, 335 
consistency (Fisher) of, 285 
covariance matrix (asymptotic) of, 286 
existence and uniqueness of, 287-288 
influence function of, 287 
median-type estimators, 295 
minimax estimators, 270, 285, 296 
most B-robust, 292, 295 
optimal B-robust, 289-296 
redescending, 306 

model, see also distributions, elliptical, 
271-275 

definition of, 272 
invariance of, 273 
as transformation model, 273 

scores for c. model, 274-275 
shape and size parameter, 273 

influence function of estimated, 282 
sensitivity of estimated, 283 

tests for, 271 
Cramer-Rao inequality, asymptotic (or 

asymptotic information inequality), 86, 
195, 209, 227 

Crescent of Venus, 57 
Critical region, 190 
Criticism of model, 56 
Cross-product ratio in contingency tables, 427 
Cushny and Peebles' data, 78, 93, 237 
CVF, see change-of-variance function and 

change-of-efficacy function 
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Dsstimators (or minimum distance 
estimators), 113, 414 

D-type matrix, 277-280 
Danger of gross errors, 58 
Data, see also example, numerical, 382-385 

accuracy of, 2 I 
agricultural, 389, 393, 397 
analysis (exploratory or probability-free), 4, 

8.423 
numerical example, 14-18 
theory of, 423 

artificial, 237 
astronomical, 388, 393 
chemical, 388, 391, 393 
conditioning on, 53 
Cushny and Peebles', 78, 93, 237 
description, generalizability of. 4 I3414 
dice throws (Longcor's data), 394, 41 1 
earthquake frequencies, 390 
finite accuracy of (or rounding or 

granularity), 21-22 
fit to majority of, 56 
geophysical, 390, 393 

high-dimensional, 404 
highquality, 22, 26. 399 

model for, 23. 29 
hydrological, 390 
idiosyncrasies of, 414 
knowledge about background of, 426 
meteorological, 393 
model distribution compatible with, 

more complex parametric model for more, 

NBS weight series, 388, 393 
nitrogen content of aspartic acid, 391 
Pearson's series. 393 
physical, 393 
rainfall, 390 
real, see also examples, numerical, 14, 78, 

granularity of, 22 

412 

416 

310,330. 382-383 
robust estimators for, 31-33 

river flow, 390 
routine, 26 
stackloss, 286, 330 
sunspot numbers, 390 
supposedly independent, 391 
thickness of geological layers, 390 
tree-ring indices, 390 

trisection of d. by redescending M- 

uniformity trial, 389 
velocity of light, 387, 388, 41 I 
wireworm, 389 
yam diameter, 389 

Decision theory, 7, 52 
Declaration of independence, 388 
Delta function (or Dirac's) 103, 127, 140. 212 
Density 

estimators, 61 

conjugate (or associate), 432, 434 
estimation of, 19, 22 
expansion of logarithmic derivative of, 433 

Derivative (of functional), see also 
differentiability, 43, 83 

directional, 83 
influence function as, 40, 43 

of data, generalizability of, 413-414 
descriptive statistics, 424 

Design, 14, 426 
balanced, 13 
desperado, 426 
optimal robust, 24 
saturated, 426 
super-saturated, 426 
unbalanced, 13 

Description 

Detection (or identification) of outliers, 12, 

Deviation 
71, 331,428 

from assumptions, see assumptions 
feast absolute, estimator, see L,-estimator 
mean, 181. 184 

influence function of, 30 
median, see median deviation 
minimum shordth d. estimator, 431 
standard, see standard d. 

Diagnostics, 13, 331, 337 
Dice throws (Longcor's data), 394, 41 I 
Difference, tetrad, 427 
Differentiability. see also derivative, 43. 54, 

83 
of M-estimators, 102 

Dilemma of classical statistics, logical, 56 
Dirac's delta function, 103, 127, 140, 212 
Discriminant analysis, 27 1, 305 
Distance (or metric), see also neighborhood, 

96 
bounded Lipschitz metric, 97 
choice of, 9, 412 
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Distance (or metric) (Continued) 
Hellinger, I I ,  113, 412 
Kolmogorov, 97 
Levy, 97, 414 
minimum d. estimators, 414 
Prohorov, 96, 414 
relation of M-estimators for regression to a 

total variation, 97 

of level of outlier test, 68 
of model, 414 

asymmetric, 401 
asymmetric error distribution in regression, 

asymptotic 

metric, 312 

Distortion 

Distributions 

338 

of C,-type test, 370 
of estimators (sequence of). see also 

variance and covariance matrix, 
asymptotic, of estimators, 83 

of M-estimators, 231 
of M-estimators for regression, 316 
of P-value, 216 
of test (statistic), 199, 204. 271 
of p-test, 354 
of 7-test, 351-358 

Cauchy d., 47, 58. 167 
maximum likelihood estimator for, 104, 

optimal L- and R-estimators for, 112. 167 

confidence set of, 412 
selection of model d. from, 413 
simplest, 413 

contaminated, 349 
contaminated normal (or Tukey's 

deviations from assumed shape of, 14 
double exponential, 109. 112 

180, 310 

compatible with data 

contamination model), 26, 64, 332 

extreme value, 396 
maximum likelihood estimator for, 104 

exponential, 19, 24 
exponential shift family, 22 
finite-sample, 47 

of estimators, 432 
of test statistic, 432 

function, empirical cumulative, 40 
Gamma, 181, 423, 438 

information for, 249 
optimal B-robust estimators for, 248-251, 

scale parameter of, 248 
scores for, 248 

indistinguishable from true d., 400 
inverse normal, 438 
Laplace. see d., double exponential 
least favorable (or informative) (Huber's) 

38, 48, 67, 105, 173, 220, 400 
of e m r  in regression, Akaike's 

information criterion for, 367 

256 

logistic, 104, 109, 112, 126 
maximum likelihood estimator for, 104, 

129, 133, 167, 180, 182, 310 
long-tailed, 23, 401 
model d. compatible with data, 412 
multivariate normal, 273. 275, 282 
normal, 20, 35. 64, 233, 438 
Pearson curves, 23, 29, 35, 423 
Poisson, 91 
prior, 53 
rectangular, 22, 54 
Schwartz, 391 
short-tailed, 23 
spherically symmetric, 271 

camer d. (or d. in factor space), 318, 

and independence, 273 
357 

symmetric long-tailed d. and robust 

t-d., see t-d. 
true, 56 
undiscemible, shrinking neighborhood of, 

413 
Weibull, 268 
without moments, 399 

Divergence to edge, 297 
Double exponential distribution, 109, 112 

extreme value, 3% 
maximum likelihood estimator for, 104 

statistics, 401 

Doubt, zone (or region) of, 61, 65, 69 

Earthquake frequencies, 390 
Edge 

breakdown point at, 299-300 
divergence to, 297 

Edgeworth expansion, 432, 434 
Effect, Joseph, 390 
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Efficacy (asymptotic) (or Pitman e.), 148, 
194. 209, 216 

of bounded influence tests, 380 
influence function, 148, 149 

Efficiency, see also variance, asymptotic, 216, 
238,256 

asymptotic (Pitman) 
absolute, of estimators, 87 
absolute, of tests, 195 
of arithmetic mean and empirical 

variance, under [-distribution, 29 
of empirical standard deviation, 29 
of estimators, 86-87 
of Hodges-Lehmann estimator, 112, 203 
of mean deviation, 29 
of median, 29, 90 
of optimal El-robust estimators of 

relation to Bahadur e., 215-216 
relative e. of estimators, 86 
relative e. of tests, 194 
of several regression estimators, 33 1-334 
of tanh-estimator, 162 
of tests, 194-195 
of trimmed mean, 29, 109 

relation to Pitman e., 215-216 

of arithmetic mean, 399 
of classical methods, 405 
of Huber estimator for location, 69. 70. 

jump in, at breakdown point, 69 
for rejection rule with mean (Monte 

under mild deviations from model, 29 
of rejection-estimation procedures (Monte 

relation to robustness, 44, 58, 60. 229, 252 
robustness of e. (or power), 36, 366, 405 
superefficiency, 22, 54, 423 

EIF (or efficacy influence function), 148 
optimal and most EIF-robust e., 149 

Elements, 430 
adjusted, 427 
chain of, 431 
of first-order interaction, 427 
of fit, 427 
of main effect, 427 

covariance matrix and location, 293 

Bahadur, 215 

loss, 33 

399 

C ~ O ) ,  67-71 

Carlo), 62-71 

Engineering data, 388 
Eplett’s approach to testing, 218 
Equation, personal, 388 
Equivariance, see also estimators, equivariant 

and M-estimators, equivariant 
of optimal B-robust estimators, 259 
orthogonally equivariarlt vector function, 

275-280 
Ergodicity, 412 
Error 

gross, see gross e. 
mean-squared, see mean-squared e. 
measurement, 41 I 
prior knowledge about, 429 
semi-systematic (or semi-constant), see ulso 

correlations, long-range, 8, 14, 388, 
391, 392.41 I 

effect of s. e. on contrast, 394 
empirical evidence for, 387-389 

of arithmetic mean. rate of decrease of, 

correction of s. e. for long-range 

of estimators of absolute constants, 387 
robustness of, 405 

standard, 23 

393 

correlations, 391, 394 

systematic, 387-388. 393, 41 1, 431 
Errors-in-variables model, 338 
Estimand. 409-416 

Estimators (or estimation), 82 
paradim of uniquely defined, 402 

A-e., 113 
for ARMA processes, 417, 419, 421 
of absolute constants, standard error of, 

adaptive (asymptotically everywhere 
387 

efficient e. or adaptive methods), 9, 
11, 19,413 

admissible, 260-263, 269 
admissible 8-robust, 262 
as functional, 82 
asymptotic value of (a sequence of), 82 
B-robustness of, see ulso B-robustness, 87 
best linear unbiased, see also Gauss-Markov 

Bickel-Hodges, 179 
bounded influence (in regression), see 

breakdown point of, see breakdown point 

theorem, 405 

bounded influence e. 
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Estimators (or estimation) (Continued) 
of change point in pieccwise linear 

Change-of-VarianCe function, see change-of- 

complete class of (essentially), 263 
continuity of (a ~ q w n c e  of). 99 
of cornlation. 27 1. 305 
of covariance. 271, 305 
of covariance matrix and location, see 

regmsion. 46 

variance function 

covariance matrix and location, e., of, 
270-3M 

Dc. (or minimum distance e.), 113 
of density, 19. 22 
dcsccnding, see descending e. 
distribution (asymptotic) of (a sequence of), 

efficiency (asymptotic) of, see efficiency 
and variance, asymptotic, of e. 

cquivariant, see also location, scale. 
covariance-location. und regression, e. 
of and MI. of, 259 

model. 299 

a3 

bnakdown point of, in transformation 

influence function of, 259 
of location and scale. 232-237 

finite-sample distribution of, 432 
in general psramCrric models. 225 
Hampel-Kmskcr, see Hampel-Krasker e. 
high breakdown e.. 329 

computation of, 302 
of covariance matrix and location, 
300-303 

for regrrssion. 115, 329, 330, 337 
w of, 423 

Hodges-Lehmann, see Hodges-Lehmann e. 
Huber, see Hubcr e. 

hyperbolic tangent, see tanh-e. 
influence function of, see also influence 

function, 84. 226 
information of, 398 
intrinsic acauacy of, 398 
Kraskcr-Welsch, see Krasker-Welsch e. 
L-e.. see LC. 
least absolute deviations, see L l c .  
least median of squares. 115. 330 

Of H m t  paramete, 3953% 

computation of, 330,337 
least trimmed squares, 115, 330 

least-squares. see least-squares e. 
linear. 32 

of location, see l o d o n ,  e. of 
of long-range intensity of serial comlations. 

MI., see M-e. 
Mallows, see Mallows e. 
maximum likelihood, see maximum 

likelihood e. 
median-type, 422-425 

of covariance matrix and location. 295 
median-type hyperbolic tangent. 155-158 
minimal covariance determinant. 303 
minimal volume ellipsoid. 303 
minimax, see minimax e. 
minimum distance (or dc.), 414 
minimum shordth deviation, 43 I 
of mode, 46 
moment, 263 
most (B-)robust. 87.90. 133,422425 

unbiased, 310,405 

395-396 

of correlations. 431 
of covariance matrix and location, 292, 

of location, 120, 124. 133 
redescending, 154 
for regn?ssion, 318 
relation to minimax asymptotic bias, 

of scale. 142 

most V-robust, 133 
of location. 134 
redesccnding, 158 
for regression, 327 
of scale, 142 

295 

175 

most EIF-Iu~us~, 149 

multidimensional (or multivariate), 
225-269 

change-of-variance function for, 325 
nonpsramctric and parametric use of, 19 
normal-scorrs, see also normat-scores e., 

onc-dimensid, 78-186 
optimal B-robust. ~ 8 7 ,  I 19-120. 

72. 112, 124. 147 

238-252 
admissibility of, 244 
choice of tuning constants for, 252. 257 

construction of, 247-252 
computation of, 264 
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of covariance matrix and location, 

definition of, 87, 243 
equivariance of, 259 
for finite-samples, 438 
for Gamma distribution, 248-251, 256 
of location, 120-121, 122, 124, 135 
Mallows, 321-322, 331-334 
for partitioned parameter, 254 
redescending. 159 
for regression, 319-320 
relation to optimal V-robust estimation, 

standardized cases, 243-244 
of scale, 121-123, 124, 143 

289-296 

153 

optimal EIF-robust, 149 
optimal V-robust, 136 

of location, 136-139 
redescending, 164 
redexending, of scale, 168-171 
for regression, 328 
relation to optimal B-robust e., 153 
of scale, 143 

optimal e. for bounded local-shift 

Pitman type (or P-) e., 114 
of power trmsformation, 423 
of principal components, 271 
of quantile, 22 
R-e.. see R-e. 
in random-effects models, 338 
redescending, see redescending e. 
for regression, see regression, e. for 
repeated median, 329 
robustness of, see robustness and B- and V- 

robustness 
S-e., 114, 330, 422 
of scale, see scale, e.  of and location-scale, 

sensitivity, 322 

e. of 
in regression, 312, 347 

Schweppe. see Schweppe estimator 
seat-of-the-pants, 63 
sensitivities of, see sensitivity 
sequence of, 82, 97, 98-99 
shift, 202-203 

shordth, 431 
shorth, 179 
sine, 151, 166, 408 

two-sample, 223 

of singularity, 46 
of skewness, 423 
smoothy rejecting. see nlso redescending e., 

of spectrum, 417,422 
of structure of catastrophies, 46 
subjective, of location. 63 
switching between mean and median, 34, 64 
tanh-estimator, see tanh-estimator 
for time series, 417-421 
truncated normal-scores, 124, 147 
unbiased linear, 310, 405 
V-robustness of, see also V-robustness, 131 
variance (asymptotic) of (a sequence of), 83 
W-e., 115, 246. 289 

2-4-8 e., 16-18 
25A, 65,67, 70 

Eta-(?-) function, 3 I5 
redescending (?-test with), 379-380 

Examples (didactic, throughout the book) 
of gross errors, 26-28 
numerical, 6, 323, 330, 382-385 

in analysis of variance, 14-18 
of empirical influence functions, 93-94 
for Huber’s Proposal, 2, 18, 237 
for Lt-estimator, 16 
for least-squares estimator, 15, 309-31 I ,  

for several location and scale estimators, 

for an M-estimator of covariance matrix 

for several regression estimators, 323, 

for several tests for regression, 382-385 
for three-part redexending estimators, 

65 

one-step (or w-e.), 116, 153 

323. 330 

78-80, 237 

and location, 285-286 

330 

16-18 
of outliers, 15 

Exercises, 71-77, 178-186, 221-224, 
266-269, 303-306, 338-341, 385-386, 
438 

Existence 
of M-estimators of covariance matrix and 

of optimal $-function, 246, 319 

Edgeworth, 432.434 
of logarithmic derivative of a density, 433 

location, 287-288 

Expansion 
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Expansion (Continued) 
von Mises e. (or approximation or Taylor 

e.), 41, 84, 86, 97, 1% 
of 7-test statistic, 351-352 

Experience (or background knowledge), 71, 
414.426 

Extrapolation to larger population, 41 I 
Extremal problem, I17 

F-test, 343 
for quality of variana. 30. 32, 55 

influence function of. 206 
non-robustness of, 188 

Bickel's, 359 
effect of a leverage point of, 384-385 
optimality of, 343 
power of, 344 
robustness of, 344 

for re&ssion 

Factor space 
covariance matrix in, 323 
position in, see position in factor space and 

leverage point 
Factorization 

of influence function in regression, 313 
for Mallow~-type test. 380 

Filter. robust, 422 
Fisher consistency, see consistency, Fisher 
Fisher-Yates-Terry-Hoeffding test, 208, 214 
Fisher 

consistency. see consistency, Fisher 
information, see information 
scores. see scores 

Fisherian statistics, 8, 56 
Fit 

influence on fitted value (or self-influence), 

residuals from least-squares, 12, 330-331 
residuals from robust, 12. 62, 68, 71, 

to majority of data, 56 
Fitted-value sensitivity, 320 
Fluctuations, semi-systematic, see comlations. 

Fractals, 391 
Fraction, integral. 390 
Frkhet differentiability, 54, 83 

of M-estimators. 102 
Frequentist theary, 52 

317 

331332,426 

long-range 

Function, see also change-of-variance 
function, influence function, +- 
function, etc. 

orthogonally quivariant vector, 275-280 

analysis, 7. 54 
consistency (fisher) of, 83 
continuity of, 40-41, 99 
derivative of, 40.43, 83 
estimators as, 82 
von Mises, 43, 84 

of choice of model parameter, 414 
of compatibility, 412 
of model, 41lL412 
of parameter, 410412 

Functional, 40, 54, 82 

Fuzziness, 7 

Games, theory of. 37, 52.415 
Gamma distributions, 181,423, 438 

information for. 249 
optimal B-robust estimators for. 248-25 1, 

256 
scale pammeter of, 248 
scores for. 248 

GBteaux diffemtiability. 83 
of M-estimators, 102 

Gauss-Markov theorem, 32,309,405 
Gaussian noise 

fractional, 391 
stimulations of, 391-392 

of data description, 41344 
Generalizability 

Geological data, 390 
Geophysical data, 390. 393 
GoodES-of-fit ttsts, 12.412 

badness-of-fit statistic, 113 
chi-square, 412 

Grouping, 21-22 
Gross errors. I ,  12, 21, 25.431 

choice of fraction of, 399 
danger of, 58 
examples of, 2&28 
frequency of, 25-28 

breakdown point, 97,423 
model, 37, 172, 399,400 

neighbomood. 172 

significaace in large samples, 394 

O r O s S C n W  

relation to rounding error, 400 
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approximate mean-squared e m  in, 338 
approximate and exact minimal 

asymptotic power over, 214, 223 
sensitivity, see sensitivity (gross-error) 

H, see Hurst parameter 
H-algorithm. 335 
Hadamard (or compact) differentiability, 54, 

83 
of M-estimators, 102 

Hdjek's projection method, 43 
Hampel-Krasker estimator, 319-320, 321-322, 

328 
efficiency (asymptotic) of, 33 1-334 
numerical example, 323 

Hampel, see redescending estimators. three- 

Hat matrix, 337, 365 
Hellinger distance, I I ,  113, 412 
Heteroscedasticity (or assumption of 

homoscedasticity), 2, 24, 427 
History 

Pm 

of rejection of outliers, 34 
of robust statistics, 34-36 

change-of-variance function and sensitivity 

computer program for, 335 
efficiency (asymptotic) of, 112, 203 
treatment of outliers by, 69 
variance of, 72 

Hodges-Lehmann estimator, 80, 112, 202 

of, 146, 174 

maximal asymptotic (over a 
neighborhood), 174 

Homoscedasticity 

Huber estimator 
assumption of, 2, 24, 427 

of location. see also Huber's Roposals 2 
ond3, 35,38, 104, 109, 137. 173, 401 

breakdown point of, 109 
changesf-variance function and 

sensitivity of, 50, 137-138 
choice of tuning constant for, 399 
comparison of redescending estimators 

efficiency loss of, 69.70, 399 
gross-error ond local-shift sensitivity of, 

H15, 65. 67, 406408 
influence function of, 45 

with, 167.409 

137- I39 

maximal asymptotic variance of (over a 

maximal mean-squared emor of (over a 

one-step, 35 
optimality of, 38, 39, 44, 46, 49, 51. 

relation to trimmed mean, 109 
small sample asymptotic approximation to 

treatment of outliers by, 69 
variance (asymptotic) of, 138, I67 

for regression, 311-314, 315, 321-322 
algorithm for. 335-336 
breakdown point of, 328 
effect of a leverage point on. 313, 385 
influence function of, 3 I3 
numerical example, 323 
one-step, 335 
test based on, see also pc-test, 344. 

neighborhood). 49-50. 174 

neighborhood), 52 

120, 135, 173, 219 

density of, 436-433 

347 
skipped, 158 

Huber function, 104 
generalized, 261 
multidimensional, 239 

Huber-Collins estimator 
relation to tanh-estimator. 174. 175 
variance (asymptotic) of, 166 

Huber-type skipped mean, 64, 150, 158 
change-of-variance function and sensitivity 

Monte Carlo study of, 68 
robusmess of, 132 
X42,69 
X84, 67-69, 71 

of, 129, 131 

Huber's Proposals 2 and 3, see Proposal 
Hunt 

parameter (or self-similar parameter or 
intensity of long-range correlations), 
390 

estimators of, 395-3% 
phenomenon, 390 

Hydrological data, 390 
Hyperbolic tangent estimator. see tanh- 

estimator 
Hypothesis 

linear, 343 
shsrp null, 56 

H15,65,67,406-408 



484 SUBJECT INDEX 

ldentifiability 

Identification (or detection) of outliers, 71 

Idiosyncrasies of data, 414 
Increments of self-similar processes, 389-390 
Independence 

of parameter, 412 

in analysis of variance, 428 

assumption of, see also correlations, 
unsuspected serial, 8, 25, 100, 
387-397 

declaration of, 388 
and sperically symmetric distribution, 273 
supposedly independent data, 391 

algorithm, 263 
Influence 

for equivariant M-estimators, 265 
for optimal B-robust estimators, 264 

curve (or IC), see also influence function, 

on fitted value, 317 
function, see below 
influential observation, 59 
of outliers, bounding the. 66 
of position in factor space (or IP), 313, 355 

on predicted value, 317, 339 
of residual (or IR), 313, 355 

41, 84 

bounding the, 322 

bounding the, 322 
optimally bounding the IR for tests, 

358-366 
total (or IT), 313, 355 

Influence function, 40, 41, 42, 43, 47, 80, 
83-87 

approach based on, see approach, based on 

of arithmetic mean, 45, 89-90 
of C.-type test for regression, 369, 372 
characterization of M-estimators by, 144 
definition of, 84, 226 

for tests, 191, 193 
with discrete sample space, 91 
efficacy influence function (or EIF), 148 

empirical, 93-94 
of equivariant estimators, 259 

of covariance matrix and location, 281 
of location and scale, 232 

of estimated size and shape of covariance 

influence function 

most EIF-robust estimators, 149 

matrix, 282 

of F-test for comparing variances, 206 
finite-sample versions of, 92-95 
for fixed-canien model, 314 
of Huber estimator 

for location, 45 
for regression, 313 

of L-estimators, 108. 110 
level i., 198 
of M-estimators. 101, 127, 230 

of covariance matrix and location, 287 
of location, 103 
for regression, 313, 316 
for time series, 418 

of mean deviation, 30 
of median, 45, 90 
of multidimensional estimators, 226-227 
of normal-scores test, 206 
optimally bounding the (or Hampel's 

of P-value, 217 
and parameter transformation, 229 
power i., 198 
properties of, 44 
of R-estimators, 11 1 
of rank tests, 205, 207-208 
in regression, factorization of, 313 
of rejection-estimation procedures, 62 
relation to asymptotic variance, 84 
relation to maximal asymptotic bias, 175 
of p-test statistic, 355 
robustness measures derived from, 87-88 
of sign test, 200, 206 
of ?-test statistic, 348 
for tests (or test i.), 189-203 

construction of, 191, 193 
one-sample, 189-192, 205 
in regression, 357-358 
relation to asymptotic level and power, 

two-sample, 192-193, 207-208 

definition of, 420 

optimality problem), 238, 260, 319 

198 

for time series, 417-421 

of van der Waerden-van Eden test, 206 
of Wilcoxon test (one-sample), 201, 206 
of z-test (two-sample), 206 

Initial value 
for iterative algorithm, 18, 263, 335 

Inlier, 140 
Innovation outliers in time series. 420 
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Insurance premium, 69 
Insistence upon classical methods, 405 
Interaction, source for high-order, 428 
Interquarrile range, 110, 329 

as most B-robust L-estimaton of scale, 124 
Intervals, confidence, see confidence intervals 
Invariance, see also estimators, equivariant, 

257-260 
of change-of-variance sensitivity for 

regression, 325 
of covariance-location model, 273 
of model, 253, 257-258 

optimal B-robust estimators for invariant 
model, 248 

of gross-error sensitivities, 228, 229. 259 
Investigation, routine, 13 
Information (Fisher), 86, 117, 126, 227,413 

for covariance-location model, 282 
criterion (Akaike’s) (or AIC), 366,412 

robustified (or AICR), 366-367 
of estimators, 398 
for Gamma distribution, 249 
infinite, 22 
for multivariate normal distribution, 282 
prior 

combination of prix i. and i. given by 

role of, 429430 
data, 430 

for transformation model, 258 
for transformed parameter, 229 

Information-standardized sensitivity, 229, 
230 

247 

space, 313, 355 

optimal estimators for bounded, 243, 244, 

IP, see also influence of position in factor 

IR, see also influence of residual, 313, 355 
IT (or total influence), 313, 355 

Jackknife, 43, 94 
Joseph effect, 390 

Kernel function in von Mises functional, 84 
Klotz test, 209, 21 I 
Knowledge 

426 
background (or experience), 71, 414, 

prior, about parameter and error, 429 
Kolmogorov-Smimov test, 4 12 

Kolmogorov 
distance, 97 
neighborhood, 37. 401 

admissibility of, 320, 328 
efficiency (asymptotic) of, 332-334 

most (B-)robust k. measure, 424 
rejection rule based on, 67-68 

Krasker-Welsch estimator, 320, 338 

Kurtosis 

L-estimators, 108-1 10 
breakdown point of, 75 
of location, 108-109 
optimal and most B-robust, 122-124 
rejection of outliers with, 398. 409 
relation of M-estimators to, 109 
of scale, 109, 329 

breakdown point of, 181, 329 
Lt-estimator (or least absolute deviations 

estimator), I 15, 31 I 
breakdown point of, 328 
effect of a leverage point on, 313, 339 
numerical example, 16 
weighted, 18 

LAM (or local asymptotic minimax 

LINWDR and LINWOOD, 335 
LMS, see least median of squares estimator 
LRT. see likelihood ratio test 
Laplace distribution, 104 
Law, see also distribution 

condition), 4 I3 

physical, 410 
power, for variance of arithmetic mean, 

389, 391 
Least median of squares estimator, 115, 330 

Least trimmed squares estimator, 1 15. 330 
Least-squares (method or estimator), 3, 5 ,  32, 

70, 115, 307. 309, 311, 364 

computation of, 330, 337 

breakdown point of, 328 
diagnostics and, 13 
discovery of, 308 
effect of a leverage point on, 313, 385 
effect of outliers on, 3 10 
iteratively reweighted, 116, 31 I 
nonsignificance due to inefficiency of, 405 
numerical example, 15, 323 
optimality of, 310, 405 
residual plot based on, 330-331 
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Least-sqws (method or estimator) 
(Continued) 

residuals from least-squares fit, 12, 330-331 
use of, 404 

Lemma 5, Hampel’s, 44, 117, 359 
Level: 

asymptotic, 198 
maximal (over a neighborhood), 199-202, 

robustness of, 188, 198 
220, 223 

influence function, 198 
of outlier test, distortion of, 68 
robustness of level (or validity), 36, 405 

Levem’s test for equality of variances, 30 
Leverage points (or outliers in factor space), 

see also position in factor space, 2, 11, 
47, 328, 330 

diagnostic for (hat matrix), 337 
effect of, 13 

on several estimators for regression, 313, 

on tests for regression. 344, 384-385 
328, 339.385 

example for, 383 
and redescending M-estimators, 407 
treatment of, 13, 322. 334 

Levy distance, 97, 414 
Likelihood 

approach, 56 
ratio test, 39, 219 

censored. 3940. 187, 219 
censored, equivalence of optimal B-robust 

for regression, 344,345, 359 
M-test and, 221 

scores, see scores 
Limit theorem, central, I ,  20 
Linearity, assumption of, 2, 24 
Linearization 

local. see also expansion, 41 
Lipschitz metric, bounded, 97 
Local-shift sensitivity, see sensitivity. local-shift 
Location. see also location-scale, 78 

estimators of, 62-71, 88-90 
Monte Carlo efficiency loss (or variance) 

for, 65-71 
most 8-robust, 124, 133 
optimal B-robust. 120-121, 135 
optimal and most V-robust, 134, 136 
shift e., 202 
subjective, 63 

L-estimators of, 108 

M-estimators of, 103-106 
optimal and most B-robust, 122-124 

B- and V-robu~tness of, 168 
Huber estimator, see Huber estimator of 1. 

model, normal, 62, 88 
multivariate, see also covariance-location 

minimax estimators of, 285 
sensitivity of estimated, 283 

optimal and most B-robust rank test, 210 
rank test statistic, 203 
z-test, 204 

R-estimators of, 110-1 13 
Optimal and most B-robust, 124 

and scale, see location-scale 
two-sample tests for 

influence function of rank test, 207 
median test, 208 
optimal and most B-robust rank test, 21 1 

Location-scale, 232-237 
(M-) estimators of, see also Proposals 2 and 

one-sample tests for 

3, 232-237 
influence function of, 232 
qualitative robustness of, 253 

model, 232, 253. 257 
scores for I .  model, 233 

“Logic” in applied statistics, 55 
Logistic distribution, 104, 109, 112, 126 

maximum likelihood estimator for, 104, 
129, 133, 167, 180. 182, 310 

Long-range correlations, see comlations, 1. 
Longcor’s data (dice throws), 394. 411 

M-estimators (or one-step Me.), 106, 152, 
398 

for regression, 330 
M-estimators (spec@ M e . ,  see spec@ ~ m c  

or estimators, specijc name), 37, 46, 
100-107 

18, 263. 335 
algorithm for, initial (or starting) value for, 

asymptotic normality of, 103, 231 
B-robustmss of, I02 
characterization of, 144-145 
comparison of L-cstimators with, 109 
comparison of Rcstimators with, I12 
computation of, see computation of M-e. 
consistency (Fisher) of, 231 
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covariance matrix (asymptotic) of, 231 
of covariance matrix and location, see 

covariance-location, M-e. of 
definition of, 101, 230 
differentiability of, 102 
equivariant, 259 

computation of, 260, 265 
finite-sample variances of. 49 
hand calculation and, 398 
implicit equation for, 398 
influence function of, 101, 127, 230 
of location, see location, estimators of 
most B- and V-robust, see estimators, most 

B- and V-robust 
multidimensional, 230-23 I 
one-step, 106, 152. 398 

for regression, 330 
optimal B- and V-robust, see estimators, 

redescending, see redescending estimators 
for regression, see regression, M-e. for 
of scale, see scale, estimators of 
small sample asymptotics for. 433438 
for time series, see oho time series, 

uniqueness of (or multiple solutions for), 

V-robustness of, 13 I 
variance (asymptotic) of, 102 

for a simple alternative. 219 
optimal B-robust, 221 

model, 427 
propefly, 430 

optimal B- and V-robust 

estimators for, 417422 

17, 55, 104, 152 

M-test, 204 

Main-effects 

Majority of data, fit to, 56 
Mallows estimator, 315 

Hampel’s optimality problem for, 

numerical example, 323 
optimal B-robust, 321-322 

Mallows’ C, statistic, 366 
Mallows-type test, 347 

factorization for, 380 
optimal B-robust, 359 

32 I 

finite-sample approximation to, 365 
Masking effect, 13. 67 

for Shapiro-Wilk test, 77 
for Studentized range, 77 

Mathematics 
as simplified model for reality, 400 
role of mathematical models, 400, 402 
role of mathematical theory, 6 

(pseudo-) covariance, see covariance- 

hat, 337, 365 
Mean-squared error 

approximate. 415 

asymptotic, 49-52, 242, 402 

arithmetic, 54, 64, 66-67, 79, 88, 233, 403 
after rejection of outliers, see rejection 

change-of-variance function and 

efficiency (asymptotic) of, under t- 

efficiency loss of, 399 
influence function of, 45, 89-90 
local-shift sensitivity of, 22. 89 

non-robustness of, 89 
in nonparametric situation, 405 
power law for variance of, 389, 391 
qualitative robustness of, 99 
rate of decrease of standard error of, 393 
switching between median and. 34, 64 
use of, 33, 404 

Matrix 

location and covariance matrix 

in gross-emor neighborhood, 338 

Mean 

rules 

sensitivity of, 129, 131 

distribution, 29 

rule for standard error of, 393 n - l l i  

contamination in analysis of variance, 

deviation 
4 2 8 4 3  1 

efficiency (asymptotic) of, 29 
influence function of, 30 

Huber-type skipped, see Huber-type skipped 

iteratively nweighted, see W-estimators 

rejection rule with, 5ee rejection rule 
running, 19 
trimmed, 34,79, 99, 109, 178 

m. 

(and M-estimators) 

as optimal B-robust L-estimator of 
location, 124 

efficiency (asymptotic) of, 29, 109 
multivariate, 266 
qualitative robustness of, 99 
treatment of outliers by, 69 
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Mean (Continued) 
Winsorized, 179 

treatment of outliers by, 69 
Measurement e m .  41 I 
Mechanism, stochastic, 410 
Median. 64, 80.89, 112. 202, 235 

B - ~ ~ ~ U S ~ I E S S  of, 90 
breakdown point of, 67 
changesf-variance function and sensitivity 

of, 129. 131 
continuity of, 73, 99 
deviation (absolute) (or MAD), 105. 235 
as most robust M-estimator of scale, 122, 

gross-error sensitivity of, 267 
standardized (or rescaled), 107, 122 
used when scale is nuisance parameter, 
65, 105, 106. 152,236, 312, 347 

efficiency (asymptotic) of, 29. 90 
efficiency loss (Monte Carlo) of, 66-67 
gross-em sensitivity of. 90, 134 
influence function of, 45.90 
as initial value for Mustimators, 106 
local-shift sensitivity of, 22 
maximal asymptotic bias (over a 

neighborhood) of, 186 
maximal asymptotic variance (over a 

neighborhood) of, 174. 186 
as most B-robust estimator of location, 51, 

120, 124. 133.423 
as most V-robust estimator of location, 134 
qualitative robustness of, 99 
repeated m. estimator, 329 
robustness of, 80, 90, 133 
running, 19 
skipped, 154 
switching between mean and, 34, 64 
test, 208 

142. 143,423 

as most B-robust two-sample rank test of 

changesf-cfficacy function of, 2 I3 
location, 21 1 

use in large samples, 52, 402 
use of, 404 

Median-type estimators. 422-425 
of covariance matrix and location, 295 
hyperbolic tangent, 155-158 

processes with finite, 389 
processes with infinite, 391 

Memory 

Meterological data, 393 

Methods (or procedures). see also apjmaches, 
estimators. tests. and confidence 
intervals 

classical, 405 
informal (or subjective), see a&o rejection, 

subjective, 33, 34,404,406 
maximum likelihood, see maximum 

likelihood 
of moments, 29 
nonparametric, 413 
robustifid likelihood. 44.56 
theory of robustness as framework for 

comparing statistical procedures, 4 
Metric, see distance 
Minimax 

appruach. see approachw, m. 
aspects of bounded influence regression, 

bias (asymptotic). 175 
estimators 

338 

of covariance matrix. 270,285,293,2% 
of location. 172 
of multivariate location, 285 
for regmsion, appximate. 338 

local asymptotic m. condition. 413 
pessimism of m. solution, 399 
problem, 172, 175 

approximate. 49, 51. 174 
Propeny, finite-sample (or finite-sample 

strategy, 38 
tests, 39 

optimality), 219 

asymptotically m. tests, see also 
approaches, shrinking neighbomood. 
220 

in regression, 373-375 
variance (asymporic), 126, 173 

Missing observations in analysis of variance, 
428 

Misunderstandings (or misconceptions) about 
robust statistics, 55, 39745 

Mixture mcdel. 35 
Maximum likelihood estimator (or method), 

see also approaches. likelihood. 37, 
100,230,238 

for Cauchy distribution. 104. 180,310 
differentiability of, 54 

for double-cxpomntial distribution, 104 
of Hurst parameter (approximate), 395, 3% 

robustified, 54 
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for logistic distribution, 104, 129, 133, 167, 
180, 182, 310 

non-robustness of, 29.92 
for normal distribution, 233 
for Poisson distribution, 91 
for regression, 3 I 1 
robustified, see also estimators, optimal B- 

and V-robust, 44 
of scale, 107, 140 
scores for, see scores 
superefficiency of, 54 

Mode, estimation of, 34 
Models (parametric), see also analysis of 

variance, 7, 12, 48, 81, 226 
approximate, 7, 403 
approximate character of, 20, % 
arbitrary m. and minimax approach, 401 
choice of, see also m. selection, 403 
covariance-location. see also covariance- 

location m., 271-275 
criticism, 56 
deviations from, see assumptions 
for distant outliers, 64 
distortion of, 414 
distribution compatible with data, 412 
errors-in-variables, 338 
estimation in general parametric, 

finite number of parametric, 10 
fixed-caniers, 308 

influence function for, 314 
full (in regression), 344, 346 
fuzziness of, 410412 
generated by transformations, see also 

grossemor, 37, 172, 400 
pessimism of, 399 

for high-quality data, 23. 29 
invariant, 253, 257-258 

known to be wrong, 403,413-415 

linear (or regression), 308 
location-scale, 232, 257 
for long-range (or unsuspected serial) 

main-effects, 427 
mixture, 35 
more complex parametric m. for more data, 

416 

225-269 

transformation model, 257 

optimal B-robust estimators for, 248 

use of, 414 

correlations, 389-391 

multivariate, see also covariance-location 

neighborhood of, 7, 10, 37 
neighborhood of m. distribution, 20, 56 
nonlinear, 47 
on real line, three- or more-parameter, 

422-425 
random-caniers, 308 
random-effects, 32 

estimation in, 338 
test for variances in. 406 

tests for, 271 

for reality, mathematics as simplified, 400 
reduced (in regression). 344, 346 
regression (or linear), 308 
role of, 18-19, 410 
role of mathematical, 400. 402 
selection (or choice) of, 28, 56, 403 

of arbitraiy new m., 403 
for autoregressive m., 367 
in regression, 366-367 

semiparametric, 19 
shift, see location 
simplicity of, 412. 413 
smoothing. 19 
symmetry of, 253 
test of, 12 
for time series, see also processes 

fractional Gaussian noise, 390 
transformation, see also transformation 

model, 257 
information for, 258 

true, 411,412 
for unsuspected serial correlations, 389 
use of, 48, 413 

distribution without, 399 
estimation of, 263, 424 
method of, 29 
most (B-)robust measure, 424 
neighborhood based on, 400 
rejection rule based on fourth, 67-68 
robustness statements based on, 36 

efficiency loss 

Moments 

Monte Car10 (studies), 6, 237 

for rejection rule with mean, 67-71 
for several location estimators, 65-71 

of Huber-type skipped mean, 68 
Princeton robustness study, 49, 63 
variances, relationships among, 49 

Mood test, 208 
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NBS weight series, 388, 393 
Neighborhood. 273 

of a model distribution, 20, 56 
of a parametric model, 7, 10, 37 
based on moments, 400 
choice of, 9, 412 
gross-emr (or contamination 

neighborhood). 172, 219 
maximal asymptotic level over, 199-202, 

220,223 
maximal asymptotic variance over, see 

variance, maximal asymptotic 
minimal asymptotic power over, 

199-202, 214, 220, 223 
infinitesimal and finite, 48, 273 
Kolmogorov, 37, 40.1 
Prohorov, 219 
shrinking n. approach, 11, 187, 220, 400, 

413 
total variation, 219, 220. 400 
of undixernible distributions, shrinking, 413 

of testing, paradigm of, 60 
Neyman-Pearson theory, 52 

Nitrogen content of aspartic acid, 391 
Noise, Gaussian white and fractional, 391-392 
Normal distribution, 20, 35, 64, 233. 438 

contaminated, 332 
inverse, 438 
multivariate, 273, 275, 282 

Normal-scores 
estimator, 112 

truncated, 124, 147 
variance of, 72 

Capon-n. t., 209 
Fisher-Yates-Terry-Hoeffding-n. 1.. 208, 

influence function of, 200, 206 
truncated, 210, 223 

assumption of, 2, 310 
asymptotic, 47, 82 

test, 202 

214 

Normality 

convergence to a. n. for M-estimators for 

of M-estimators, 103, 231, 285, 316 
t-test after test for, 55 
transformations for achieving approximate, 

regression, 432 

359 

Objections 
against Huber's minimax approach, 397403 
against robust statistics, 403-406 

few, 429-430 
infinite number of, 410 
influential, see also leverage points, 

missing 0. in analysis of variance, 428 
plausibility of, 71 

rejection of proper, 58 
single, 429 

Observations 

59 

pseudo-, 335 

Odoffna (or Tukey's one degree of freedom 

One-step 
for nonadditivity), 426 

Huber estimator 
of location, 35 
for regression, 335 

M-estimators. 106, 152, 398 
for regression, 330 

W-estimators, 116. 153 
Optimality, see also approaches 

approximate, 21 
of classical methods, 405 
of F-test, 343 
for finite samples, 40 
of Huber estimator, 38, 39, 44, 46.49, 51, 

120, 135, 173. 219 
infinitesimal (or Hampel's pmblem or 

optimally bounding the influence 
function or the gross-emr sensitivity), 
see also estimators Md tests, optimal 

319 
B- and V-robust. 44, 116, 238, 260, 

for Mallows estimator, 321 
for partitioned parameter, 254 
with standardized sensitivity, 243 
for tests, 209, 358 

of least-squares, 310, 405 
of median-type hyperbolic tangent estimator, 

minimax, see minimax problem 
optimally bounding the influence of residual 

for tests, 358 
of tanh-estimator, 164 

Order statistics, 108 
Orthodox statistician. 64 

158 
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Outliers, 1-2, 25 
accomodation of, 35, 71 
additional observations in case of, 34 
additive (in time series), 419 
as proper observation, 57 
assumptions about structure of 0. in analysis 

of variance, 428-431 
clear. 61 
correction of, 71 
definition of, 21 
doubtful, 30, 61 
effect of, 14 

on estimators of scale, 141 
on least-squares estimator, 3 10 
on main-effects model, 427 

examples of, 15, 79, 286 
identification (or detection) of, 12. 71, 

33 1 
in analysis of variance, 428 

indication of presence of (in analysis of 

influence of, bounding the, see also 
variance), 428, 431 

estimators and tests, (optimal and 
most) B-robust, 66 

innovation 0. (in time series), 420 
interpretation of, 71 
isolated (or scattered) 0.  (in time series), 

417, 419 
model for distant, 64 
multiple, 337 
multivariate, 285, 299 
patchy 0.  (in time series), 417, 419 
patents on, 57 
rejection of, see rejection 
relative to model in analysis of variance, 

substitution 0 .  (in time series), 419 
test for, see also rejection rules, 59 

distortion of level of. 68 
treatment of, 12, 57, 66 

by various estimators of location, 69 
wild (in analysis of variance), 428-431 

Outlyingness, weight according to, see also 

428 

projection estimator, 323 

P-estimators. 114 
P-value, 216 

distribution (asymptotic) of, 216 

effect of a leverage point on P-v. of test for 
regression, 384-385 

influence function of, 217 
Pi-robustness, 41, 100 
Paradigm 
of Neyman-Pearson theory of testing, 60 
of uniquely defined estimand, 402 

fuzziness of, 410412 
fuzziness of choice of, 414 
Hurst, see self-similarity p., 390 
identifiability of, 412 
location, 78 
nuisance, see also p., partitioned, 220, 252, 

368 

347 

Parameter 

scale as, 105, 115, 166, 236, 253, 

partitioned, 252-257 
optimal B-robust estimators for, 254 
optimal and most B-robust estimators of 

covariance matrix and location with, 
293-296 

optimality problem for, 254 
prior knowledge about, 429 
role of, 410 
self-similarity (or Hunt), 390 
shape p. (of a covariance matrix), 273 
size p. (of a covariance matrix). 273 
space, 81 

three- or more-p. model on real line, 

transformation of, 229, 256, 258 

in regression, 308 

422425 

and admissibility, 261 
Patents on outliers, 57 
Pattern recognition, 28 
Pearson curve, 23, 29, 35. 423 
Pearson’s series, 393 
Permutation (or randomization) test, 35, 72, 

344,366,406 
Perturbation theory, 8 
Philosophy 

of science, 56 
of statistics, 4 

data, 393 
law, 410 

Physical 

Physicist, sceptical, 387, 393 
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Pitman efficiency, see efficiency, 216 

Pitman-type- (or P-) estimators, 114 
Pitman’s theorem, 194.203 
Plausibility of observations, 71 
Poisson distribution, 91 
Polynomial, sign pattem of, 425 
Polysampling. configural, 338 
Population, extrapolation to larger, 41 1 
Position in factor space, scc also leverage 

relation to Bahadur efficiency, 215-216 

points 
influence of (or IP), 313 

bounding the, 322 
for tests, 355 

Power 
asymptotic, 194, 198. 218 

of C.-type test for regression, 370 
minimal p. over gmss-error 

robustness of, 188, 198 
neighbomood, 199-202.214, 220,223 

Of F-test, 344 
function. 218 
influence function, 198-199 
law for variance of arithmetic mean, 389, 

391 
robustness of (or efficiency) 36, 366,405 
spechum 

estimator of Hurst parameter via, 3% 
estimators of, 417.422 

transformations, 423 
Prediction, 422 

influence on predicted value, 317. 339 
Rtjudices against robust statistics, see also 

Princeton robustness study, 49, 63 
Principal components, estimation of, 271 
Prior, see information and knowledge 
Problems. 71-77, 178-186, 221-224, 

misunderstandings, 401 

266-269,303-306,338-341,385-386, 
438 

exbemall. 117 
profcdurc, scc method 
Proccsscs. see also time series 

ARMA 
combination of self-similar processes 

estimators for, 417,419.421 
model selection for AR, 367 

fractional Gaussian noise, 391-392 

with, 3% 

Gaussian time series models, 420 
Gaussian white noisc. simulations of, 392 
self-similar, scc self-similar processes 
with finite memory, 389 
with infinite memory, 391 

Program, computer, scc computer program 
PROGRESS, 337 
PIVhOIUV 

distance, %, 414 
neighborhood. 219 

estimators. 300-303 
method, Hdjek’s. 43 
pursuit, 115, 302, 423 

P. 2, 65, 105, 234, 312, 347 
breakdown point of, 237 
H15, 65. 67, 406408 
numerical example, 18 

Projection 

Proposal (Huber’s) 

P. 3.45, 399 
PSAT (or Rtliminary Scholastic Aptitude 

Test). 57 
Pseudo-covariancc matrix, scc also covariance 

matrix and location model, 273 
Pseudo-observation, 335 
Pseudoinverse, 348 
Pseudonorm. 350 
Pseudosample, 95 
Pseudovalue. 94 
Psi- (JI-) function, 230 

equivalent, 127 
computation of optimal, 251 
for transformation of models, 260 

construction of optimal, 247-252 
for Gamma distribution, 248-25 I ,  256 
for location-scale model, 268 

existence and uniqueness of optimal, 

relation to p-function, 230 
246-247 

Quadrant comlation, 423 
Quadratic forms of robust estimators, tests 

based on, 363 
Qualitative robustness, see robusmess, 

qualitative 
Quantile. 22 
Quartile test, 208 

scale. 211 
as most B-robust two-sample rank test of 
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R-estimators. 48, I10 
as shift estimators, 203 
change-of-variance function of, 146 
comparison of M-estimators with, I12 
definition of, 11 1 
ipffuence function of, I I I 
optimal B-robust, 124 
for regression, 338 
rejection of outliers with, 398, 409 

WS method, 395 
ROBETH, 335, 365 
ROBSYS, 15, 336 
Rainfall data, 389-390 
Randomization, 395 

406 
test (or permutation test), 35, 72. 344, 366, 

Range 
interquartile, 110, 329 

as most B-robust L-estimators of scale, 
124 

Studentized, 64, 67, 70 
masking effect for, 77 

Capon-normal-scores, 200 
change-of-variance function for, 21 3 
Fisher-Yates-Terry-Hwffding t., 208, 214 
influence function of, 205, 213 
normal-scores, see normal-scores t. 
one-sample (for location), 205-206 
optimal and most B-robust, 210-211 
relation to R-estimators, 110, 112, 213 
relation to shift estimators, 203 
robustness of, 220 
two-sample, 207-208 
van der Waerden. 208, 21 1 
Wilcoxon, see Wilcoxon t. 

Rank estimators, see R-estimators 
Regression, 5, 11, 307-386 

Rank tests, 35, 110 

B-robustness in, 318 
relation to V-robustness, 326 

bounded influence, see also bounded 
influence, 337-338, 367 

breakdown in, 328-331 
carriers, see also factor space, 308 

influence function for fixed, 314 
spherically symmetric carrier distribution 

(or distribution in factor space), 318, 
357 

confidence regions for parameters in, 365 

diagnostics, see also residuals, 13, 331, 337 
error distribution in, 338 
estimators for, 307-341 

bounded influence, see bounded influence 
e. 

changesf-variance function and 
sensitivity of, 324325, 327 

choice of tuning constants for, 333 
gross-error sensitivity of, lower bound 

Hampel-Krasker, see Hampel-Krasker e. 
Huber estimator, see Huber e. for r. 
Krasker-Welsch, see Krasker-Welsch e. 
least median of squares, 115, 330 
least-squares e., see least-squares e. 
Mallows e., see Mallows e. 
maximum likelihood, 31 I 
minimax, approximate, 338 
most B-robust, 318 
most V-robust, 327 
optimal B-robust, 319-320, 321-322 
Optimal V-robust, 328 
R-e., 338 
Schweppe e., 315, 361 
tanh-e., 328 

full model, 344 

influence 

for, 318 

V-robust, 326 

M-estimator in, 346 

of position (or IP), 313, 322, 355 
of residual (or IR), 313, 322. 355 
total (or IT). 313 

leverage point, see leverage point 
M-estimators for, 3 I I ,  315-328 

breakdown point of, 329 
computer program for. 335 
consistency of, 316 
definition of, 315 
distribution (asymptotic) of, 316, 432 
functional form of, 316 
influence function of, 316 
one-step, 330 
redexending, dangers of, 70, 152, 407 
relation to a metric, 312 
sensitivity of, 317 

model, 308 
selection, 366-367 

nonparametric, 19 
parameter space, 308 
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Regmsion (Conrinued) 
piecewise linear, estimation of change point 

reduced m0dcl. 344 
Mcstimators in, 346 

residuals, see miduals 
resistant line (Tukey’s). 341 
scale parameter in, estimation of, 312. 347 
simple r. through origin, 319. 332, 338, 378 
stepwise (robust), 365 

in. 46 

tests for. scc &O tau-te~ts. 342-386 
based on Huh estimator, see rho-tests 
Bickel’s F-test. 359 

computcr program for, 335 
distribution (asymptotic) of 7-test statistic, 

effect of a leverage point on P-value of, 

efficacies and sensitivities for several, 

C.-type, scc O~SO Ca-type test. 367-376 

351-358 

384-385 

378-382 
F-test, 343 
finite-sampk approximation to optimal 

weights for. 365 
influence function for t. with spherically 

symmetric carrier distribution, 358 
likelihood ratio test, 344, 345.359 
Mallows-typt. scc also Mallows-type 

optimal B-robust (7-) t., 360-363 
optimcll B-robust Ca-typc, 373 

optimal B-robust Mallows t;vpc, 359.365 

tests. 347. 359,365, 380 

optimal B-robust, equivalence of, 373.375 

optimal B-robust, relation to minimax t., 

optimal boundcd influence, 358-366 
relation to AICR, 367 
p-test, see b t e s t  
sensitivity of R,,. 363-364 
for single parameter, 355-357 

373-376 

T-test, SCC IRU-keSt 

=lation to B - m .  326 
V-robustness in. 326 

Rejection (of ouUien), 1. 3.4. 8, 13, 56-71 
Bayesian, 60 
classical mcthods &r. see rejection- 

hard, 13.22,65-66, 166 
estimation procedurr 

werltness of, 69 

history of, 34 
mean after, 33. 62-71.404 

Monte Carlo efficiency loss for, 67-71 
nonlinearity of, 405 
point, 44,46,48,62, 88, 150, 328,409 

of tests. 191 
of proper observation, 58 
reasons for, 56-62 

danger of ~IUSS emrrs. 58 

rules, 12, 30. 34, 57.70, 80 
based on kurtosis, 67-68 
brrakdown point of, 6&68 
criteria for, 60 
masking effect, 13.67 
objective r. c. after visual inspection. 70 

smooth, 61,65-46.70, 166 
subjective. 31.57.66-67, 70 

with Lcstimators. 398,409 
with R-estimatm, 398.409 

and robusbKss thaory, 60 

mean after, 63 

Rejectioncstimation prooedurtr (or clwical 
methods after Ejection). 30 

breakdown point of, 62.66-68 
efficiency losses of, 62-71 
influence function of, 62 

Reality, mathematics as simplified model for, 

Rcctrunguln dirtributioo, 22.54 
400 

Rcdesamling (M-) eS(imrt0n. 61.90. 
149-171, 312,330, 

approximate condition by, 61 
breakdown point of, 409 
comparison of Huh estimator with, 167, 

comparison of diffczcnt, 166 
computation of, 152, 153.409 
of covariance matrix aad location. 306 
dangers of, 70. 152. 407 
descending slope of, 407 
Hubercollins estimator, 166,174 
hyperbolic tangent e., see tanh-c. 
and kmage points, 407 
maximal lrrympotic vrrirnce (over a 

most B-robust, 154 
most Y-robust, 158 
multiple solutions for, 17 
numerical exmpk, 16-18 

409 

neighbortsood) of, 174 
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optimal B-robust, see also tanh-estimator, 

optimal V-robust, 164 
of scale, 168-171 

precautions, 407 
robustness of, 153 
sine estimator, 151. 166, 408 
smoothly rejecting estimators. 65 
three-part, see also 24-8 e. and 25A below, 

46’65, 150, 160, 312,406 
variance (asymptotic) of, 166 
second comer of, 408 

trisection of data by, 61 
tw0-W. 46, 150. 159, 406 
uniqueness of, 17, 104. 152 
use of, 46 
2-4-8 estimator, numerical example, 1 6 1 8  
25A, efficiency losses of, 65, 67, 70 

159 

Redundance, 7, 14, 19.47, 429,’431 
Region 

critical, 190 
of doubt, 13, 61, 65, 69 

Reliability, global, see also bnakdown point, 
42, % 

Repeated median estimator (Siegel’s), 329 
Replacement, E-. 97 
Replication, possibility of, 412 
Residuals 

analysis of (diagnostics), 12, 14, 70, 426 
analysis of variance of absolute, 426 
from least-squam fit, 12, 330-331 
from robust fit, 12.62. 68, 71,331-332,426 
influence of (or IR), 313 

bounding the, 322, 358 
for tests, 355. 358 

maximum Studentized, 64,67,68,70 
plot 

based on least-squares estimator. 330-331 
based on robust estimators, 331-332 

Resistant line. Tukey’s, 341 
Rho- (p-) function, 230 

relation to relocation, 230 
Rho- (p-) test (or test based on Huber 

estimator), 344, 347 
distribution (asymptotic) of, 354 
influence function of, 355 
pc-test (or optimal r.), 358 

robustness of, 355 
effect of a leverage point on, 384-385 

River flow, 390 
Role 

of computer, 404 
of mathematical models, 400, 402 
of mathematical theory in statistics, 6 
of parameter, 410 
of parametric model, 18-19,410 
of prior information, 429-430 

Robustness, see ulso statistics, robust 
against serial comlations, 396-397 
of analysis of variance, 405 
of arithmetic mean (nonrobustness), 89 
B-robustness, see B-robustness 
of Bartlett’s test, 188 
in Bayesian statistics, 11, 52. 56 
of confidence intervals, 405 
of efficiency (asymptotic, or power), 36, 

188, 198, 366, 405 
of F-test 

for equality of variances, 188 
for regression, 344 

of Huber-type skipped mean, 132 
infinitesimal, see B-robustness and V- 

of level (or validity), 36, 188, 198, 405 
of maximum likelihood estimator, 92, 133 
measures derived from influence function, 

of median, 80, 90, 133 
origin of word robust, 32, 188 
Pi- (n-) robustness, 41, 100 
of power (asymptotic, or efficiency), 36, 

188, 198, 366,405 
qualitative, 40-41, 42. 98-100 

of arithmetic mean, 99 
relation to B-robustness, 43, 100, 253 
relation to breakdown point, 55. 99 
in time series, 422 
of trimmed mean, 99 

robustness 

87-88 

of rank tests, 220 
of descending estimators, 153 
relation to efficiency, 13, 44, 58, 60, 229, 

252. 
of p-test, 355 
of standard error. 405 
statements based on moments, 36 
of t-test, 405 
of tests for equality of variances, 35 
theory of, 2,4-8, 10 
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Robustness (Continued) 
theory of (Continued) 

procedures. 4 
as framework for comparing statistical 

main approaches, 34-56 
and rejection of outliers, 60 
use of, 404 

relation to unsuspected serial correlations, 

tradeoff between efficiency and, 44, 58, 60 
use of word robust, 6. 10 
V-robustness, see V-robustness 

error, relation to gross-error model, 400 

data, 26 
investigation, 13 

in time series, 416422 

397 

Rounding, 21-22, 87 

Routine 

Rule 
rule for standard e m r  of arithmetic 

for rejection of outliers, see rejection rule 

- 112 

mean, 393 

S-estimators, 114, 330, 422 
Saddlepoint approximation (or technique), see 

also small sample asymptotics, 47, 432 
exact, 438 
for general statistics, 438 

finite, optimality for, 40 
large, use of median in, 402 
pseudosample. 95 
small sample asymptotics, see small sample 

space, influence function with discrete, 91 

as a nuisance parameter, 105, 115, 166, 

estimators of, 16 

Sample 

asymptotics 

Scale (parameter) 

236, 253, 347 

effect of outliers on, 141 
in regression, 312, 347 

of Gamma distribution, 248 
in Huber's minimax approach. 398 
L-estimators of, 109-1 10, 329 

breakdown point of, 181 
optimal and most B-robust, 124 

and location, see location-scale, 232-237 
M-estimators of, 106. 139-143 

breakdown point of, 98 

change-of-variance function of, 140 
optimal and most B-robust, 121-123, 

optimal and most V-robust. 143, 168-171 
maximum likelihood estimator of, 107, 140 
minimax approach for, 38, 401 
model, 106 
one-sample test for, chi-square, 204 
two-sample tests for 

142-143 

optimal and most B-robust rank, 21 1 
rank, 208 

Schwartz distribution, 391 
Schweppe estimator, 315, 361 
Science 

experience from subject matter (or 
nonstatistical background knowledge), 
71, 414, 426 

philosophy of, 56 
Scores (likelihood). 102, 227 

for covariance-location model, 274-275 
for Gamma distribution, 248 
for location-scale model. 233 
normal-s. (estimator or test), see normd-s. 
for transformation model, 258 ' 

for transformed parameter, 229 
Scoring algorithm, 263 
Seat-of-the-pants estimator, 63 
Selection, see choice and model selection 
Self-influence, 317 
Self-similar processes. 14. 389-391 

autocorrelation function of, 391 
autocovariance function of, 390 
combination of s. p. with ARMA processes, 

consequences of model, 391-395 
higher-dimensional, 397 
increments of, 389-390 
model for increments of Gaussian, 390 
non-Gaussian, 3% 
parameter (self-similarity or Hunt 

pictures of s. p. in higher dimensions, 391 
self-similarity, 390 
simulations of, 391 

3% 

parameter), 390 

Self-standardized sensitivity, see sensitivity, 
grosserror, self-standardized 

Semi-constant errors and semi-systematic 
fluctuations, see correlations, long 
range 
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Sensitivity 
analysis, 8 
change-of-bias, 43,46, 409 
change-of-efficacy, 212 
change-of-variance, 43, 46, 49, 130-131, 

for asymmetric contamination, 146 
bound on, 134 
Hampel's version, 147 
of Huber estimator of location. 50 
of M-estimators of location, 130-131 
of M-estimators of scale, 140 
of regression estimators, 324-325, 327 
relation to maximal asymptotic variance, 

relation to minimax theory, 130, 173 
curve, 93 

stylized, 94 
finite-sample, 337 
fitted-value, 320 
gross-error, 43-44, 228-230, 267, 415 

409 

49, 173, 177 

bound for, 133, 228, 318 
of estimated shape, size, and multivariate 

of equivariant estimators of covariance 

information-standardized, 229, 230, 243 
invariance of, 228, 229, 259, 267 
of median, 90, 134, 236 
of median deviation, 236, 267 
optimally bounding the (or Hampel's 

optimality problem), see also 
estimators, optimal B-robust and 
tests, optimal B-robust, 44, 116, 238, 
260, 319 

location, 283 

matrix and location, 283 

of regression estimators, 317 
relation to maximal asymptotic bias, 5 I ,  

self-standardized, 228, 243 
of tests, 191, 209 
of west statistic, 353 
for time series, 420 
unstandardized, 228 

of arithmetic mean, 22, 89 
bounded, 160, 321 
optimal estimators for bounded, 322 
of tests, I91 

mean shift, 415 

177,415 

local-shift, 22, 44, 88. 415 

Shape (of a covariance matrix), 273 
sensitivity of estimated, 283 

Shapiro-Wilk test, 68 
masking effect for, 77 

Shifi, see ofso location 
estimators, 202-203 
family, exponential, 22 

infinite sequence of estimators containing 

minimum s. deviation estimator, 431 

Shordth 

the, 431 

Shonh, 179 
Sign 

pattern of polynomial, 425 
test, 112 

210 
as most B-robust one-sample rank test, 

change-of-efficacy function of, 21 3 
efficiency (asymptotic) of, 206 
influence function of, 200, 206 

Significance: nonsignificance due to 

Simplicity of model. 412, 413 
Simulations, see also Monte Car10 studies 

of fractional and white Gaussian noise, 

inefficiency of least squares, 405 

391-392 
Sine estimator, 151, 408 

variance (asymptotic) of, 166 
Singularity, estimation of, 46 
Situation, nonparametric, 33, 58 

use of estimators in, 18,405 
Size 

of a covariance matrix. 273 

of a test, see level 

estimators of, 423 
most (B-)robust s. measure, 424 

sensitivity of estimated, 283 

Skewness 

Skipped mean, see Huber-type skipped mean 
Slope, Bahadur. 215 
Small sample asymptotics, see also saddlepoint 

approximation. 47, 202, 378, 
432438 

for Huber estimator, approximation to 
density of, 436-438 

for M-estimators, 433438 
for multivariate M-estimators, 438 
normalizing constant in, 436-437 
for tests, 438 
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Smoothing 
model. 19 
splines, 19 

Solutions, multiple, see uniqueness 
Specification, question of, see also model 

Spectrum 
selection, 55 

estimator of Hunt parameter via. 391, 3% 
estimators of, 417,422 

smoothing, 19 
Splines 

Stability, see also robustness, qualitative, 8, 

Stackloss data, 286, 330 
standard 

I I ,  42 

deviation (empirical), 107, 233 

error 
efficiency (asymptotic) of, 29 

of arithmetic mean, d'* rule for, 393 
comction of s. e. for lOng-mII@ 

cwnlations, 391, 394 
Statistic(s) 

45 
choice between asymptotically equivalent, 

descriptive, 424 
equivalent test, 191 
order, I08 
u-s., 43 

Statistician, orthodox, 64 
Statistics 

Bayesian, robustness in, 10. 1 I ,  52, 56 
classical (or parametric), I ,  7, 56 

insistence upon c. methods. 405 
logical dilemma of, 56 
optimality of c. methods, 405 
use of, 404 

descriptive, 424 
Fishenan, 8, 56 
frequentist theory. 52 
"logic" in applied, 55 
misunderstandings (or misconceptions) 

about robust, 55. 397405 
multivariate. 270 
Neyman-Pecrrson theory, 52,60 
nonparametric. see also situation, 

philosophy of, 4 
robust (general remarks), 1-56 

"~nppramebic, I ,  7. 8. 19-20. 35, 413 

aims of, 11-14 

definition of, 6-7 
history of, 34-36 
informal, see a h  methods, informal, 33, 

mathematical ~ s u l t s  in, I I 
necessity of, 403-406 
not confined to symmetric long-tailed 

distribution, 401 
prejudices against, 401 

406 

role of mathematical theory in, 6 
Stone Age, 403 
Strength, borrowing, 430 
Structures: deviating substructures, 27,426 
Studcnt distribution, see tdistribution 
Studentized 

range, 64.67, 70 

residual, maximum. 64, 67,68. 70 
masking effect for, 77 

Subject matter science, experience from (or 
nonstatistical background knowledge), 
71,414,426 

Sunspot numbers, 390 
Superefficiency, 22. 54. 423 
supermodel, 9, 35, 414 
Switching between mean and median, 34.64 
Symmetry 

assumption of, 9,40, 52, 401402 

of Contamination, see also contamination, 
symmetric, 49, 172, 212, 214 

of model, 253 
spherical, see also distribution, sperically 

symmetric, 271, 273, 318, 357 

in minimax a p p c h .  401 

t-distribution (Student's) 64, 189, 310 
efficiency (asymptotic) of mean and standard 

as model for high quality data, 23, 29 
Monte Carlo efficiency loss for Ejection 

rule with mean under r3d.. 69 

deviation under, 29 

t-test 
after test for normality, 55 
robustness of, 405 

Tail probability, computation of, 432 
Tanh-estimator (or hyperbolic tangent 

estimator), 48, 90, 160-167, 408, 409 
application oft .  to 7-test. 379 
change-of-variance function of, 162 
median-type, 155-158 
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optimality of, 158, 164 
for regression, 328 
relation to Huber-Collins estimator, 174 
variance (asymptotic, or efficiency) of, 162, 

166 
?-tests; 345-358 

application of tanh-estimator to, 379 
distribution (asymptotic) of test statistic, 

351-353 
special cases of, 354-358 

definition of, 346 
effect of a leverage point on, 384-385 
examples of, 347 
functional form of test statistic, 347 
gross-error sensitivity of test statistic, 353 
influence function of test statistic, 348, 350, 

optimal B-robust, 360-364, 377 
tests asymptotically equivalent to, 352 
von Mises expansion of test statistic, 

with redescending ?-function. 379-380 

358 

351-352 

Taylor (or von Mises) expansion, 41 
Tests, 14. 187-224 

Ansari-Bradley, 208 
Banlett’s, 188, 221 
based on quadratic forms of robust 

estimators, 363 
bounded influence, 380 
C,-type, see C,-type t. 
Capon-normal-scores, 209 
censored likelihood ratio, 39-40, 187. 219, 

change-of-variance function for, 212-214 
distribution (asymptotic) of t. statistic, 199, 

efficacy, see efficacy 
efficiency (asymptotic) of 

absolute, 195 
relative (or ARE), 194 

22 1 

204, 271 

Eplett’s approach, 218 
for equality of variances, 30, 188, 221 

non-robustness of, 35 
equivalent t. statistics, 191 
F-I. 

for equality of variances, 30. 32, 55 
for regression, 343 

finite-sample distribution of t. statistic, 432 
Fisher-Yates-Terry-Hoeffding, 208, 214 

for goodness-of-fit, 12, 412 

gross-error sensitivity of, 191, 209 
influence function for, 189-209. 213 

chi-square, 394, 412 

definition of, 191 
relation to level and power influence 

functions, 199 
influence of position in factor space for, 355 
influence of residual for, 355 
Klotz. 209, 21 1 
Kolmogorov-Smimov, 412 
Larnbert’s approach, 216-218 
level of, see level 
Levene’s, 30 
likelihood ratio, see also likelihood ratio t., 

39, 219, 344. 345, 359 
local-shift sensitivity of, 191 
M-t., see also M-t., 204, 219. 221 
Mallows-type 

factorization for. 380 
finite-sample approximation to optimal B- 

robust, 365 
Mann-Whitney (or two-sample Wilcoxon), 

208 
maximin, 39 
median t, see also median t., 208, 21 I, 213 
Mood, 208 
for multivariate models, 271 
nonparametric, see rank t. and 

normal-scores, see also nonnal-scores test, 

for normality. t-t. after, 55 
one-dimensional, 187-224 
one-sample, 204-206 

randomization t. 

200, 202, 206, 210, 223 

influence function for, 189-192 
optimal and most B-robust. 210 

optimal and most B-robust, 209-212 
C.-type, 373 
M-1.. equivalence of censored likelihood 

ratio t. and, 221 
Mallows-type, 359 
for regression (or optimal B-robust PI.), 

360-363 
optimal and most V-robust, 213 
optimal bounded influence, 358-366, 

optimally bounding the influence of 
379-382 

residuals for, 358 



500 SUBJECT INDJS 

Test (Continued) 
for outliers, see rejection rules 

distortion of level of, 68 
paradigm of Neyman-Pearson theory. 60 

permutation (or randomization), 35, 72, 

power of, see power 
quartile. 208 
rank, see rank tests 
redescending, 379-380 
for ngnssion. see ngrcssion, t. for, 

p-t., see p-t. 
robustness of asymptotic level and power, 

for scale, see also scale, t. for, 204. 208, 

Shapiro-Wilt, 68 

sign, see also sign 1.. 112, 200, 206, 210, 

for simple altmative, see also l i k e l i i  

small sample asymptotics for, 438 
statistic, 190 

of parametric model, 12 

344,366,406 

342-386 

188, 198 

21 1 

masking effect for, 77 

213 

ratio t., 219 

standard sequence of, 215 

after t. for normality, 55 
robustness of, 405 

t-t. 

74.. see tau-t. 
truncated normal-ms,  210 

maximal asymptotic level and minimal 
asymptotic power (over a 
neighborhood) of, 223 

two-sample. 206-209 
inff ucm function for, 1 92- 1 93 
optimal and most B-robust, 210-212 

van dcr Waerden-van Eden, 206, 214 
for variances in random-effects model, 406 
w-t., 374 
Wald’s, 364 
Wang’s, 374 
Wilcoxaf; see Wilcoxon t. 
24.’ 204, 206 

Tetrad difference. 427 
Theorem 

Gauss-Markov. 32. 309,405 
Pitman’s. 194, 203 

Theory 
of data analysis, 423 
frequcntist, 52 
of games. 37.52.415 
mathematical, role of, 6 
minimax, see approaches, minimax 
N~YIIMII -~~IW~,  52 

of testing, paradigm of, 60 
perturbation. 8 
of rvbustmss, see robustness, theory of 
turbulence, 389 

Thickness of goological Jaycrs, 390 
Time series, see &o processes 

confidence in tmds  for parameters in, 422 
contamlnrtion in, 417,418,419 
estimatm for, 421 

breakdown point in, 422 
grosscm sensitivity for, 420 
influence function for, 417-421 

examples of gross cnm in, 26 
Mcstimatm for, 417-421 

B-robwmeM of, 422 
bias (asymptotic) of, 419,422 
covariance matrix (asymptotic) of, 418. 

influence function of, 418 

model selection for autmgrcssive 

422 

models, see pnxxsses 

models, 367 
outliers in 

additive, 419 
innovation, 420 
isolated (or scattered). 419 
patchy, 417.419 
substitution, 419 

robustness in, 416-422 
qualitative, 422 
relation to unsuspected serial cornlations, 
397 

transient phenomena in. 26 
V-rvbustncss in, 422 

ToPohY 
weak, 400,412 

44.58.60 
Tradeoff between mbustnm and efficiency, 

Transformations 
for achieving approximate normality, 359 
affine, 271 
estimators of power 1.. 423 
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model generated by (or t. model), 257 
breakdown point of equivariant estimators 

computation of optimal $-function for, 260 
covariance-location model as, 273 
information for. 258 
scores for. 258 

of parameter, 229, 256,258 
and admissibility, 261 

power, 423 

in, 299 

Transient phenomena in time series, 26 
Treatment 

of outliers. see outliers, treatment of 
Tm-ring indices, 390 
Trimming, see mean, trimmed 
Trisection of data by redescending M- 

TROLL, 336 
Tukey’s 

estimators, 61 

contamination model (or contaminated 
normal distribution), 29, 64 

one degm of freedom for nonadditivity (or 
odoffna), 426 

resistant line, 341 
Tuning constants 

choice of, 44 
for bounded influence test, 380 * 

for estimators for regression, 333 
for Huber estimator, 399 
for optimal B-robust M-estimators, 252, 

257 
Turbulence theory, 389 

U-statistic, 43 
Uncertainty, hunting out the real, 388 
Uniformity trial, 389 
Uniqueness 

of Mcstimators (or multiple solutions), 17, 
55, 104, 152 

of covariance matrix and location. 
287-288 

of optimal $-function. 247 

of arithmetic mean, 33,404 
of classical statistics, 404 
of differential calculus, 48 
oi high breakdown point estimators, 423 
of least squares, 404 
of median, 404 

Use 

of parametric model, 413 
known to be wrong, 414 

of redescending M-estimators, 46 
of theory of robustness, 404 
of word robust, 6, 10 

V-robustness, see also estimators and tests, 
most and optimal V-robust, 131 

of M-estimators of location, 168 
optimal, relation to minimax asymptotic 

variance. 175 
in regression, 326 
relation to B-robustness, 131, 141 

in time series, 422 
Vacuum cleaner, 426 
Validity, robustness of v. (or level), 36, 405 
Value 

in regression, 326 

asymptotic, of a sequence of estimators, 82 
pseudovalue, 94 

van der Waerden test, 208, 21 I 
van der Waerden-van Eeden test, 206, 214 
Variance 

analysis of, see analysis of variance 
of arithmetic mean 

asymptotic, see also covariance matrix, 
asymptotic, 43, 83, 125, 176 

of a sequence of estimators, 83 
breakdown point of, 48 
change-of-v., see change-of-v. function 

of Huber estimator of location, 167 
linear approximation (or extrapolation) 

of M-estimators, 102-103 
of maximum likelihood estimator for 

logistic distribution, 167 
relation to influence function, 84 
relation to true variance, 398 
of several redescending estimators, I66 

power law for, 389, 391 

and sensitivity, change-of-v. 

Of. 49-50 

breakdown point, 178 
empirical, see standard deviation 
maximal asymptotic (over a neighborhood), 

48, 130 
of Hodges-Lehmann estimator, 174 
of Huber estimator, 49-50, 174 
of median, 174, 186 
of redescending M-estimators, 174 
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Variance (Continued) 
maximal asymptotic (over a neighborhood) 

(Continued) 

49, 173, 177 
relation to change-of-variance sensitivity; 

minimax asymptotic, 126, 173 

Monte Carlo 
relation to optimal V-robustness, 175 

relationships among, 49 
for several location estimators, 65-71 

of normal-scores estimator, 72 
tests for equality of, 188 

Bartlett’s, 181, 221 
F-test, 30, 32, 55, 188, 206 
Levene’s, 30 
non-robustness of, 35 

Variancetovariance matrix, see covariance 
matrix and covariance-location 

Variance-time function, estimation of Hurst 
parameter via, 395 

Vecs, 272 
Vector function, orthogonally equivariant. 

Velocity of light, 387. 388. 41 I 
Venus, crescent of, 57 
von Mises 

1% 

275-280 

expansion (or approximation), 84, 86, 97, 

of 7-test statistic, 351-352 
functional, 43, 84 

W-estimators, 115, 246 
of covariance matrix and location. 289 
one-step (or w-estimators), 116, 153 

W-test. 374 
Wald’s test, 364 
Wang’s test (or modified W-test), 374 
Weibull distribution, 268 
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